Appendix A

Solution of Simultaneous Equations Using Cramer’s Rule

In circuit analysis, we often encounter a set of simultaneous equations
having the form

aiixy + appxo + - - 4+ aypx, = by

az1x1 + azxs + -+ + agx, = by

(A1)
an1X1 +.aanz +- . + annx,; = b,
where there ara unknownx, xo, ..., x, to be determined. Equation
(A.1) can be written in matrix form as
all a2 .- Ay X1 bz
Sl o B @)
a;ll Au2 ... Ay Xp b,
This matrix equation can be put in a compact form as
AX =B (A.3)
where
al diz - dny X1 by
P e PO 3 - L e
ay1 dp2 Apn X‘” b‘,,

A is a squarer( x n) matrix while X andB are column matrices.

There are several methods for solving Eq. (A.1) or (A.3). These
include substitution, Gaussian elimination, Cramer’s rule, and numerical
analysis. In many cases, Cramer’s rule can be used to solve the simul-
taneous equations we encounter in circuit analysis. Cramer’s rule states
that the solution to Eq. (A.1) or (A.3) is

Aq

X1 = X
A;

TN (A5)
A,

Xy = N
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where theA’s are the determinants given by

a1 aiz -+ du by apx --- ay
A a.21 a.zz o ag, ’ A= by a?z e ap,
apl Ap2 - App bn ap2 - App

(A.6)
ain by -+ an aiy aip - b
T R
al“[l b.n ctr Opp apl a2 - bn

Notice thatA is the determinant of matrid and A; is the determinant
of the matrix formed by replacing thigh column ofA by B. Itis evident
from Eq. (A.5) that Cramer’s rule applies only when # 0. When
A = 0, the set of equations has no unique solution, because the equations
are linearly dependent.

The value of the determinamt, for example, can be obtained by
expanding along the first row:

aiy app aiz - an

a» ax az -+ az

A=\az az azs --- az
o . (A7)

ap1 dup2 Aap3 -+ dpp

= a11M11 — aroM12 + a1zsMi3+ - - - + (_1)l+nalann

where the minod;; is an(n — 1) x (n — 1) determinant of the matrix
formed by striking out theéth row andjth column. The value oA may
also be obtained by expanding along the first column:

A = anMi1 — axiMo1 + aziMa + - - - + (=1 a1 M, (A8)

We now specifically develop the formulas for calculating the deter-
minants of 2x 2 and 3x 3 matrices, because of their frequent occurrence
in this text. For a 2« 2 matrix,

ail a2
A= = a11a2 — 12421 (A.9)
a1 a2
For a 3x 3 matrix,
apy  diz 4is 4 4 4 4
22 A3 3|d12  a13
A=lan ap axz|=a;(—1)> + axn(-1)
az2 ass azy  as3
azy Az ass
aiz diz A.10
4
+ asy(—1) (*.10)
dzz A3

= a11(a2a33 — az2a23) — a21(a12033 — A32013)

+ asi(aioazz — azzais)
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An alternative method of obtaining the determinant of:a 3 matrix is
by repeating the first two rows and multiplying the terms diagonally as
follows.

= 1895833 1+ 8183783 + 83181283 — Q1380831 — B3B38y — 33818

(A.12)
In summary:

—o

The solution of linear simultaneous equations by Cramer’s rule boils down to finding
k=1,2,...,n (A1)

where A is the determinant of matrix A and A, is the determinant of the matrix
formed by replacing the kth column of A by B.

You may not find much need to use Cramer’s method described in
this appendix, in view of the availability of calculators, computers, and
software packages such as Matlab, which can be used easily to solve a

set of linear equations. But in case you heed to solve the equations by One may use other methods, such as matrix in-
hand, the material covered in this appendix becomes useful. At any rate, version and elimination. Only Cramer’s method
it is important to know the mathematical basis of those calculators and is covered here, because of its simplicity and also
software packages. because of the availability of powerful calculators.

£ XA L E N

Solve the simultaneous equations

4x, — 3xp, =17, —3x1+5xp,=-21
Solution:
The given set of equationsis cast in matrix form as

5 5[] =
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The determinants are evaluated as

4 -3
A= _3 5’:4><5—(—3)(—3)=11
17 -3
A= o 5' =17x5—(=3)(-21) =22
4 17
Ay = 3 _21':4x(—21)—17><(—3):—33
Hence,
A 22 A -33
X1=—l=—=2, xZ:—2=—=—3
A 11 A 11

PRACTICE PROBLEMEN

Find the solution to the following simultaneous equations:

31 —x2 =4, —6x1 + 18x, = 16
Answer: x13 =1.833,x, = 1.5.

E)XCA NP L E

Determine xy, x, and x3 for this set of simultaneous equations:

25x1 — 5xo — 20x3 = 50
—5x1 + 10x, — 4x3=0
—5x1 —4xo+9x3=0
Solution:
In matrix form, the given set of equations becomes

25 -5 20| (x1 50
-5 10 - x2{=10
-5 -4 9 X3 0

Weapply Eqg. (A.11) tofind thedeterminants. Thisrequiresthat werepeat
the first two rows of the matrix. Thus,

25 —5 —20
A=|-5 10 —4|=
5 -4 9

= 25(10)9 + (=5)(=4)(=20) + (=5)(=5)(-4)
— (=20)(10)(=5) — (=4)(=4)25 — Y(-5)(-5)
= 2250 — 400 — 100 — 1000 — 400 — 225 = 125
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Similarly,
5 -5 -20
A=| 0 10 -4|=
0 -4 9
=4500+0+0—- 0-— 800—- 0= 3700
25 50 —-20
Az == _5 0 _4 ==
-5 0 9

=0+ 0+ 1000 — 0 — 0+ 2250 = 3250

-5
25 -5 50 =~
A;=|-5 10 0|=
-5 -4 0| _ +
_ 10 +
+

=0+ 1000 + 0 + 2500 — 0 — 0 = 3500

Hence, we now find

A, 3700
=21 _>F 296
M= T 1
A, 3250
= — = — = 2
Y= =5 =20
A, 3500
BEN T 1

PRACTICE PROBLEMENW

Obtain the solution of this set of simultaneous equations

3 —xp—2x3=1
—x1+6x; —3x3=0
—2x1 —3x2+6x3 =6
Answer: x; =3 =x3,x,=2.
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