CHAPTER 16 - FOURIER SERIES

——
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TRIGONOMETRIC FOURIER SERIES

Problem 16.1 [16.5] A voltage source has a periodic waveform defined over its period
as v(t) =t(2m—t) V for 0 <t <2r1. Find the Fourier seriesfor this voltage.
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Hence,

f(t) = ? - 2 nizcos(nt)

Problem 16.2 Evaluate each of the following functions and determineif itis periodic. If it
is periodic, find its period.

@  f(t) = cos(tt/2) + sin(Tt) + /3 cos(2t)

()  y(t) = sin(+/3 ) + cos(Tt)
(© g(t) = 4+ sin(wt)

(d  h(t) = 2sin(5t)cos(3)

(e) Z(t) = e'sin(Tt)

@ Thisisaperiodic function with a period of 4 seconds.

(b) Thisis anonperiodic function since the first term has an irrationa
multiplier of Tt while the second has arational multiplier.

(9] Theintegral of this function goesto infinity because of the dc function.
Thus thisis anonperiodic function.

(d) Thisisaperiodic function with a period of Ttseconds.

(e Thisisanonperiodic function since it continuously changes ast goes to
infinity.
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SYMMETRY CONSIDERATIONS

Problem 16.3 Determine the type of function represented by the signal in Figure 16.1.
Also, determine the Fourier series expansion.
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/ :

% V. _10¥ v %

Figure16.1

Thisisan odd function since f(t) = —f(—t). Therefore,a, = 0 = a..
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by = %J;Tf(t)sin(nwot)dt, where T = 1secand ), = 2rmrad/sec.

For O0<t<1], f(t) = 20t-10

_ 2 . _ . o 0
Solvingfor b, I.lj (20t—10)sm(2nnt)dt_2szotsm(2nnt)dt leOsm(znnt)th

1 1 D
2%22—0 sin(2nrt) - 20 cos(2nTt) Qi - Bﬁ cos(2nTtt) Qi O
AN ™ 2nT 2nT B

DZO

F(O 0)——(1 O)——(1 1)E——

Therefore, f(t) = —OZ 1S|n(2nT[t)

Problem 16.4 [16.15] Calculate the Fourier coefficients for the function in Figure 16.1.

A M.

5 4 3 2 1

Figure16.1
Thisis an even function, therefore b, = 0. Inaddition, T =4 and w, = wy/2.

= %LT/Zf(t) dt = %_[014t dt=t2} =1

4 )2 4 a
a, = ?L f (t) cos(, Nt) ot = ZJ; 4t cos(nmtt/2) dt

a, = 4% cos(nTit/2) + s—;si n(nT[t/Z)Eg
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a, = 216 [cos(nm’Z)—l]+isin(nn¢2)
n’ m nm

¢

CIRCUIT APPLICATIONS

Problem 16.5 Figure 16.1 and v(t) is periodic with a period equal to 2rtmsec and has the
following values during that period,

V4t) = 10volts O<t<Timsec

=0 TIMSec <t < 21 msec

100 kQ

+
vg(t) () L 7 C Voul(t)

Figure16.1

In addition,L = 1Hand C = 1 uF. Determinethe value of v(t).

Thefirst step isto find the Fourier seriesfor vg(t). & = 0 sincethisisan odd function.
ftt) = & + ansin(ncoot)

T = 2rix10™° and wy, = 1000.

1 go” emo® . 1 -
&= ooy 10 [ odtes o 0t-0) = 5o
2

T . 1 o™ . N
b, = f (t)SiN(1000nt)dt = 10sin(1000t)dt + 0
2r|10‘3L (t)sin ) 03 50 (1000t) H
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mo3

———— 10co0s(1000t
0 3x10%n X )

-10
— (cos(nm) -1)

0

& for n=odd
Thus, b, = |nmt

0 for n=even

00

Therefore, v(t) = %+ Z sin(1000(1+ 2k)t)gvolts
U & U

20
1+ 2K)Tt
Now let uslook at the first three terms.

Clearly, for thedc term, V, = 0 since the inductor looks like a short for dc. For al the other

values of n,
@
Vo = nm - L/C w=1000n, for n = odd
0 + L/C (wL —1/(wC))
j(wl =1/(wC))
& 20x10°
_ nnC - nTt
j105 (wL -1/(wC))+L/C le5 (1000n -1000/ n) +1000

1)
Forn = 1, w = 1000. Therefore, V, = 20/t
Forn = 3, w = 3000. Therefore,

L/C 1000 _

thevalueof L||C = - = - =
j(wL =1/(wC))  j2667

~j0.375Q

This value of impedance is so much smaller than the value of the resistor that we can neglect this
term and all of the others. Thus,

Vo(t) = 2—1_([)sin(1000t) volts

4 | P | e-Text Main Menu | Textbook Table of Contents | Problem Solving Workbook Contents



Does this answer make any sense? If we look at thisterm and the values of L and C, we find that
L and C arein parallel resonance when w = 1000. Thus, thiscircuit is actually afilter that filters
out asingle sine wave from the input signal.

Problem 16.6 Refer to Figure 16.1. Change the value of L to (1/9) H. with everything else
remaining the same. Now solve for v,(t). Everything remains the same as Problem 16.5 up till
equation (a). The new value of L changes equation (&) as shown below.

20x10°
nto

10° FLo00n _ 10003, 10°
O 9 ng 9

Thus, our new equation for Vo =

Forn = 1,
V. = 0.7074x10°
°  j10°(111.11-1000) + 0.1111x10°

0.7074x10°
~ j888.9x10°

= j0.007958

Clearly, this can be considered to be equal to zero.
Forn = 3,

0.2358x10°

V=== s = 2.122 volts
j10°(333.3-333.3) + 0.11111x10

For all other values of n, V, isessentially equal to zero. Therefore,

Vo(t) = ?sin(SOOOt)=2.1225in(3000t) Vv
Tt

Problem 16.7 [16.25] If v inthecircuit of Figure 16.1 is the same as function f, (t)
in Figure 16.2, determine the dc component and the first three nonzero harmonics of v, (t) .

1Q 1H
W\ 0000"
+
Figure16.1
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Figure16.2

Thesignal iseven, hence, b, = 0. Inaddition, T =3, w, = 217/3.

v (t)=1 foradl O<t<1
vi(t)=2 foral 1<t<15

_2[I1 15 ]_4
ao—§ Oldt+£ 2dt —5

a, = g[f:cos(Znnt/B) dt +J:1'5 2cos(2nt/3) dt]

_403 _ L, 6 s -2
a, = 3%sn(2nm/3)|o + 2nnsn(2nnt/3)|l = ——sin(2nmy3)

v (t) = g - % “Z%SI n(2nty3) cos(2nttt/3)

Now consider this circuit,

10 j2nTi3
M D000

\|
y)
M

S

Vs

B3 1 g -3

Z= . .
-t [(Pnmtli1-j3/2nmt0 2nm-j3
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Z

Thus, V,=————-—_-V
' Ve Z +1+j2nmy/3 °°

Simplifying, we get
vV, = 19 v
° T 12nT+j(4n? @ -18)

For thedccase, N=0 and v, =3/4V and v, =Vv,/2=3/8V..

We can now solve for v (t)

Vv, (1) :%+2Ancos%+enﬁv

(6/nmsin(2nmm 3)
J16n% W #{(4n2 7 /3) — 6]

where A_ =

n

and O, = 90° —tan“H M- _3 [
m3 2nmJ

9sin(2nm 3)

" nm/4n* mf + 81

where we can further simplify A, to A

¢

AVERAGE POWER AND RMSVALUES

Problem 16.8 Given the signal shown in Figure 16.6, determine the exact value of the rms
v(t)
A
|| -
-2 t

r>l_l L L

Figure16.1
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value of thiswave shape. Using the Fourier series of the wave shape, calculate the estimated rms
value using all theterms up to and includingn = 5.

We can use the definition of Vs to calculate the rms value of the wave shape.

_ /1 T2 _
Vims = ?Lv (t)dt where T = 2 sec.

12 1 2 1
> J; vZ(t)dt = > Bj(lO)zdt + L (—10)2th: > [100t|2 +100t|12]

= 0.5[100—0+200—100] = 100

Thus, Vims = +/100 = 10volts.

We now proceed to the Fourier series. Please note, thisisjust the Fourier series of a standard
square wave.

v(t) = 4—Ozllsin(nnt), n=2k-1
mé&n

For this problem, we want all the terms through and includingn = 5(k = 3).

For a Fourier series, we can solve for the rms value using,

100
Jo 33 (@ +))

1 4w0 0 offl 40 [1g. 1. 10O
mao o R

= (40/m)(0.7587) = 9.66 volts,

Although this answer is only within 5%, it is still significant enough for some cases. The reason
that thisis not closer to the actual value of 10 voltsis that the coefficients for the Fourier series of
a square wave do not decrease in value as fast asthey do for other signals.
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Problem 16.9 Given the triangular voltage wave shape shown in Figure 16.7, determine the
exact value of the rms voltage. Then, calculate the approximate value of the rms value using the
Fourier terms up to and includingn = 5.

/\10volts
i'i-i-i-i'/i\

/ \/ ﬂ_lo \/ '

Figure 16.0

First we will calculate the exact value using,

Vims = 1/%szz(t)dt, wherev(t) = 20t for 0<t<1/2.

Note that due to symmetry, we only need to usetherange, 0 <t < 1/2.

1/2

8oot®

12, _ﬂ 1/2 >
S Vi (0dt = [ 400t %t =

0

(800/3)[(1/8) — 0] = 100/3

Therefore, Vims 10/\/5 = 5.774 volts.

Now we can solve the Fourier series. The student can verify that the Fourier series for this wave
shapeisgiven by,

v(t) = % n—lzsin(nnt), where n = 2k —1.

Throughn = 5we get,

80 1. 1. 1.
v(t) O =2 E& n(tt) + 531 n(3rt) + 2—59 n(5mt) @vol ts.

Therefore,

80 |1 1 1
Vims U— —B.+—+—H = 5.771 volts.
anzm 81 620 ~—

Clearly, this compares very favorably to the exact value of 5.774. The reason for thisis because
the Fourier series for atriangular wave shape converges very quickly.
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Problem 16.10 [16.31] The voltage across the terminals of acircuit is
v(t) =30 +20co0s(120 1t +45 9 +10cos(1201t — 45°) V
The current entering the terminal at higher potential is
i(t) 6 #cos(120 1t +10 9 —2cos(1201t — 60°) A
Find:
€) the rms value of the voltage,

(b) the rms value of the current,
(©) the average value of the power absorbed by the circuit.

1 [ee]
@ V.. :\/aé +§nzzl(a§ +b?) = \/(30)2 +%§(202 +10%) = 33.91V

0 .= \/62 +%@42 +22) =6.782 A

1
P=V_ l,.+7) V,I,co -0
(C) dc "dc 22 n'n s(@n n)

P =(30)(60) +(0.5)[(20)(4) cos(45° —10°) — (10)(2) cos(- 45° + 60°)]
P =180 +32.76 - 9.659 = 203.1 W

Problem 16.11 Determine the rms value of atriangular wave shape with a peak-to-peak
value of 40 volts. If thiswave shape is placed across a 10-ohm resistor, determine the average
power dissipated by that resistor.

Aswe saw in problem 16.9, the rms value of atriangular wave shapeis given by,

Vims = Vpead V3 = 20//3 = 11.547 volts.

Average power = Vo /R = (11.547)%/10 = 13.333 watts.

¢

EXPONENTIAL FOURIER SERIES

Problem 16.12 Given the sawtooth voltage wave shape shown in Figure 16.8, find its
exponential (complex) Fourier series.
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v(t)

NNANN S

4 4 _r_lo 4 4
Figure16.1
1 T —jno,t
Ch = ?L v(t)e""'dt, where T = 1 and v(t) = (20t —10) for 0<t < 1.

SinceT = 1,w, = 2TT

Therefore, Gy = %Jj(ZOt—lo) e Mdt = 20J'01 te"'z"’“dt—l%1 e ™ dt

—jomt Sjomt —jomt
oge - & 4 _10°
0 j2m  (-j2m)

De—jZm ej2r|n 1 0O » ] ] 0
20 + - 10 jzm —B——
E— j2m  4mPn® 41Pn® O % 2m

0] 1 1 O i o .
20 + - ~10 =
B #en? a@niH  Bm 2mBH 2m

In addition, ¢, = O.

i Eejan

nS=e NTU
n#z0

Thus, v(t) =

Problem 16.13  [16.37] Determine the exponential Fourier seriesfor f (t) = t?,
-Ti<t <, with f(t +2mm) =1(t).

w, = 2T =1
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1 _
c.=—| t?el™ dt
" 2T[‘[:f

Integrating by partstwice gives,

c, =2cos(nty/n?) = (2)(-1"/n?), nz0

For n=0,
- 1 2 -
G = ZHJ-nt =3

Hence,

(D" o

f(t):§+

1M

¢

FOURIER ANALYSISWITH PSPICE

Problem 16.14 [16.51] Calculate the Fourier coefficients of the signal in Figure 16.1
using PSpice.

f(t) A
4 I

i 4

Figure16.1

The Schematic is shown below. In the Transient dialog box, we type “Print step = 0.01s, Final
time = 36s, Center frequency = 0.1667, Output vars = v(1),” and click Enable Fourier.
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V1=0
V=4~
TD=1
TR=1
TF=1
PW=2
PER=6

Prob. 16.51.

After simulation, the output file includes the following Fourier components,

FOURIER COMPONENTS OF TRANSIENT RESPONSE V(1)

DC COMPONENT = 2.000396E+00

HARMONIC | FREQUENCY | FOURIER | NORMALIZED PHASE NORMALIZED
NO (HZ) COMPONENT | COMPONENT (DEG) PHASE (DEG)
1 1.667E-01 2.432E+00 1.000E+00 | —-8.996E+01 | 0.000E+00
2 3.334E-01 6.576E-04 2705E-04 | —8.932E+01 | 6.467E-01
3 5.001E-01 5.403E-01 2.222E-01 9.011E+01 1.801E+02
4 6.668E-01 3.343E-04 1.375E-04 9.134E+01 1.813E+02
5 8.335E-01 9.716E-02 3.996E-02 —8.982E+01 1.433E-01
6 1.000E+00 7.481E-06 3.076E-06 —9.000E+01 —3.581E-02
7 1.167E+00 4.968E-02 2.043E-02 | -8975E+01 | 2.173E-01
8 1.334E+00 1.613E-04 6.634E-05 | —8.722E+01 | 2.748E+00
9 1.500E+00 6.002E-02 2.468E-02 9.032E+01 1.803E+02
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