CHAPTER 10 - SINUSOIDAL STEADY-STATE ANALYSIS
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NODAL ANALYSIS

Problem 10.1 Giventhecircuit in Figure10.1and i(t) = 59n(1000t) amps, find v (t)
using nodal analysis.

10W 10W
MW M

, Yiol®)

it) D < 0w S 50NF  vy(t) = 10mH

Figure10.1

» Carefully DEFINE the problem.
Each component islabeled, indicating the value and polarity. The problem isclear.

» PRESENT everything you know about the problem.
Thegoal of theproblemistofind v, (t), whichisclearly labeled in Figure10.1, using
nodal analysis. Thus, we need to label the nodes and ground.

Tofind v (t) without using derivativesand integrals, we must transform the circuit to

the frequency domain. Thisallowsusto find the answer using algebra with complex
numbers. We can transform the circuit to the frequency domain after setting a

referencevalue. Let ususeareferenceof A sin(1000t +1) .

In transforming to the frequency domain, remember that X, = jwL and
X =1/(jwC) . Hence, theinductor becomes jwL = j(10°)(10" 10°) = j10 and the
capacitor becomes 1/ jwC =1/[j(10°)(50" 10°)] = -j20.
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Let usdraw thecircuit after the transformation into the frequency domain and labeling the
nodes and ground.

v, W 1ow
MW MA :
+ o
5D0° A <D = 30w < W v, S jlow
——

> Edtablish a set of ALTERNATIVE solutions and determine the one that promisesthe
greatest likdihood of success.
The problem clearly statesthat the problem be solved using nodal analysis. Thus, the
techniqueto solve the problem isset. Thereisno reason tolook at an alternative at this
point.

» ATTEMPT aproblem solution.

L et usbegin by writing the node equations.

At nodel: At node?2:
_5_|_V1-O_|_V1-V2:0 V2-V1+V2-O+ VZ-O:
30 10 10 -j20 10+j10
Simplifying,
Vz - Vl sz Vz (1' J)
+ - = + + =
V,+3V,- 3V, =150 10 0 >0 0
4V, - 3V, =130 (2(V,- V) +jV, +V,(1- [)=0

-2V, +3V, =0

Thus, the system of simultaneous equationsis
¢4 306V, U_6150
-2 3Hev,H Eo H
ev, u 1 €3 3uéls0u 1é450u é75u
v, (12-6) 82 4H8 o H 683000 &s0H

So,
VvV, =75D0° or v, (t) = 759n(1000t) volts
V,=50D0° or Vv, (t) =50sin(1000t) volts

Clearly,
V,=j10I,
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V, 50 (50)(1- j)

and I, "o+ 20" @O@r) - 20 = (25)(1- j) = (25)(~2 D - 45°) amps
Hence,

V, = {101, = (10D90°)(2.5)(~/2D - 45°) = 252D 45° = 35.36D45° volts
Therefore,

Vv, (t) =35.36s5n(1000t + 45°) volts
» EVALUATE the solution and check for accuracy.
Solving the problem with an alter nate method, such as mesh analysisin this case, would
show that theresults of the problem solution are correct.

Let usdraw thecircuit defining the loop currents for mesh analysis.

10W 10W
M\ M\

+
5D0° D@ §30W 2] &~ H20W @ Vo jaow

Write theloop equations.

Loop1l: I, =5D0° amps

Loop 2: 30(l, - 1,)+10l1, - j20(1,- 1,)=0
Loop 3: -j20(1,- 1,)+101, +j101,=0
Simplifying the equations for loops 2 and 3,

Loop 2: -301, +(40- j20)I, +j201,=0
Loop 3: j201, +(10- j10)I, =0

Solvethethird loop equation for |, intermsof 1.
| = -j20
*10- j10

|, =(1- j)l, =1.4142D - 45°1,

Now, substitute |, and | ; into the second loop equation and simplify tofind | ,.
(-30)(5B0°) + (40- j20)1, +(j20)(2- j)1, =0
(-30)(5D0°) +(40- j20)1, +(20+ j20)1, =0
601, =(30)(5D0°)
_ (30)(590°)

) &0 =2.5D0° amps

Now, find | .
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I, =(1.4142D - 45°) |, = (1.4142D - 45°)(2.5D0°) =3.536D - 45° amps
Clearly, I, =1, = 3.536D -45° amps.

Evidently,
V, = j101, = (10D90°)(3.536D - 45°) = 35.36D45° volts
and  v_(t) =35.365n(1000t +45°) volts

Thisanswer isthe same as the answer obtained using nodal analysis. Our check for
accur acy was successful.

» Hasthe problem been solved SATISFACTORILY? If so, present the solution; if not,

then return “ALTERNATIVE solutions’ and continue through the process again.
This problem has been solved satisfactorily.

Vv, (t) = 35.3659n(1000t +45°) volts

Problem 10.2 [10.5] Given thecircuit in Figure10.1and v, (t) = 10cos(1000t)
volts, use nodal analysistofind v_(t).

20W 50 nF 10 mH
Io(t) +
vi(t) JOW Git)  v(t) § 30W
Figure10.1

Let usstart by building the ac circuit. The voltage source, Vv, (t) = 10cos(1000t) volts,
becomes 10D 0° volts, with w=1000. Theinductive reactance becomes jwL = j10. The

capacitive reactance becomes 1/ jwC = ]/[j(lOOO)(50' 10°)] =-j20. Now, draw theac

20W —j2ow jlow
V1 VZ
MA—>—T—>— > >—T000———

lo

10D0° V JOW a, Vo T DW
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circuit.

At nodel: At node?2:
1o-v1:£+vl-v2 Vl-V2:4V1+ V,
20 20 -j20 - j20 20 30+j10
10- V1 = V1 + ] (Vl - Vz) (-4+]) V1 =(0.6+j0.8) V2
. o 0.6+ 0.8
10=(2+])V,- j2+]V, VFTH-VZ

Notethat I, =V, /20 was substituted when writing the equation for node 2.

Substituting the equation for node 2 into the equation for node 1,

(2+)(06+08j)
10="—" Vo 1V,
y o 170
o 2= 06- |26.2
Clearly,
30 @3 @& 170

5
V= v, =3 = >-6.154D70.26° volt
° =30+ 102 &3+ 06 2620 volts

With areferenceof A cos(1000t +f),
Vv, (t) = 6.154cos(1000t + 70.26°) volts

Problem 10.3 Giventhecircuit in Figure10.1and v(t) = 20cos(1000t) valts, find
i, (t) using nodal analysis.

6WwW 250 nF o0w
M\ € _
lo(t)
v(t) § sW < 20w 10 mH
Figure10.1

i, (t) = 632.5c0s(1000t - 18.44°) milliamps
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MESH ANALYSIS

Problem 10.4 Giventhecircuit in Figure10.1and i(t) = 2cos(1000t) amps, find i (t)
using mesh analysis.

10w
MW .
lo(t)
i(t) § 10w 20 mH
Figure10.1

First, wetransform the circuit to the frequency domain using a refer ence of
A cos(1000t +f) and define the mesh currents as seen in the following cir cuit.

Remember that X, = jwL and X :J'E'

ow

AV
ZBO°A<D < 10w @ §jzow

Thereisonly one unknown loop current, | .
Writing the loop eguation,
10(1, - 2) +101, +j201, =0
(20+j20)1, =20
20 1 10
o= 20+j20 1+ +/2D45°

=0.7071D - 45° amps

Therefore,
I, (t) = 707.1cos(1000t - 45°) milliamps
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Problem 10.5 Giventhecircuitin Figure10.1and i(t) = 5sin(1000t) amps, find i (t)
using mesh analysis.

10W 10W
MA W\ )
i(t) D § 30W —L 50nF 10 mH
Figure10.1

Transform the circuit to the frequency domain using areference of A sn(1000t +f) and
define the mesh currents.

10w 10w
Wy AWV

SBO°A<D 3w () =-jow( I j10W

Clearly, I, =1,.

Use mesh analysistofind I, and |,.
Forloop1: 30(l,- 5 +101,- j20(1,-1,) =0
Forloop2: -j20(l,- I,)+10l,+j10l, =0

Simplifying,
(40- j20)1, +j201, =150
j201, +(10- j10)1, =0
Simplifying further,
(2- DI+l =75
21, +@- )1, =0

Find I, intermsof |, for the second loop equation.

Rl =9 14 )1,
L 12 ra 82 J 823 J

Substituting thisequation into the first loop equation we get,
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. aa+jo
(2- )G ga i1, =75
(2- DA+, +j21, =15
(B+j31,=15
15 5  5p0°

I, = —=——= =3.536D - 45°
2 3+j3 1+] 2p45°
Hence,
I, =3.536D -45° amps
Therefore, I, (t) =3.536s5n(1000t - 45°) amps

o ¢

SUPERPOSITION THEOREM

The super position theorem appliesto ac circuitsthe same asit doesfor dc circuits.
Thistheorem isimportant if the circuit has sources operating at different frequencies.
Since the impedances depend on frequency, we must have a different frequency-domain
circuit for each source. Thetotal responseis obtained by adding the individual responsesin
the time domain.

Problem 10.6 Giventhecircuitin Figurel0.1, i(t) = 2cos(1000t) ampsand
v(t) =10sin(4000/ 3t) volts, find i.(t) .

20W
Iic(t) W
it) D 50 e

;

Figure10.1

v(t)

Because the two sour ces have different frequencies, we need to use super position to solve
thisproblem. Thus, i.(t) =i, (t) +i.,(t).

Start with the current sourceand areference of A cos(1000t +f) .

290°A<D Ijzow S 20w

;
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Using current division,
@20 0_ 2 (2@+)
o =&0- jzoé(z)‘l- i~ 2

| =1+ j = 4/2D45° =1.4142D45° amps

Hence,
i o, (t) = 1.4142c0s(1000t + 45°) amps

Next, use the voltage source with areference of A sin(4000/3t +f).

20W
AW
Ilcz
j15W T 10D0° V
Clearly,
3 10 3 2 3 24+ )3 3 (2)(5D36.87°) 3 .
e =0 15" 2- 3~ 16+0 25 >-AD3687 amps

Hence,

i, (t) = 0.45i(4000/ 3t + 36.87°) amps
Recall that i (t) =i, (t) +i,(t).

Therefore,
i -(t) =[1.4142c0s(1000t) + 0.45n( 4000/ 3t + 36.87°)] amps

Problem 10.7 [10.33] Given thecircuit in Figure10.1and v, (t) =12cos(3t) volts,
solvefor v, (t) using the principle of superposition.

6W

2H
MA D00
+
vi(t) C> vo(t) =~ V12F #) 4sin(2t) A #) 10V

Figure10.1
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LetV,=V,+V,+V, whereV,, V,,and V, arerespectively the voltages produced by
the 10 volt dc source, the ac current sour ce, and the ac voltage sour ce acting independently.
For V,, consider thecircuit shown in Figure (a).

6W 2H
AW\ D000
+
Vi = V12F 10V
(@)

The capacitor isan open circuit to dc whiletheinductor isa short circuit. Hence, V, =10
voltsand v, (t) =10 volts.

For V,, consider thecircuit in Figure (b). w= 2, so the inductor becomes jwL = j4.
Likewise, the capacitor becomes I/ jwC = - j/(2/12) = -j6.

6W jAW
MV /0500
+
V, T~ —16W 4D0° A
(b)

Applying nodal analysis,

goYe Vo V, @ 1108
"6 "Tj6 ja & s Jap"
which leadsto
\Y, —M—2145E)2656°
, = =21 .56° volts

2- ]

With areferenceof Asin(2t+f),
Vv, (t) = 21.45sn(2t + 26.56°) volts
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For Vs, consider thecircuit in Figure (c). w= 3 which leadsto jwL = j6 for theinductor
and 1/jwC = - j/(3/12) = -j4 for the capacitor.

6W j6W
W 0000
+
12b0° V C) V3 — J4W
©

At the non-refer ence node,
12-V; Vg Vo
6 -j4 |6
which leads to

_(29d2) _ o
== =10.733D - 26.56° volts

3 2 J

With areference of A cos(3t +f ),
V,(t) =10.733cos(3t - 26.56°) volts

Recall that v (t) = v, (t) + v, (t) +v,(t).

Therefore,
Vv, (t) =[10+ 21.45sn( 2t + 25.56°) + 10.733cos(3t - 25.56°)] volts

Problem 10.8 Given thecircuit in Figure10.1and v¢(t) = cos(1000t) volts, find v(t) .

20W 50 nF
W 6
Yo
10V C) % 20 mH vs(t)
Figure10.1

v(t) =10+ 20cos(1000t - 90°) volts
or v(t) =10+ 20sn(1000t) volts
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SOURCE TRANSFORMATION

Sour ce transformation in the frequency domain involves transfor ming a voltage
sourcein serieswith an impedanceto a current sourcein parallel with an impedance or vice

versa. Wemust keep the following relationship in mind when perfor ming sour ce
transformations.

Y,
Vg = Zdlg — ISZZ_S
S

Problem 10.9 Giventhecircuitin Figure10.1and v(t) = 20cos(1000t) valts, find
Vv, (t) using sourcetransformations.

6W 250 10W
+
v(t) C’) Ssw 20w "o(t)g 10 mH
Figure10.1

Transform the circuit to the frequency domain using areference of A cos(1000t +1) .

6W —jaw 10W
+

20D0° V C’) Ssw T 2w v, % jlow

Reducethecircuit using sour ce transfor mations. Begin with the 20D0°V sourcein series
with 6Wwhich becomes a 10/3D0°A sourcein paralld with 6W.

—aw 10w
|C
IS VMW

10/3D0° A (D § 6W § 8W § 20W vy, S jI0wW
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Now combine 6W || 8W = 24/7W. The 10/3D0°A sourcein paralle with 24/7W becomes an
80/7D0°V sourcein serieswith 24/7W.

24ITW —jAW 10W
+

80/7D0° V (*) § 20W v, % jlow

To perform the next source transformation, we need to find the parallel equivalent of the
resstor and capacitor in series. We know that two seriesimpedances and two parallée
impedances are

Zo, =Zq+Zy  and =—+

Tofind the parallel equivalence of two seriesimpedances, let Zg,, =Z
1 1 1
= +
ZSl + ZSZ ZPl ZP2

Then,

Peq *

It can be shown that
1 1 1

= +
24/7- j4~ 8095 - [6.939

Thus, the 80/7D0°V sourcein serieswith 24/7 — j4W becomes a 2.169D49.4°A sourcein
parallel with 8.095 —j6.939W.

10W
W\

.
2.169D49.4°A <D S B0BW . -j69OW = 20W v, % jlow

Combining 8.095W || 20W = 5.763W. We now need to find the series equivalent of the
resistor in parallel with the capacitor. It can be shown that
1 1 1

+ =
5763 -j6.939 3.411- j2.833

Thus, the 2.169D49.4°A sourcein parallel with 5.763 — j6.939Wbecomes a 9.618D9.69°V
sourcein serieswith 3.411 —j2.833W. Beforeredrawing thecircuit, let’scombinethe series
resistances of 3.411W+ 10W = 13.411W.
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13411W —§2833W

AN i€
+
9.618D9.69°V C’ @ Vo % jlIow

Now that we have found a less complex circuit via sour ce transformations, it issmpleto
solvefor v (t).

9.618D9.69° 9.618D9.69° 9.618D9.69°

| = - — = - =
13.411- j2.833+j10 13.411+j7.167 15.206D28.12°
and

= 0.6325D -18.43°

V, = {101 = (10D90°)(0.6325D - 18.43°) = 6.325D71.57°

Recall that we used areference of A cos(1000t +f) . Therefore,
Vv, (t) = 6.325c0s(1000t + 71.57°) volts

¢

THEVENIN AND NORTON EQUIVALENT CIRCUITS

Problem 10.10Given thecircuit in Figure10.1and v(t) =100c0s(1000t) volts, find
Vi, Iy,and Z,, looking into terminalsaand b.

5W 1 mF
it) ¢ a
V(D) C) S sw 3i(t)
b
Figure10.1

Because thecircuit in Figure10.1 has a capacitor, we can only determine V., , |, and Z
for an ac circuit in the frequency domain. Hence, the circuit becomes,
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5W Vi W
_______ - |
____________ - IS

1OOBO°VC> zsw (Pa ° Vec

N\
L)
|
J
J/

Begin by finding the open-circuit voltage, V... Notethat thereisno current flowing
through the capacitor. Thus, V. =V,.

Using nodal analysis,

V, - 100+V1- 0 =0
5 5 -
100- V,
where | = .
5
&)l
V, - 100+ V,-0 3 a00- Vlg_o
5 5 &5 5
(V,-100)+V, - (3)(100- V,)=0
5V, =400
V, =80 volts
Hence,
V. =80D0° volts
Now, find the short-circuit current, | .
5w Vi W
W
100D0° V C) < sw 3 lsc

Use nodal analysisto find V, and then
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Writing the nodal equation,

V,-100 V,-0 V,- 0
+ -3l+—+—=0
5 5 -]
100- V,
where | = )
5
&!
V, - 100+v1- 0 3aaoo- v19+ v =0
5 5 - Qg 5 5=
(V, - 100) +V, - (3)(100- V,) +j5V, =0
(5+ j5)V, = 400
_ 400 80 _ (80)(1- j) _ .
Ry 2 D)
Thus,
V, (40)(1- |
.=t :Lj’): (40)(1+ j) = 402D 45° amps
Finally,
V 80D0°
Z =—== =./2D - 45° ohms
“ 1. 404/2D45°
Therefore,
V. =V, =80Bb0° or V4, (t) = 80cos(1000t) volts
|, =1, = 4042D45° or i, (t) = 56.57 cos(1000t + 45°) amps

Z., =2D-45° or  Z,=(1-j)ohms

Problem 10.11[10.43] Find the Thevenin and Norton equivalent circuitsfor the

circuit shown in Figure 10.1.

5W —j10W 2W
AN € AMN——e

— 2 o
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Figure10.1
Tofind Z,,, consider thecircuit shown in Figure (a).

5W  —10W 2W
M\ —— MN——s

Siaw &

@
Z., =j20|(5- 10)+2=(16- [12)+2=18- [12=21.63D -33.69° ohms

Toobtain V., , consider thecircuit in Figure (b).

5W —j10W 2W
AN Ic AN ]
+
60D120° V C) %jzow Vec
L}
(b)
V —j2—0609120°—j—4609120°
© " 5. j10+j20 T 1+j2

V., = (1.7889D26.57°)(60D120°) = 107.33D146.57° volts

_ V. 107.33b146.57°

| = =
* Z, 21.63D-3369°
where | .. isthe current flowing downward through a short across the terminals.

= 4.961D180.26° amps

Recall that Z, =Z =2, V, =V,,and | = 1.

oc’

Therefore,
Z, =2, = (18- j12) ohms

V,, =107.33D146.57° volts
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I, =4.961D180.26° amps

Problem 10.12Given thecircuit in Figure10.1and v(t) =100c0s(1000t) volts, find
i(t), thecurrent through R, for R = 0W, 1W, 10W, 100W, and 1000W.

iow 10mH S5W
ANN—0650" M ‘
+ L R
vy ( = 50nF =
[
Figure10.1

R I i(t)
ow 5.657D -45° A 5.657 cos(1000t - 45°) A
1W 5.439D -45°A 5.439cos(1000t - 45°) A
10W 4.041D - 45°A 4.041cos(1000t - 45°) A
100W 1.1314D -45° A 1.1314cos(1000t - 45°) A
1000W 0.138D -45°A 138c0s(1000t - 45°) mA

¢

AC OP AMP CIRCUITS

Problem 10.13Giventheaccircuitin Figure 10.1, find V_, asafunctionof V, .

out

—j1000 W
|C
IC

1kW V.
M -

Vb
Vin C) vo..é ow
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Figure10.1

Using nodal analysis at node a,
Va- Vin +Va B Vout _
10° - j10°

whereV, =V, =0.

So,
-Vin + -Vout _0
10°  -j10°
-jVout: in
Vin -
Vout = _j =JVin
Therefore,

V. = V,,Do0°

Theoutput isequal to the input except for a phase shift of 90°.

Problem 10.14Given thecircuit in Figure10.1and v,,(t) = 10sin(wt) volts, find
Vv, (t) for w=1,10, 100, 1000 r ad/sec.

10nF
|/
IN
10H
B000"
10kw A
W\ -
+ +
Vb
Vin(t) Vour(t) § 10w
Figure10.1
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Use the following ac circuit, with areferenceof Asin(wt +f),tofind V, intermsof w.

—10°W W
|
1C
jloww
0600°
10*'w Va
M -
+ +
Vb
10D0° Vout § 10W

Using nodal analysis at node a,
Va - 10 Va B VOUI Va - VOUI
+ =2 +— =
104 - J10° /w jlow
whereV, =V, =0.

%!
-10 B Vout B Vout
+— +— =
10*  -j10°/w  j10w
1114

2100 jwv,, +32v =0
W

4 =

® 100
¢ jw+E—2v_ =100
e W g

out

100 _ jwlo0 _ w100

V, . =— - = = 191¢(0)
- jw+j10* /w o w2 - 10* w2 - 10

Now, substitute the valuesfor winto the equation for V.

100

Atw=lradises,  V,, @ D90°=0010-90°

Vo, (1) =109n(t - 90°) mV

3

10°
At w=10 rad/ V. @———Po0° = DY0° = 0.10101D - 90°
w=rbradisee, Vo @52 70 ~9900
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v,,.(t) = 101.01sn(10t - 90°) mV

10* 10*
At w=100 rad/sec, Vout @WDQW = TDQOO

Vou () = ¥

This correspondsto the case where the LC combination formsa parallel resonant cir cuit
and the output goesto infinity.

10° o 10° o o
At w=1000 rad/sec, V., @WDQO =99 10° H90° = 0.10101D90

v, (t) = 101.01sin( 1000t +90°) mV

In conclusion, the output,v ,(t), hasa—90° phase shift for all values of wlessthan 100 and
hasa 90° phase shift for values of wgreater than 100.
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