CHAPTER 13- MAGNETICALLY COUPLED CIRCUITS

——

List of topics for this chapter :
Mutual Inductance
Energy in a Coupled Circuit
Linear Transformers
Ideal Transformers
Three-Phase Transformers
PSpice Analysis of Magnetically Coupled Circuits
Applications

MUTUAL INDUCTANCE

Problem 13.1 Given thecircuitin Figure 13.1and k =1, find |, and I ,.
W 100
VW

wovO( ) E8 Oy

Figure13.1

10Q

» Carefully DEFINE the problem.
Each component islabeled completely. The problemis clear.

» PRESENT everything you know about the problem.
We know all values of the independent sources. We also know the values of al the elements.

In order to find the equivalent circuit containing the induced voltages, we need to know the
mutual inductance, M.

We know that the coupling coefficient is

k= =1

Then,
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» Establish aset of ALTERNATIVE solutions and determine the one that promisesthe
greatest likelihood of success.
The three solution techniques that can be used are nodal analysis, mesh analysis, and basic
circuit analysis. The goal of the problem isto find two currents. Hence, mesh analysis will
be used.

» ATTEMPT aproblem solution.
From the circuit in Figure 13.1, we can see that jolL, = jwL, = j10.

Thus,
w,=wL,=10and L, =L, =L.
Hence,
M=,L,L, =L and joM = jolL = j10.

So, the equivalent circuit is

10Q 10Q
VW VW

s () (oo

Now, using mesh analysis,

Loopl: -10+10I, +j10l, -j10l, =0
10+ j10)1, - j10l, =10
@+l -jl, =1

Loop2: -j10l,+j10l,+101,+10=0
- j101, + (10 + j10)1, =-10
it @+l =1

In matrix form,
(M+j -j 0,0 010
H-j 1+jH, H H1H
or
M+ | O
o,0 Hj 1+jH1o
H,HE— a HiH

where & = (L+ )7 = (4)° = @+ j2+ ) - 7 =1+ 2.
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Now,
01+j j O
0,0 Dtj2 1+j2@1 0

9,65 i 1+i BaE
1+j2 1+j20

Therefore,
C1+j-j 1 100
17 1+j2 T 1+j2 /506343
Cj-@+j) -1 1msee
27 1+j2 T 1+j2 /5163.43°

=0.447200-63.43° A

= 0.4472[0116.57° A

» EVALUATE thesolution and check for accuracy.
Use KVL to check the solution.

The equation produced by KVL of theleft loopis
-10+101, + 101, - j101, =0

The equation produced by KVL of theright loop is
10-j101, + ja0Il, +101, =0

Inserting the valuesfor |, and |, resultsin valid equations. Thus, our check for accuracy
was successful.
» Hasthe problem been solved SATISFACTORILY? If so, present the solution; if not,

then returnto“ALTERNATIVE solutions” and continue thr ough the process again.
This problem has been solved satisfactorily.

I, =0.447200-63.43° A | = 0.447200116.57° A

Problem 13.2 [13.3] For the three coupled coilsin Figure 13.1, calculate the total
inductance.

2H

Figure13.1
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For coail 1, L,-M,+M;=6-4+2=4
For coail 2, L,-M, -M,,=8-4-5=-1
For cail 3, L,+M,; -M,, =10+2-5=7

L, =4-1+7=10H

or L, =L, +L,+L,—2M, -2M, +2M,,
L, =6+8+10-(2)(4) - (2)(5) +(2)(2)
L, =6+8+10-8-10+4=10H

Problem 13.3 For the frequency domain circuit shown in Figure 13.1, determine the value
of v, (t) for v, (t) =10cos(377t) and a coupling coefficient k =0.8.
. :
j20Q
5Q
M jom " Vs
«O () g
N

Figure13.1

Before an equivalent circuit can be drawn, we must determine the value of wM . Using k = 0.8,
M

S JLL,

Because the circuit is in the frequency domain rather than the time domain, we know the value of
wL rather than the value of L. So, transform the equation for K toinclude w. Then,
K= WM
(L) (el ;)

M =ky/(al,)(wl ;) =(0.8)y(5)(20) =

We also need to transform the voltage source from the time domain to the frequency domain.
Let's assume a reference of

Hence,

A cos(377t + @) .
Then,
V,, =1000°.
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The circuit can be redrawn as

+ o

j20Q
5Q
Wy Vout
1o00° v Q
N

Using the dot convention, we can draw an equivalent circuit to incorporate the induced voltages
from the coupling effects.

50 18(i-2) j20q

Wy +
1000° Vv Q Vo
j5l1
N

With this circuit, we can use mesh analysis to find the answer in the frequency domain.
Loop #1 : -10+51, +j5(1, - 1,)—j8l, =
Loop #2 : j8l, +j5(1, -1,)—j8(,-1,)+j201,+V, =0

Thisis asystem of two equations and three unknowns. We need a congtraint equation. Due to
the open circuit, itisobviousthat |, = 0.

Combining like terms and introducing the constraint, the equations become

(5+j5)1, =10
and
= 131,
Clearly,
10 10010°
|, =— = =20 - 45°
' 5+j5 52045°
and

= 131, = (13090°)(v/20 - 45°) =13./20045°

Using the reference assumed above, the voltage converts to the time domain as
V(1) = 13v/2 cos(377t +45°) V
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Problem 13.4 Given the circuit in Figure 13.1, find the coupling coefficient, k, and the
voltage across the 1-Q resistor.

100Q 1700
MA
[ J [ J
10010° VvV § 1Q
Figure13.1
k=1 V,, = 0.000°V

ENERGY IN A COUPLED CIRCUIT

Problem 13.5 Giventhecircuitin Figure 13.1, V, =V, =10volts, R, =R, =100hms,
o, =wk, =10, and WM =5, find the coupling coefficient, k, the currentsin the primary and
secondary circuits, |, and |,, and the power absorbed.

R]_ M R2
W\ W\
[ ] [ ]
«O () O
Figure13.1
The coupling coefficient is k = :
L1L2
Given vauesfor wM , wlL,, and wL ,, we need to modify the equation for k to be
_ oM
(ol ))(wl )
5 5
= — =05
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To find the currents, begin by finding an equivalent circuit that takes into account the coupling
effects, i.e., theinduced voltages.

10Q 10Q
VW VW

O ) Oy

Use mesh analysisto find I,and 1.

Loop1: 10=(10+ j10)1, — j51,
Loop 2: -10=-j51, + (10+ j10)I,
In matrix form,

[M0+j0 -j5 Ool,0 010 O

H -i5 10+0HH,H H1oH

where A = (10 + j10)(10+ j10) — (-j5)(-j5) = j200+ 25 = (25)(1+ j8) .

[10+j10 5 0O
0,0 H j5  10+j0H010 O
= .
2 U
i, (250+j8 104

0 10+j10 j5 O 1100 + j100- j50 [J
0, O_ H(25)(1+ i8) (25)@+j8) 5010 O_ (25)(L+ j8) E
HH g 5 10+{10 gH1o0H [js0-100- 100
H25)(1+j8) (25(1+]8) H B (251+j8) B

O(GO)(2+)) O 04+j2 0
0, O U+ js) E':Bl+j8 B
H, B 560(2-) 5 4-i2

U
O(25)(1+j8) O 0O1+j8 O

Thus,
4+ j2 _ 4.47210126.57°

17 1+j8  8.06230182.88°
| _t4-i2 _AA7210-15343°
27 1+j8  8.0623082.88°

=0.55470-56.31° A

= 0.55470123.69° A
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Now, find the power absorbed in the circuit. Look at the power absorbed by each element.
Starting with the primary circuit,

py; = -V 1 cosb = -(10)(0.5547) cos(0° - (-56.31°)) = -3.0769 W

Pr: =|14|2R, = (0.5547)2(10) = 3.0769 W

p, = -(2.7735)(0.5547) cos(213.69° — (-56.31)°) = 1.5385c0s(270°) =0 W
where p, isthe power absorbed by the induced voltage of L, .

Ending with the secondary circuit,
Py, =V 1cosb = (10)(0.5547) cos(0° —123.69°) = -3.0769 W

Pry = | I2|2R2 = (0.5547)?(10) = 3.0769 W
p, =-(2.7735)(0.5547) cos(33.69° —123.69°) =1.5385c0s(90°) =0 W
where p, is the power absorbed by the induced voltage of L, .

The voltage sour ces absor b —3.0769 watts, or deliver +3.0769 watts, theresistances absorb
3.0769 watts, and theinduced voltages absorb 0 watts. Theinductors do not absorb power.

Problem 13.6 [13.13] Determinethe currents |, I,, and |, inthe circuit of Figure
13.1. Find the energy stored in the coupled coilsat t =2 ms. Take w=1000 rad/s.

k=05
I VY 8Q
—»——fzm*i “0—\W— |

smoca(t) = 20000° V
® T

Figure13.1

Transform the current source to a voltage source as shown below.

k=05
4Q v 8Q

awoa() () % () Qoo
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k = or M=

@M = k(L)L) = (0.5)(10) =5

Using mesh analysis,
Mesh 1, j12=(4+j10-j5)I, + j51, + j51, = (4+j5) I, + j101, (1)
Mesh 2, 0=20+(8+j10—-j5)I, + |51, + |51,

-20=j101, +(8+ 91, 2

From (1) and (2),
020 4+j5 0 M, O

HooH Hijo s+jsH, H

A =107 + j60, A, =-60-j296, A, =40- 100

A
|, = Kl = 2.4620072.18° A

A
I, = KZ =0.8780-97.48° A

l,=1,—-1,=3329074.89° A

i, (t) = 2.462cos(1000t + 72.18°) A
i,(t) = 0.878cos(1000t — 97.48°) A

Att=2ms, 1000t = 2 rad =114.6°

i,(2 ms) = 2.462c05(114.6° + 72.18°) = -2.445
i,(2 ms) = 0.878cos(114.6° — 97.48°) = 0.8391

Thetotal energy stored in the coupled coilsis
w=0.5L,i,>+0.5L,i,” +Mi,i,

Since wL, =10 and w=1000,
L,=L,=10mH, M =05L,=5mH

w = (0.5)(10)(-2.445)? + (0.5)(10)(0.8391)2 + (5)(-2.445)(0.8391)
w = 23.15mJ

4 | P | e-Text Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents



Problem 13.7 Giventhecircuitin Figure 13.1, V, =V, =10volts, R, = R, =100hms,
wL, =wlL, =10, and WM =5, find the coupling coefficient, k, the currentsin the primary and
secondary circuits, |, and |,, and the power absorbed.

Rl M R2
M
Figure13.1
Asseenin Problem 13.5,
wM 5 5

" Jo)el,)  Jaoao 10 >

To find the currents, begin by finding an equivalent circuit which takes into account the coupling
effects, i.e., the induced voltages.

10Q

5y 11 -

Use mesh analysisto find I,and | ,.

Loopl: 10=(10+ j10)1, + j5I,
Loop 2: -10=j5I1, + (10+ j10) I,
In matrix form,
10+ j10 5 0010 0

H js 1o+110%| H H108

where A = (10 + j10)(10+ j10) — (j5)(j5) = j200 + 25 = (25)(1+ 8) .
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Mo+10 -j5 O
0,0 8 -j5  10+j10H110 O
H,HE ~ @5a+jp H1oH

0 10+ {10 -5 O [1100+ {100 + j50 [
O, O Uesya+ig) (25)(L+j8) H110 O U (25) 1+ jg)

0" s 10+10 H10H" - j50-100- 100
0(25)(1+j8) (25)(1+j8) O 0 (25)(1+j8) [

l 2

0(50)(2+j3) O O4+j6 O

oL g g oy O 9459 O
1 (25)(1+]8) =glt8 g
H, B 60213 g~ 54-16 5
O0(251+j8) O O1+j8 O

Thus,
_ 4+ j6 _ 7.21110156.31°

17 1+j8  8.06230182.88°
| _-4-i6_721110-12369°
27 1+j8  8.06230182.88°

= 0.89440-26.57° A

= 0.8944[1153.43° A

Now, find the power absorbed in the circuit. Look at the power absorbed by each element.
Starting with the primary circuit,

Py, =-V 1 cosB = -(10)(0.8944) cos(0° - (-26.57°)) = -7.9994 W

Pry = | I1|2Rl = (0.8944)2(10) = 7.9995 W

p, = (4.4720)(0.8944) cos(243.43° - (-26.57°)) = 3.9998c0(270°) =0 W
where p, isthe power absorbed by the induced voltage of L, .

Ending with the secondary circuit,
Py, =V 1cosB = (10)(0.8944) cos(0 —153.43°) = -7.9994 W

Prs =|1,/2R, = (0.8944)?(10) = 7.9995 W
p, = (4.4720)(0.8944) cos(63.43° —153.43°) = 3.9998c0s(-90°) = 0 W
where p, is the power absorbed by the induced voltage of L, .

The voltage sour ces absor b —7.9994 watts, or deliver +7.9994 watts, theresistances absorb
7.9995 watts, and the induced voltages absorb 0 watts. Theinductors do not absorb power.

Problem 13.8 Giventhecircuitin Figure 13.1, V; =V, =10volts, R, = R, =100hms,
wL, =wlk, =10, and WM =5, find the coupling coefficient, k, the currentsin the primary and
secondary circuits, |,and |,, and the power absorbed.
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Rl R2
WV WV
w(O) v
[ ] [ ]
Figure13.1
k=05

[, =0.55470-56.31° A

|, = 0.55470123.69° A

The voltage sour ces absor b —3.0769 watts, or deliver +3.0769 watts, theresistances absorb
3.0769 watts, and the induced voltages absorb 0 watts. Theinductors do not absorb power.

Problem 13.9 Giventhecircuitin Figure 13.1, V, =V, =10volts, R, = R, =100hms,
wL, =wlL, =10, and WM =5, find the coupling coefficient, k, the currentsin the primary and
secondary circuits, |,and |,, and the power absorbed.

R1 M R>
WV WV
«O () | O
Figure13.1
k=05

|, = 0.89440 - 26.57° A

I, =0.89440153.43° A

The voltage sour ces absor b —7.9994 watts, or deliver +7.9994 watts, theresistances absorb
7.9995 watts, and theinduced voltages absorb 0 watts. Theinductors do not absorb power.
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LINEAR TRANSFORMERS

Problem 13.10 [13.23] For the circuit in Figure 13.1, find :
€) the T-equivalent circuit,
(b) the M-equivalent circuit.

15H 20H

Figure13.1
@ L,=L,-M=10H
L,=L,-M=15H

L.=M=5H

0 L,L,-M?=300-25=275

_L,L,-M? 275

L =18.
R LM T 18.33H
L.L,—M?
L. =—"2 — =275H
B L,-M
_|_1|_2—|v|2_275_55H
°° M 5 =
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IDEAL TRANSFORMERS

Problem 13.11  Given theideal transformer circuit in Figure 13.1, find V,, .

09Q
VW

w() El§ s

Figure13.1

1:10

» Carefully DEFINE the problem.
Each component islabeled completely. The problemis clear.

» PRESENT everything you know about the problem.
We know the values of the independent source. We aso know the values of all the elements.

» Establish aset of ALTERNATIVE solutions and determine the one that promisesthe
greatest likelihood of success.
The three solution techniques that can be used are nodal analysis, mesh analysis, and basic
circuit analysis. Using either nodal or mesh analysis will produce two equations with four
unknowns. In either case, we heed to find two constraint equations. So, let's use mesh
analysisfor theinitial attempt to find a solution. Then, nodal analysis will be used to check
the solution.

» ATTEMPT aproblem solution.
We need to make some assumptions. First, assume that a positive voltage for the inductor in
the primary circuit yields a positive voltage for the inductor in the secondary circuit. Second,
assume that a positive (or clockwise) current in the primary circuit yields a positive (or
clockwise) current in the secondary circuit. The assumptions are shown in the following
circuit.

0.9Q 1:10

wrv (O ) EIE () 2w
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Mesh anaysisyidds,
Loopl: 10=009I,+V,

Loop2: V,=10l,
Thisisaset of two equations and four unknowns. Two constraint equations are needed.

From the ideal transformer, as shown, we know that V, =nV, and |, =nl,.

1:n

. \I\ d

Thisimplies that
V, =10V, and [, =101,
which are the two constraint equations.

There are many waysto find thevaluesof V,, V,, |, and |,. Let'sfind |,. Todo this,
find V, interms of |, and substitute into the equation for loop 1.

V, =0.1V, = (0.1)(101,) =1, = 0.1,

and the equation for loop 1 becomes

10=0.91, +0.11,
10=1,
Hence,
[,=10A V, =1V
l,=1A V,=10V
Therefore,
Vi =V, =10V

» EVALUATE thesolution and check for accuracy.
Using nodal anaysis,

V,-10

At node 1, 0.9 +1,=0 or V,-10+091, =0 (1)
V,-0

At node 2, 10 +(-1,)=0 or V,-101, =0 2
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Again, thisis a set of two equations and four unknowns. Two constraint equations are
needed. From theideal transformer, we have

V, =10V, (3)
[, =101, 4)

From (2) and (4),
V, =101, = (10)¥/10)I, =1, (5)

From (1), (3), and (5),
V,-10+0.9V, =V, -10+(0.9)(10)V, =(1+9)V, -10=0

10V, =10 [ V, =1V
Then, VvV, =10V, =10V l,=V,=10A and l, =@/10)1, =1A
Our check for accuracy was successful.
» Hasthe problem been solved SATISFACTORILY? If so, present the solution; if not,

then returnto“ALTERNATIVE solutions” and continue thr ough the process again.
This problem has been solved satisfactorily.

Vo =10V

Problem 13.12 [13.33] For the circuit in Figure 13.1, find V. Switch the dot on the
secondary side and find V, again.

20 mF
|C
I\
MA
[ J [ J +
10 cos(5t) V m § Vo
Figure13.1
C=002F b ! j10
=0. ECOMES - =~ =-
joC  j(5)(0.02)
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We apply mesh analysis to the circuit shown below.

§10Q
——

<2

WV
ooy () () El =\,

Using mesh analysis,
For mesh 1, 10=101, =101, +V, (1)
For mesh 2, V,=21,=V, 2
For mesh 3, 0=(10-j10)1,-101, +V, -V, (3)
At the terminals, V,=nV,=V,/3 (4)

l,=nl,=1,/3 ®)
From (2) and (4),

Vv, =6l, (6)
Substituting thisinto (1),

10=101, -10I, (7

Substituting (4) and (6) into (3) yields
0=-101, - 41, +(10)d-)) I, (8)

From (5), (7), and (8),
01 -0333 o M, 0000

0]
710 6 -10 mlzmgm
810 -4 10-j1080,8 Bo 8

|2 B2 1007100 e300 A
27 A T -20-j93.33

V, =21, =2963032.9°V

Switching the dot on the secondary side affects only equations (4) and (5).

V,=-V,/3 9)
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l,=-1,/3 (10)
From (2) and (9),
Substituting thisinto (1),

10 =101, 101, —-61, =(23-j5)I, (12)

Substituting (9) and (10) into (3),
0 =-101, +41, +(10)d-)) I, (12)

From (10) to (12), we get
01 0333 0 DDI 0 Oo O

O
oo -6 -10 DDIZD—E]lO
10 4 10-j100,E8 B00O

_ﬁ—m— 1482[] 14710A
27 A T -20+j9333 '

VvV, =21,=29680-147.1°V

-

THREE-PHASE TRANSFORMERS

Problem 13.13 [13.53] In order to meet an emergency, three single-phase transformers
with 12,470/ 7200V rms are connected in A—Y to form athree-phase transformer which is
fed by a12,470-V transmission line. If the transformer supplies 60 MV A to aload, find :

@ theturnsratio for each transformer,
(b) the currents in the primary and secondary windings of the transformer,
(©) the incoming and outgoing transmission line currents.

€) Consider just one phase at atime.
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I:n
A
a e
R
b 3
C
C

SV 7200
V3V, 1247043

_1
3

(b) The load carried by each transformer is 60/3 =20 MVA

_ 20 MVA a
Hence, Lp = m = 1,604 A
| 2 OMVA e
LsTo72kv T

(©) The current in each incoming linea, b, cis
V31, =/3x1603.85= 2,778 A

The current in each outgoing line A, B, Cis

2778
=4,812A

s T A8R2A
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PSPICE ANALYSISOF MAGNETICALLY COUPLED CIRCUITS

Problem 13.14  [13.63] Use PSpiceto find V,;, V,, and | inthecircuit in Figure 13.1.
16 Q j8Q
WV 000"
lo
20Q
\W—¢ ——wW\
[ ] [ ]
40060° V () m () 30000° VvV
Figure13.1
The schematic is shown below.
R2 L IPRINT
A T Y Y
16 8H
R1 C1 é’# é’# 2
A ] P e
ACMAG=40Y  Tyq 2 0.25 00833z 20 vo  ACMAG=30V
= = ACPHASE=0
ACPHASESE0 () \ A,

L2 _TURNS=200000

kbrealk

%

In the AC Sweep box, we type Total Pts = 1, Start Freq = 0.1592, and End Freq = 0.1592.
After simulation, we obtain the output file which includes

FREQ IM(V_PRINT1) IP(V_PRINT1)
1592 E-01 1.955 E+01 8.332 E+01

FREQ IM(V_PRINT?2) IP(V_PRINT2)
1592 E-01 6.847 E+01 4,640 E+01

FREQ IM(V_PRINT3) IP(V_PRINT3)
1592 E-01 4434 E-01 —0.260 E+01
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Thus,
V, =19.560183.32° V V7= 68.4701146.4°V

|, = 443.400-92.6° mA

-

APPLICATIONS

Problem 13.15 [13.73] A 4800-V rms transmission line feeds a distribution transformer

with 1200 turns on the primary and 28 turns on the secondary. When a 10-Q load is connected
across the secondary, find :

€)] the secondary voltage,
(b) the primary and secondary currents,
(c) the power supplied to the load.

V2 N2
—=—==nN
(@ Vv, N,
v, =Nz, {28 @4800) 112V
27N, 't 200
b I —ﬁ—g—112A
() 2 = R - 10 - .

e n|2, where n = 28/1200

= @11 2) = 261.3mA

© p=|1,[ R=01122(10) = 1254 W

4 | P | e-Text Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents



	Search
	Help
	EWB Help Page
	We want your feedback
	e-Text Main Menu
	Textbook Table of Contents
	Problem Solving Workbook
	Web Links
	Textbook Website
	OLC Student Center Website
	McGraw-Hill Website

	Preface
	Chapter 1 Basic Concepts
	Chapter 2 Basic Laws
	Chapter 3 Methods of Analysis
	Chapter 4 Circuit Theorems
	Chapter 5 Operational Amplifier
	Chapter 6 Capacitors and Inductors
	Chapter 7  First-Order Circuits
	Chapter 8 Second-Order Circuits
	Chapter 9 Sinusoids and Phasors
	Chapter 10 Sinusoidal Steady-State Analysis
	Chapter 11 AC Power Analysis
	Chapter 12 Three-Phase Circuits
	Chapter 13 Magnetically Coupled Circuits
	Mutual Inductance
	Energy in a Coupled Circuit
	Linear Transformers
	Ideal Transformers
	Three-Phase Transformers
	PSpice Analysis of Magnetically Coupled Circuits
	Applications

	Chapter 14 Frequency Response
	Chapter 15 Laplace Transform
	Chapter 16 Fourier Series
	Chapter 17 Fourier Transform
	Chapter 18 Two-Port Networks

	sctoc: 
	TOC: 
	e-text: 
	forward: 
	back-last: 
	background: 
	back: 
	forward-last: 


