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Preface

The concepts and theory of signals and systems are needed in almost all electrical engineering fields
and in many other engineering and scientific disciplines as well. They form the foundation for further
studies in areas such as communication, signal processing, and control systems.

This book is intended to be used as a supplement to all textbooks on signals and systems or for self-
study. It may also be used as a textbook in its own right. Each topic is introduced in a chapter with
numerous solved problems. The solved problems constitute an integral part of the text.

Chapter 1 introduces the mathematical description and representation of both continuous-time and
discrete-time signals and systems. Chapter 2 develops the fundamental input-output relationship for
linear time-invariant (LTI) systems and explains the unit impulse response of the system and
convolution operation. Chapters 3 and 4 explore the transform techniques for the analysis of LTI
systems. The Laplace transform and its application to continuous-time LTI systems are considered in
Chapter 3. Chapter 4 deals with the z-transform and its application to discrete-time LTI systems. The
Fourier analysis of signals and systems is treated in Chapters 5 and 6. Chapter 5 considers the Fourier
analysis of continuous-time signals and systems, while Chapter 6 deals with discrete-time signals and
systems. The final chapter, Chapter 7, presents the state space or state variable concept and analysis
for both discrete-time and continuous-time systems. In addition, background material on matrix
analysis needed for Chapter 7 is included in Appendix A.

| am grateful to Professor Gordon Silverman of Manhattan College for his assistance, comments, and
careful review of the manuscript. | also wish to thank the staff of the McGraw-Hill Schaum Series,
especially John Aliano for his helpful comments and suggestions and Maureen Walker for her great
care in preparing this book. Last, | am indebted to my wife, Daisy, whose understanding and constant
support were necessary factors in the completion of this work.

HWEI P. HSU
MONTVILLE, NEW JERSEY






To the Student

To understand the material in this text, the reader is assumed to have a basic knowledge of calculus,
along with some knowledge of differential equations and the first circuit course in electrical
engineering.

This text covers both continuous-time and discrete-time signals and systems. If the course you are
taking covers only continuous-time signals and systems, you may study parts of Chapters 1 and 2
covering the continuous-time case, Chapters 3 and 5, and the second part of Chapter 7. If the course
you are taking covers only discrete-time signals and systems, you may study parts of Chapters 1 and 2
covering the discrete-time case, Chapters 4 and 6, and the first part of Chapter 7.

To really master a subject, a continuous interplay between skills and knowledge must take place. By
studying and reviewing many solved problems and seeing how each problem is approached and how it
is solved, you can learn the skills of solving problems easily and increase your store of necessary
knowledge. Then, to test and reinforce your learned skills, it is imperative that you work out the
supplementary problems (hints and answers are provided). | would like to emphasize that there is no
short cut to learning except by "doing."
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Chapter 1

Signals and Systems

1.1 INTRODUCTION

The concept and theory of signals and systems are needed in almost all electrical
engineering fields and in many other engineering and scientific disciplines as well. In this
chapter we introduce the mathematical description and representation of signals and
systems and their classifications. We also define several important basic signals essential to
our studies.

1.2 SIGNALS AND CLASSIFICATION OF SIGNALS

A signal is a function representing a physical quantity or variable, and typically it
contains information about the behavior or nature of the phenomenon. For instance, in a
RC circuit the signal may represent the voltage across the capacitor or the current flowing
in the resistor. Mathematically, a signal is represented as a function of an independent
variable . Usually ¢ represents time. Thus, a signal is denoted by x(¢).

A. Continuous-Time and Discrete-Time Signals:

A signal x(¢) is a continuous-time signal if ¢ is a continuous variable. If ¢ is a discrete
variable, that is, x(¢) is defined at discrete times, then x(¢) is a discrete-time signal. Since a
discrete-time signal is defined at discrete times, a discrete-time signal is often identified as
a sequence of numbers, denoted by {x,} or x[n], where n = integer. Illustrations of a
continuous-time signal x(¢) and of a discrete-time signal x[n] are shown in Fig. 1-1.

x(1) x[n]
\V -2
9!
0 tV 5-4-3-2-1 01 2 3 456 n
(a) )]

Fig. 1-1 Graphical representation of (a) continuous-time and (b) discrete-time signals.

A discrete-time signal x[n] may represent a phenomenon for which the independent
variable is inherently discrete. For instance, the daily closing stock market average is by its
nature a signal that evolves at discrete points in time (that is, at the close of each day). On
the other hand a discrete-time signal x[n] may be obtained by sampling a continuous-time

1



2 SIGNALS AND SYSTEMS [CHAP. 1

signal x(¢) such as
x(ty), x(t)),...,x(t,),...
or in a shorter form as

x[0], x[1],..., x[n],...
or Xy XqyeensXpyeon

where we understand that
x,=x[n] =x(t,)

and x,’s are called samples and the time interval between them is called the sampling
interval. When the sampling intervals are equal (uniform sampling), then

X, =x[n] =x(nT;)

where the constant 7, is the sampling interval.
A discrete-time signal x[n] can be defined in two ways:

1. We can specify a rule for calculating the nth value of the sequence. For example,
(3 )" n>0
0 n<o
or ) ={1,5. 4., ()"}

2. We can also explicitly list the values of the sequence. For example, the sequence
shown in Fig. 1-1(b) can be written as

x[n]=x,=

{x,}=1{...,0,0,1,2,2,1,0,1,0,2,0,0,...}
or {x,}=1(1,2,2,1,0,1,0,2}

We use the arrow to denote the n =0 term. We shall use the convention that if no
arrow is indicated, then the first term corresponds to n = 0 and all the values of the
sequence are zero for n <0.

The sum and product of two sequences are defined as follows:
{c.} ={a,} + (b} —>c,=a,+b,
{Cn] = {a'l}{bll} - Cn = anbn

{c,} =ala,) —c,=aa, a = constant

B. Analog and Digital Signals:

If a continuous-time signal x(¢) can take on any value in the continuous interval (a, b),
where a may be — and b may be +x, then the continuous-time signal x(¢) is called an
analog signal. If a discrete-time signal x[n] can take on only a finite number of distinct
values, then we call this signal a digital signal.

C. Real and Complex Signals:

A signal x(¢) is a real signal if its value is a real number, and a signal x(t) is a complex
signal if its value is a complex number. A general complex signal x(¢) is a function of the
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form
x(1) =x,(1) +x,(1)
where x,(¢) and x,(¢) are real signals and j=vV—1.

Note that in Eq. (1.1) ¢t represents either a continuous or a discrete variable.

D. Deterministic and Random Signals:

(1.1)

Deterministic signals are those signals whose values are completely specified for any
given time. Thus, a deterministic signal can be modeled by a known function of time 1.
Random signals are those signals that take random values at any given time and must be
characterized statistically. Random signals will not be discussed in this text.

E. Even and Odd Signals:
A signal x(¢) or x[n] is referred to as an even signal if
x(—t)=x(t)
x[—n] =x[n]
A signal x(t) or x[n] is referred to as an odd signal if
x(—t)=—x(t)
x[—n] = —x[n]

Examples of even and odd signals are shown in Fig. 1-2.

x[n]

(1.2)

(1.3)

x(1)
> o}
0 t -4
(a)
x(1)

(©

o

i

Iy
[
Gre————
@ m—

o—
01 4
®)

x[n)

1 2 3 4
@

Fig. 1-2 Examples of even signals (a and b) and odd signals (¢ and d).

=y
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Any signal x(¢) or x[n] can be expressed as a sum of two signals, one of which is even
and one of which is odd. That is,

x(1) =x,(r) +x,(1)

1.

x{n] =x,[n] +x,[n] .

where x,(t)=3{x(t) +x(—1)) even part of x(t) (1.5)
x,[n] =3{x[n] +x[—n]} even part of x|[n] '

x, (1) =3{x(t) —x(—1)} odd part of x(t) (1.6)

x,[n] =3{x[n] —x[—-n]} odd part of x[n]

Note that the product of two even signals or of two odd signals is an even signal and
that the product of an even signal and an odd signal is an odd signal (Prob. 1.7).

F. Periodic and Nonperiodic Signals:

A continuous-time signal x(¢) is said to be periodic with period T if there is a positive
nonzero value of 7 for which

x(t+T)=x(t) all ¢ (1.7)

An example of such a signal is given in Fig. 1-3(a). From Eq. (1.7) or Fig. 1-3(a) it follows
that

x(t+mT)=x(t) (1.8)

for all + and any integer m. The fundamental period T, of x(t) is the smallest positive
value of T for which Eq. (1.7) holds. Note that this definition does not work for a constant

x(1)

AAAAAAANA

~y

1
_JZNJ_L!II,OIL,I]J .

Fig. 1-3 Examples of periodic signals.
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signal x(¢) (known as a dc signal). For a constant signal x(¢) the fundamental period is
undefined since x(t) is periodic for any choice of T (and so there is no smallest positive
value). Any continuous-time signal which is not periodic is called a nonperiodic (or
aperiodic) signal.

Periodic discrete-time signals are defined analogously. A sequence (discrete-time
signal) x[n] is periodic with period N if there is a positive integer N for which

x[n+N]=x[n] all n (1.9)

An example of such a sequence is given in Fig. 1-3(b). From Eq. (1.9) and Fig. 1-3(b) it
follows that

x[n+mN] =x[n] (1.10)

for all n and any integer m. The fundamental period N, of x[n] is the smallest positive
integer N for which Eq. (1.9) holds. Any sequence which is not periodic is called a
nonperiodic (or aperiodic) sequence.

Note that a sequence obtained by uniform sampling of a periodic continuous-time
signal may not be periodic (Probs. 1.12 and 1.13). Note also that the sum of two
continuous-time periodic signals may not be periodic but that the sum of two periodic
sequences is always periodic (Probs. 1.14 and 1.15).

G. Energy and Power Signals:

Consider v(t) to be the voltage across a resistor R producing a current i(¢). The
instantaneous power p(t) per ohm is defined as

)= v(t)i(t) 2

t 1.11
p(t) = —— =i*(1) (1.11)
Total energy E and average power P on a per-ohm basis are
E=[ ir)dt joules (1.12)
1 .12
P=lim — [ 2(1)dt watts (1.13)
Tow -T/2

For an arbitrary continuous-time signal x(t), the normalized energy content E of x(t) is
defined as

E=[ |x(0)f (1.14)
The normalized average power P of x(t) is defined as

P= lim lfm

2
x(t)[*dt 1.15
Jm — _ml (1)l (1.15)

Similarly, for a discrete-time signal x[n], the normalized energy content E of x[n] is
defined as

o

E= Y |x[n][ (1.16)

n=-o
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The normalized average power P of x[n] is defined as
N

1
P i 2
Jlim 21\'14_1"=E_N|,\¢[n]| (1.17)

Based on definitions (1.14) to (1.17), the following classes of signals are defined:

1. x(¢) (or x[n] is said to be an energy signal (or sequence) if and only if 0 < E < o, and
so P=0.

2. x(t) (or x[n] is said to be a power signal (or sequence) if and only if 0 < P < o, thus
implying that £ = o,

3. Signals that satisfy neither property are referred to as neither energy signals nor power
signals.

Note that a periodic signal is a power signal if its energy content per period is finite, and
then the average power of this signal need only be calculated over a period (Prob. 1.18).

1.3 BASIC CONTINUOUS-TIME SIGNALS
A. The Unit Step Function:

The unit step function u(t), also known as the Heaviside unit function, is defined as

0 t<0

which is shown in Fig. 1-4(a). Note that it is discontinuous at ¢ = 0 and that the value at
t = 0 is undefined. Similarly, the shifted unit step function u(t —¢,) is defined as

u(t)={l £>0 (1.18)

1 t>t

which is shown in Fig. 1-4(b).

u(t) u(r -1y

~vY
e

0

(@) b)
Fig. 1-4 (a) Unit step function; (b) shifted unit step function.

B. The Unit Impulse Function:

The unit impulse function 6(t), also known as the Dirac delta function, plays a central
role in system analysis. Traditionally, 6(t) is often defined as the limit of a suitably chosen
conventional function having unity area over an infinitesimal time interval as shown in
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m|—

e—0

B /

—| € |-
Fig. 1-5

Fig. 1-5 and possesses the following properties:

5(')={80 1+0

fj 8(t)dr=1

But an ordinary function which is everywhere 0 except at a single point must have the
integral 0 (in the Riemann integral sense). Thus, 8(¢) cannot be an ordinary function and
mathematically it is defined by

[ #(1)5(t)dr = 4(0) (1.20)

where ¢(t) is any regular function continuous at ¢ = 0.
An alternative definition of 8(t) is given by

b d’(O) a<0<b
[ #()s(1)dr = {0 a<b<0 or 0<a<b (1.21)
“ undefined a=0 or b=0

Note that Eq. (1.20) or (1.21) is a symbolic expression and should not be considered an
ordinary Riemann integral. In this sense, 6(¢) is often called a generalized function and
(1) is known as a testing function. A different class of testing functions will define a

different generalized function (Prob. 1.24). Similarly, the delayed delta function &(¢ —¢,) is
defined by

[ 3(0)8( = 15) dr = 6(10) (1.22)

where ¢(t) is any regular function continuous at ¢ = ¢,. For convenience, &(¢) and 8(t ~ 1)
are depicted graphically as shown in Fig. 1-6.
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&(1) 8(t - 1)

-y
=y

0

(@) (&)
Fig. 1-6 (a) Unit impulse function; (b) shifted unit impulse function.

Some additional properties of 8(¢) are

8(at) = |—:1—[6(t) (1.23)
8(—t)=28(t) (1.24)
x(1)8(t) =x(0)8(¢) (1.25)

if x(¢) is continuous at ¢ = 0.
x(8)8(t —ty) =x(t,)8(t —ty) (1.26)

if x(¢) is continuous at 1 = 1,,.
Using Egs. (1.22) and (1.24), any continuous-time signal x(¢) can be expressed as

x(1) =f:0x(7)6(t —r)dr (1.27)

Generalized Derivatives:

If g(¢) is a generalized function, its nth generalized derivative g(¢) =d"g(t)/dt" is
defined by the following relation:

fi¢(:)g‘"’(r)dt = ( —1)"/_00 & (t)g(t)dt (1.28)

where ¢(1) is a testing function which can be differentiated an arbitrary number of times
and vanishes outside some fixed interval and ¢X(¢t) is the nth derivative of ¢(t). Thus, by
Eqgs. (1.28) and (1.20) the derivative of 8(¢) can be defined as

[ $(1)3'(1)di = - $(0) (1.29)

where ¢(t) is a testing function which is continuous at ¢t = 0 and vanishes outside some
fixed interval and ¢'(0) =d¢(t)/dt|,-o. Using Eq. (1.28), the derivative of u(t) can be
shown to be 8(r) (Prob. 1.28); that is,

du(t)
dt

8(t)=u(t)= (1.30)
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Then the unit step function u(t) can be expressed as

u(t) =f_rm6(‘r)d‘r (1.31)

Note that the unit step function w(t) is discontinuous at t = 0; therefore, the derivative of
u(t) as shown in Eq. (1.30) is not the derivative of a function in the ordinary sense and
should be considered a generalized derivative in the sense of a generalized function. From
Eq. (1.31) we see that u(t) is undefined at ¢t = 0 and

_ /1 t>0
u(t)_{o t<0

by Eq. (1.21) with ¢(¢) = 1. This result is consistent with the definition (1.718) of u(t).

C. Complex Exponential Signals:
The complex exponential signal
x(t) =el“ (1.32)

/

x(1) 7

7
P
"“'J\"—_,S—’]\— /\ /\ f\

_\1___\/___\1\.. V V

B

-~

-~
~
~

(@)

N\ x(1)

b
Fig. 1-7 (a) Exponentially increasing sinusoidal signal; (b) exponentially decreasing sinusoidal signal.
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is an important example of a complex signal. Using Euler’s formula, this signal can be
defined as

x(t) = e’ = cos wyt +jsin w,t (1.33)

Thus, x(¢) is a complex signal whose real part is cos w,¢ and imaginary part is sin wyf. An
important property of the complex exponential signal x(¢) in Eq. (1.32) is that it is
periodic. The fundamental period T, of x(¢) is given by (Prob. 1.9)

2 '
Ty=— (1.34)

Wy

Note that x(t) is periodic for any value of w,.

General Complex Exponential Signals:
Let s =0 + jw be a complex number. We define x(r) as
x(t)=e" =7t =¢%(cos wt +jsin wt) (1.35)

Then signal x(¢) in Eq. (1.35) is known as a general complex exponential signal whose real
part e’’cos wt and imaginary part e’ sinwt are exponentially increasing (o> 0) or
decreasing (o < 0) sinusoidal signals (Fig. 1-7).

Real Exponential Signals:
Note that if s = o (a real number), then Eq. (1.35) reduces to a real exponential signal
x(t)y=e" (1.36)

x(1)

~y

(a)

x(1)

\

i 4

(b)
Fig. 1-8 Continuous-time real exponential signals. (a) o > 0; (b) o < 0.
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As illustrated in Fig. 1-8, if o > 0, then x(¢) is a growing exponential; and if o <0, then
x(1) is a decaying exponential.

D. Sinusoidal Signals:
A continuous-time sinusoidal signal can be expressed as
x(t) =Acos(wyt + 6) (1.37)

where A is the amplitude (real), w, is the radian frequency in radians per second, and @ is
the phase angle in radians. The sinusoidal signal x(¢) is shown in Fig. 1-9, and it is periodic
with fundamental period

2T
= —

(1.38)

o)

The reciprocal of the fundamental period T}, is called the fundamental frequency f,:
1
fo= = hertz (Hz) (1.39)
T,

From Eqgs. (1.38) and (1.39) we have
wy =27 f, (1.40)

which is called the fundamental angular frequency. Using Euler’s formula, the sinusoidal
signal in Eq. (1.37) can be expressed as

Acos(wyt + 0) =A Re{e/“v'+9} (1.41)

where “Re” denotes “real part of.” We also use the notation “Im” to denote “imaginary
part of.” Then

A lmfe/ @+ = 4sin(w,yt + 6) (1.42)
x(1)
A+ To=5
Acos
; T
+-4

Fig. 1-9 Continuous-time sinusoidal signal.
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1.4 BASIC DISCRETE-TIME SIGNALS
A. The Unit Step Sequence:

The unit step sequence u[n] is defined as

1 n>0
u[n]—{O n < (1.43)
which is shown in Fig. 1-10(a). Note that the value of u[n] at n =0 is defined [unlike the
continuous-time step function u(¢) at ¢ = 0] and equals unity. Similarly, the shifted unit step
sequence u[n — k] is defined as

uln—k1={y =X (1.44)

which is shown in Fig. 1-10(b).

uin)

(a) (b)
Fig. 1-10 (a) Unit step sequence; (b) shifted unit step sequence.

B. The Unit Impulse Sequence:

The unit impulse (or unit sample) sequence 8[n] is defined as
1 n=20
6[n]-{0 n=9 (1.45)

which is shown in Fig. 1-11(a). Similarly, the shifted unit impulse (or sample) sequence
6[n — k] is defined as

1)1 n==k
8[(n—k] = {0 o (1.46)
which is shown in Fig. 1-11(b).

d(n) d[n - k]

(a) (b)
Fig. 1-11 (a) Unit impulse (sample) sequence; (b) shifted unit impulse sequence.
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Unlike the continuous-time unit impulse function 8(¢), 8[n] is defined without mathe-
matical complication or difficulty. From definitions (1.45) and (1.46) it is readily seen that

x[n]8[n] =x[0]8[n] (1.47)
x[n]8[n—k] =x[k]|8[n —k] (1.48)
which are the discrete-time counterparts of Eqs. (1.25) and (1.26), respectively. From
definitions (1.43) to (1.46), 8[n] and u[n] are related by
8[n) =u[n] —u[n-1] (1.49)
uln] = i 5[ k] (1.50)
k= —o

which are the discrete-time counterparts of Egs. (1.30) and (1.31), respectively.
Using definition (1.46), any sequence x[n] can be expressed as

oo

x[n] = Y x[k]é[n—k] (1.51)

k= —

which corresponds to Eq. (1.27) in the continuous-time signal case.

C. Complex Exponential Sequences:

The complex exponential sequence is of the form

x[n] = e/ (1.52)
Again, using Euler’s formula, x[n] can be expressed as
x[n] =€’ =cos Qyn + jsin Qyn (1.53)

Thus x[n] is a complex sequence whose real part is cos ,n and imaginary part is sin Qn.

Periodicity of e/?";
In order for e/™" to be periodic with period N (> 0), {, must satisfy the following
condition (Prob. 1.11):
Qy m c 1.54
=N m = positive integer (1.54)
Thus the sequence /%" is not periodic for any value of Q. It is periodic only if Q,/21r is
a rational number. Note that this property is quite different from the property that the
continuous-time signal e/’ is periodic for any value of w,. Thus, if Q, satisfies the
periodicity condition in Eq. (/.54), Q,# 0, and N and m have no factors in common, then
the fundamental period of the sequence x[n] in Eq. (/.52) is N, given by

N 2
0=m(Q_0) (1.55)

Another very important distinction between the discrete-time and continuous-time
complex exponentials is that the signals e’“’ are all distinct for distinct values of w, but
that this is not the case for the signals e/%”,
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Consider the complex exponential sequence with frequency (Q, + 27k), where k is an
integer:

ej(ﬂo+2-rrk)n — ejﬂonejZ-rrkn — ejﬂun (].56)

since e’2™*" =1. From Eq. (1.56) we see that the complex exponential sequence at

frequency ), is the same as that at frequencies (Q,+27), (Q,+4m), and so on.

Therefore, in dealing with discrete-time exponentials, we need only consider an interval of

length 27r in which to choose 2. Usually, we will use the interval 0 < Q, <27 or the
interval —m <Q, <.

General Complex Exponential Sequences:
The most general complex exponential sequence is often defined as
x[n] = Ca” (1.57)

where C and « are in general complex numbers. Note that Eq. (1.52) is the special case of
Eq. (1.57) with C=1 and a = ¢’*h.

Il

x[n] = cos(%T n)

(a)

1 P 11— |-
I“[ 1[“1

b)
Fig. 1-13 Sinusoidal sequences. (a) x[n]= cos(wn /6); (b) x[n] = cos(n /2).
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Real Exponential Sequences:

If C and « in Eq. (1.57) are both real, then x[n] is a real exponential sequence. Four
distinct cases can be identified: a > 1,0<a <1, —~1<a <0, and a < — 1. These four real
exponential sequences are shown in Fig. 1-12. Note that if « =1, x[n] is a constant
sequence, whereas if @ = —1, x[n] alternates in value between +C and —C.

D. Sinusoidal Sequences:

A sinusoidal sequence can be expressed as
x[n] =Acos(Qyn +6) (1.58)

If n is dimensionless, then both (), and 6 have units of radians. Two examples of
sinusoidal sequences are shown in Fig. 1-13. As before, the sinusoidal sequence in Eq.
(1.58) can be expressed as

A cos(Qyn + ) =A Re{e/ v +9) (1.59)

As we observed in the case of the complex exponential sequence in Eq. (1.52), the same
observations [Egs. (1.54) and (1.56)] also hold for sinusoidal sequences. For instance, the
sequence in Fig. 1-13(a) is periodic with fundamental period 12, but the sequence in Fig.
1-13(b) is not periodic.

1.5 SYSTEMS AND CLASSIFICATION OF SYSTEMS

A. System Representation:

A system is a mathematical model of a physical process that relates the input (or
excitation) signal to the output (or response) signal.

Let x and y be the input and output signals, respectively, of a system. Then the system
is viewed as a transformation (or mapping) of x into y. This transformation is represented
by the mathematical notation

y=Tx (1.60)

where T is the operator representing some well-defined rule by which x is transformed
into y. Relationship (1.60) is depicted as shown in Fig. 1-14(a). Multiple input and/or
output signals are possible as shown in Fig. 1-14(5). We will restrict our attention for the
most part in this text to the single-input, single-output case.

S Syslem  —— Syslem

X
X,

(a) (b)

Fig. 1-14 System with single or multiple input and output signals.

P
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B. Continuous-Time and Discrete-Time Systems:

If the input and output signals x and y are continuous-time signals, then the system is
called a continuous-time system [Fig. 1-15(a)]. If the input and output signals are discrete-time
signals or sequences, then the system is called a discrete-time svstem [Fig. 1-15(b)].

x(n Svs ¥ x{n] S vinl
’ y.f]l\em ‘ r y?]l‘em ‘
(a) (b)

Fig. 1-15 (a) Continuous-time system; (b) discrete-time system.

C. Systems with Memory and without Memory

A system is said to be memoryless if the output at any time depends on only the input
at that same time. Otherwise, the system is said to have memory. An example of a
memoryless system is a resistor R with the input x(t) taken as the current and the voltage
taken as the output y(¢). The input-output relationship (Ohm’s law) of a resistor is

y(1) = Re(1) (L.61)

An example of a system with memory is a capacitor C with the current as the input x(r)
and the voltage as the output y(t); then

.
()= [ x(r)dr (1.62)

A second example of a system with memory is a discrete-time system whose input and
output sequences are related by

n

y[n] = Y x[k] (1.63)

k= —mx

D. Causal and Noncausal Systems:

A system is called causal if its output y(¢) at an arbitrary time ¢ = 1, depends on only
the input x(¢) for ¢ < t,. That is, the output of a causal system at the present time depends
on only the present and /or past values of the input, not on its future values. Thus, in a
causal system, it is not possible to obtain an output before an input is applied to the
system. A system is called noncausal if it is not causal. Examples of noncausal systems are

y(t)=x(r+1) (1.64)
y[n] =x[-n] (1.65)

Note that all memoryless systems are causal, but not vice versa.
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E. Linear Systems and Nonlinear Systems:

If the operator T in Eq. (1.60) satisfies the following two conditions, then T is called a
linear operator and the system represented by a linear operator T is called a linear system:

1. Additivity:
Given that Tx, =y, and Tx, =y,, then
T{x, + x5} =y, +; (1.66)
for any signals x, and x,.

2. Homogeneity (or Scaling):

T{ax}=ay (1.67)

for any signals x and any scalar a.
Any system that does not satisfy Eq. (1.66) and/or Eq. (1.67) is classified as a
nonlinear system. Equations (/.66) and (/.67) can be combined into a single condition as
T{a,x, + a,x,} =a,y, +a,y, (1.68)

where a, and a, are arbitrary scalars. Equation (/.68) is known as the superposition

property. Examples of linear systems are the resistor [Eq. (1.6/)] and the capacitor [Eq.
(1.62)). Examples of nonlinear systems are

y=x? (1.69)

y = COS X (1.70)

Note that a consequence of the homogeneity (or scaling) property [Eq. (1.67)] of linear

systems is that a zero input yields a zero output. This follows readily by setting a« = 0 in Eq.
(1.67). This is another important property of linear systems.

F. Time-Invariant and Time-Varying Systems:

A system is called time-invariant if a time shift (delay or advance) in the input signal
causes the same time shift in the output signal. Thus, for a continuous-time system, the
system is time-invariant if

T{x(t —7)}=y(t —17) (1.71)
for any real value of 7. For a discrete-time system, the system is time-invariant (or
shift-invariant) if

T{x[n —k]}=y[n —k] (1.72)
for any integer k. A system which does not satisfy Eq. (1.71) (continuous-time system) or
Eq. (1.72) (discrete-time system) is called a time-varying system. To check a system for

time-invariance, we can compare the shifted output with the output produced by the
shifted input (Probs. 1.33 to 1.39).

G. Linear Time-Invariant Systems

If the system is linear and also time-invariant, then it is called a linear time-invariant
(LTI) system.
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H. Stable Systems:

A system is bounded-input /bounded-output (BIBO) stable if for any bounded input x
defined by

x| <k, (1.73)
the corresponding output y is also bounded defined by
lyl<k, (1.74)

where k, and k, are finite real constants. Note that there are many other definitions of
stability. (See Chap. 7.)

I. Feedback Systems:

A special class of systems of great importance consists of systems having feedback. In a
feedback system, the output signal is fed back and added to the input to the system as
shown in Fig. 1-16.

x(1) )
System .

Fig. 1-16 Feedback system.

Solved Problems
SIGNALS AND CLASSIFICATION OF SIGNALS
L.L1. A continuous-time signal x(¢) is shown in Fig. 1-17. Sketch and label each of the

following signals.
(a) x(t = 2); (b) x(21); (c) x(¢/2); (d) x(—1)

x(t)

3
3

o

11 [ W T S >
-2-101 2 3 45 t

Fig. 1-17
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(@)
(b)
(c)
(d)
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x(t — 2) is sketched in Fig. 1-18(a).
x(2t) is sketched in Fig. 1-18(b).
x(t/2) is sketched in Fig. 1-18(c).
x(—1) is sketched in Fig. 1-18(d).

x(r-2) x(21)
3 F 3 F
r- =
B ¥y
L1 1 [ 11 -> [ | 1 L1 -
-1 01 2 3 4 5 6 7 ! 2-1 01 2 3 T
(a) (b)
x(1/2) x(-1)
3 F - 3
L1 [ W W N U | 1 [ U BT T [ |

-y
~Y

-1 01 23 456 7 89 S5 -4-32-101 2

© (d)
Fig. 1-18

1.2. A discrete-time signal x[n] is shown in Fig. 1-19. Sketch and label each of the
following signals.

(@) x[n = 2); (b) x[2n]; (¢) x[—n); (d) x[—n + 2]

x{n]

| I]
Hrl o >
1012345 n

Fig. 1-19
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(a)
(b)
(c)
(d)
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x[n — 2] is sketched in Fig. 1-20(a).
x[2n] is sketched in Fig. 1-20(b).
x[—n] is sketched in Fig. 1-20(c).
x[—n + 2] is sketched in Fig. 1-20(d).

21

x[n-2) x[2n)
| I I
01234567 n
(a) (b)
x[-n] x[-n+2)
L 3 L 3
[1] ‘
—o—o—1 r L—H 4> = r
5-4-32- 01 n 32 01 2 n
() (d)

Fig. 1-20

1.3. Given the continuous-time signal specified by

x(t) = {3—“'

determine the resultant discrete-time sequence obtained by uniform sampling of x(¢)
with a sampling interval of (a) 0.25 s, (b) 0.5 s, and (¢) 1.0 s.

-1<t<1
otherwise

It is easier to take the graphical approach for this problem. The signal x(t) is plotted in
Fig. 1-21(a). Figures 1-21(b) to (d) give plots of the resultant sampled sequences obtained for
the three specified sampling intervals.

(a) T,=0.25s. From Fig. 1-21(b) we obtain
x[n]=1{...,0,0.25,0.5,0.75,1,0.75,0.5,0.25,0,...)

!

(b) T,=0.5s. From Fig. 1-21(c) we obtain
x[n]={...,0,05,1,0.5,0,...}
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x(1) x[n] = x(n/4)

1

-1 0 l ! -4 -3-2-101 2 3 4 n

(a) b

x[n] = x(n/2) x[n] = x(n)

N l
— l | —— > © - =
-2 -1 0 1 2 n -1 0 1 n

(c) )

Fig. 1-21

(¢) T,=1s. From Fig. 1-21(d) we obtain

x[n]=1{...,0,1,0,...} = 8[n]

1.4. Using the discrete-time signals x,[n] and x,[n] shown in Fig. 1-22, represent each of
the following signals by a graph and by a sequence of numbers.

(a) y,[nl=x[n]+x,[n]; (b) y,[n]=2x[n]; (c) yyln]=x,[n]lx,(n]

x,[n} X[n]

3

il

2-10 123 4567 n
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(a) y,[n]is sketched in Fig. 1-23(a). From Fig. 1-23(a) we obtain
y[n]=1{...,0,-2,-2,3,4,3,-2,0,2,2,0, ...}
1

(b) y,[n] is sketched in Fig. 1-23(b). From Fig. 1-23(b) we obtain

y2[n] = ("'90’2)47670v074,4,0, ...}

(¢) y,ln]is sketched in Fig. 1-23(c). From Fig. 1-23(c) we obtain

yiln] = {...,0,%,4,0, )

winl = x[n] + x,(n] yolnl = 2x[n]
6 F
4 4
? 2
2 F I 2@
5 | | L
2 - 3
2 4 —— _— 0
L_1214567 n 21012345617 n
¢d |2
(a) (b)
y;["] = x|["]-le"]
4
-
29
—_————e
2 -1 012 3 45 6 17 n
()
Fig. 1-23

LS. Sketch and label the even and odd components of the signals shown in Fig. 1-24.

Using Egs. (1.5) and (1.6), the even and odd components of the signals shown in Fig. 1-24
are sketched in Fig. 1-25.
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x(1) x(1)
4 4
48‘05’
01 2 45 v 0 r>
(a) (b)
x{n] x(n]
4 lL 4
01 23456 n 101 2345 n
(¢) (d)
Fig. 1-24
1.6. Find the even and odd components of x(¢) = e’
Let x(¢) and x,(¢) be the even and odd components of e’, respectively.
e =x,(t) +x,(1)
From Eqgs. (1.5) and (1.6) and using Euler’s formula, we obtain
x,(t)y=3(e’"+e /") =cost
x,(1) = $(ef = i) =jsint
1.7.  Show that the product of two even signals or of two odd signals is an even signal and

that the product of an even and an odd signal is an odd signal.

Let x(r)=x,(t)x,(¢). If x,(¢) and x,(¢) are both even, then

x(—t)=x(=t)xy(—1) =x,(£)x,(t) =x(¢)

and x(¢) is even. If x(¢) and x,(¢) are both odd, then

x(=1)=x(=0)x(—1) = —x ()] =x ()] =x,(1)x,(1) =x(1)

and x(¢) is even. If x () is even and x,(¢) is odd, then

(=) =x (=) x(—t) =x,()[—x,(1)] = ~x,(1)x,(1) = —x(1)

and x(¢) is odd. Note that in the above proof, variable t represents either a continuous or a

discrete variable.
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x (1) x(1)
4 4 F
2 F 2 -
L 5 -
[ B ) 11 1 1 > B T B | 1
S 0 5 t
)
(a)
x (1) x,(D
4 4 P
| i

(b)
x,(n] x,[n]
4 4}
-
2 2 F
5 -4 -3 2 -] i
5-4-3-2-1 01 23 435 n ll[ll 1
L .2
(c)

-0
&;ﬁ
[
—'—~
[ ) £
-
z
=y
| JN
[ ] £y
I | 1) T
o
2

@t o
[
o
L IR |
L

(@
Fig. 1-25
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Show that

(a) If x(¢) and x[n] are even, then

fjax(t)dt = 2f0ax(t)dt
k

k
Y. x[n] =x[0] +2 §1X[n]

n=—k
(b) If x(¢) and x[n] are odd, then

x(0)=0  and x[0] =0

faax(t)dt=0 and Y x[n] =0

(a) We can write

[ xyae=[° x(f)dt+[:x(r)d:

Letting t = —A in the first integral on the right-hand side, we get

[° x(t)di = [x(=2)(~d)) =f0ax(—)«)d)«

Since x(1) is even, that is, x(—A) =x(A), we have

f:x(—,\)dA =[:x(/\)d)« =f0“x(z)dz

Hence,
/_ax(t)dt=[0x(r)dz+/0x(z)dz=2f0x(:)dz
Similarly,
k -1 k
ka[n]= ZkX[n]+x{0]+ 2 x[n]
n=- n=-— n=1

Letting n = —m in the first term on the right-hand side, we get
~1 k

L x[n]= X x[-m]

n=—k m=1
Since x[n] is even, that is, x[ —m] = x[m], we have
k k k

le{—m] = L x[m]= ¥ x[n]

m= m=1 n=1
Hence,
k k

k k
L x[n]= X x[n]+x[0]+ X x[n]=x[0] +2 X x[n]
n=1 n=1

n=-k n=1

(CHAP. 1

(1.75a)

(1.75b)

(1.76)

(1.77)

(b) Since x(t) and x[n] are odd, that is, x(—¢) = —x(¢) and x[—n}= —x[n], we have

x(-0)=-x(0) and  x[-0]= —x[0]
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Hence,
x(—=0) =x(0) = —x(0) =>x(0) =0
x[—-0] =x[0] = —x[0] = x[0] =0
Similarly,
a 0 a a a
f_ax(z)dt=f_ax(t)dz+[0x(t)dz=[0x(—A)dA +f0x(z)d1
- —fox(A)dA+f0x(r)d:= —fox(z)dz+f0x(:)d:=0
and
k -1 k k k
ka[n]= Y x[n]+x[0]+ ¥ x[n]= ¥ x[-m]+x[0]+ ¥ x[n]
n=-— n=—k n=1 m=1 n=1
k k

k k
= - Z_:lx[m]+x[0]+ Z_:x[n]= - glx[n]+x[0]+ ;‘,x[n]
=x[0]=0

in view of Eq. (1.76).

Show that the complex exponential signal
x(1) = el
is periodic and that its fundamental period is 27 /w,.
By Eq. (1.7), x(¢) will be periodic if
e@ot+T) = glwyt

Since

ejwo(l +7T) — ejwolejon

we must have

e/ol =1 (1.78)
If w, =0, then x(¢) =1, which is periodic for any value of T. If w,+ 0, Eq. (1.78) holds if
2
w,T=m2mw  or T=m— m = positive integer
@y

Thus, the fundamental period T, the smallest positive T, of x(¢) is given by 27 /w,,.

Show that the sinusoidal signal
x(t) = cos(wyt + 6)
is periodic and that its fundamental period is 27 /w,.
The sinusoidal signal x(¢) will be periodic if
cos[wy(t + T) + 6] = cos(wyt + 8)
We note that
cos[wy(t + T) + 8] = cos[wyt + 6 + woT] = cos(wyt + 8)
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if
2
w,T=m2w or T=m— m = positive integer
Wy

Thus, the fundamental period T,, of x(¢) is given by 27 /w,,.

Show that the complex exponential sequence
x[n] = e/
is periodic only if /2w is a rational number.
By Eq. (1.9), x[n] will be periodic if

ejﬂn(n+N) — ejﬂ.,nejﬂoN — ejQUn

or
e/ = 1 (1.79)
Equation (1.79) holds only if
QN =m2m m = positive integer
or
Q, m .
TN rational number (1.80)

Thus, x[n] is periodic only if (/2 is a rational number.

Let x(¢) be the complex exponential signal
x(t) = el

with radian frequency w, and fundamental period T,=2w/w, Consider the
discrete-time sequence x[n] obtained by uniform sampling of x(¢) with sampling
interval T,. That is,

x[n] =x(nT,) = e
Find the condition on the value of T, so that x[n] is periodic.

If x[n] is periodic with fundamental period N,, then

elwon+ N, e]“’()"Txejw(lNllTs = gJwonT;

Thus, we must have

. 2
eloMTi =1 = Wy N, T, = TNOTJ =m2m m = positive integer
0
or
L_m ional b 1.81
— = — = rational number .
T (1.81)

Thus x[n] is periodic if the ratio T, /T, of the sampling interval and the fundamental period of
x(t) is a rational number.
Note that the above condition is also true for sinusoidal signals x(t) = cos(w,t + 6).
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1.13.

1.14.

Consider the sinusoidal signal
x(t) = cos 15t
(a) Find the value of sampling interval T, such that x[n]=x(nT,) is a periodic
sequence.
(b) Find the fundamental period of x[n]=x(nT,) if T, = 0.17 seconds.

(a) The fundamental period of x(¢)is Ty=2m/w,=2m/15. By Eq. (1.81), x[n]}=x(nT,) is

periodic if
T, T, m
—T—O = 37/ 15 = Fo (1.82)
where m and N, are positive integers. Thus, the required value of T, is given by
m m 2
T = (1.83)

_.__T = —_——
S N, ° N, 15
(b) Substituting T, = 0.17 = 7 /10 in Eq. (1.82), we have
T, =/10 15 3

T, 2m/15 20 4
Thus, x[rn]=x(nT,) is periodic. By Eq. (1.82)

The smallest positive integer N, is obtained with m = 3. Thus, the fundamental period of
x[n]=x(0.1wn) is N, = 4.

Let x,(¢) and x,(¢) be periodic signals with fundamental periods T, and T,, respec-
tively. Under what conditions is the sum x(¢) =x,(¢) + x,(¢) periodic, and what is the
fundamental period of x(¢) if it is periodic?

Since x,(¢) and x,(¢) are periodic with fundamental periods T, and T,, respectively, we
have

x, () =x(t+T,)=x,(t+mT)) m = positive integer

x,(t) =x,(t +T,) =x,(t +kT3) k = positive integer
Thus,

x(t) =x,(t+mT)) +x,(t +kT,)
In order for x(¢) to be periodic with period T, one needs
x(t+T)=x,(t +T) +x,(t + T) =x,(t + mT)) +x,(t + kT,)
Thus, we must have
mT,=kT,=T (1.84)

or
T, k .
— = — = rational number (1.85)
T, m

In other words, the sum of two periodic signals is periodic only if the ratio of their respective

periods can be expressed as a rational number. Then the fundamental period is the least
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common multiple of 7, and T,, and it is given by Eq. (1.84) if the integers m and k are relative
prime. If the ratio 7, /7, is an irrational number, then the signals x,(¢) and x,(¢) do not have a
common period and x(¢) cannot be periodic.

Let x,[n] and x,[n] be periodic sequences with fundamental periods N, and N,,
respectively. Under what conditions is the sum x[n] = x,[n]+ x,[n] periodic, and what
is the fundamental period of x[n] if it is periodic?

Since x,[n] and x,[n] are periodic with fundamental periods N, and N,, respectively, we
have

x[n]l=x[n+N]=x[n+mN,] m = positive integer

xy[n]=x,[n+ N} =x,[n+k&N,] k = positive integer
Thus,

x[n]=x,[n+mN,] +x,[n+kN,]
In order for x[n] to be periodic with period N, one needs
x[n+N]=x[n+N]+x,[n+N)=x,[n+mN,] +x,[n+kN,]
Thus, we must have
mN, = kN, = N (1.86)

Since we can always find integers m and k to satisfy Eq. (1.86), it follows that the sum of two
periodic sequences is also periodic and its fundamental period is the least common multiple of
N, and N,.

Determine whether or not each of the following signals is periodic. If a signal is
periodic, determine its fundamental period.

T 2
(a) x(t)=cos(t+z) (b) x(t)=sin Tt
(¢) x(t)=cos %t-#sin %t (d) x(t)=cost +siny2t
(e) x(t)=sin’t (f) x(t)=eltm/2-1
(g) x[n]=elm/4n (k) x[n]=cosin
(i) x[n]=cos %n + sin ;n (j) x[n)=cos? %n

(a) x(t)—cos(t+ Z)—cos(on» 7 ) —w,=1

x(r) is periodic with fundamental period T, = 27 /w, = 2.

. 2m 2
(b) x(t)=smTt—->w0=_3_

x(¢) is periodic with fundamental period 7, = 27/w, = 3.

’

us o
(¢) x(¢)=cos 3! + sin zt =x,(t) +x,(¢1)

where x,(¢t) = cos(/3)t = cos w;t is periodic with T, =2m/w, =6 and x,(t)=
sin(7/4)t = sin w,¢ is periodic with T, =27/w,=8. Since T,/T,= %= 2 is a rational
number, x(¢) is periodic with fundamental period T, = 4T, = 3T, = 24.
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(d)

(e)

(f)

(g)

(h)

()

()
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x(£) =cos t +siny2t=x,(t) +x,(¢)

where x,(1)=cost =cosw,! is periodic with T, =27 /w, =2m and x,(1)=siny2t=
sin w,t is periodic with T, =2 /w,=V2m. Since T,/T,= V2 is an irrational number,
x(t) is nonperiodic.

Using the trigonometric identity sin? § = 3(1 — cos 28), we can write
x(t)=sin?t=3— 30082t =x,(t) +x,(¢)
where x () = 1 is a dc signal with an arbitrary period and x,(t) = — 3 c0s2f = — 3 cos w,!
is periodic with T, = 27 /w, = m. Thus, x(¢) is periodic with fundamental period T, = .
x(8) = /T /D=1 = g=ighm /Dl = g=igiwnt _y (= T
2

x(t) is periodic with fundamental period T, = 27 /w, = 4.
x[n] = eim/Hn = gifon () = il

4

Since ,/2m = 81 is a rational number, x[n] is periodic, and by Eq. (1.55) the fundamen-
tal period is N, = 8.

x[n]=cos tn = cos Qyn — Q=1

Since Q,/2m =1/8w is not a rational number, x[n] is nonperiodic.

T T
x[n] = cos i + sin i =x,[n]+x,[n]

where

™
x,[n] =cos 37 = cos Qn—o0,=

&1 W)y

™
x,[n] =sin 2 =cos Qn—Q,=

Since 1, /27 = 5 (= rational number), x,[n] is periodic with fundamental period N, =6,
and since Q,/2m7 =3 (= rational number), x,[n] is periodic with fundamental period
N, = 8. Thus, from the result of Prob. 1.15, x[n] is periodic and its fundamental period is
given by the least common multiple of 6 and 8, that is, N, = 24.

Using the trigonometric identity cos? 8 = (1 + cos 28), we can write

, T 1 1 T
x[n]) = cos gn=7 tycosn =x,[n] +x,[n]
where x,[n]=3=3(1)" is periodic with fundamental period N,=1 and x,[n]=
3 cos(m/4)n = 5 cos Qyn — O, =7/4. Since Q,/2m =4 (= rational number), x,[n] is
periodic with fundamental period N, = 8. Thus, x[n] is periodic with fundamental period
N, = 8 (the least common multiple of N, and N,).

1.17. Show that if x(¢ + T) =x(¢), then

[ox(ydi= [*"x(t)ya (1.87)
fOTx(:)dt=j”Tx(z)dt (1.88)

for any real «, B8, and a.
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If x(¢t + T)=ux(t), then letting t =7 — T, we have
x(1—=T+T)=x(7)=x(7-T)
and

fﬁx(z)dz=f"”x(f—T)d7=fa":r’}c(f)d7=f‘”rx(z)dt

a a+ T a+T
Next, the right-hand side of Eq. (1.88) can be written as

[ x@yar= [

a a

0x(t)dt+f”+rx(t)dt
0

By Eq. (1.87) we have

f”x(t)dt=fT

a a+

x(t)dt
7
Thus,

j;”rx(t)dt=fa:rx(t)dhL /()””k(z)dt
=/:+Tx(t)dt+ftliT;(t)dt=j;)Tx(t)dt

Show that if x(¢) is periodic with fundamental period T,,, then the normalized average
power P of x(t) defined by Eq. (1.15) is the same as the average power of x(f) over
any interval of length 7, that is,

T[,‘

P x(0)]* dt (1.89)

Ty
By Eq. (1.15)
L 12 5
P= lim = x(¢)| dt
im £ 7 1500

Allowing the limit to be taken in a manner such that 7 is an integral multiple of the
fundamental period, T = kT, the total normalized energy content of x(¢) over an interval of
length T is £ times the normalized energy content over one period. Then

1 T, 2 1 T, 2
P= lim | —k x()| dt) == 1] "Ix()]°d
[kT(, [ 1) ] r(,f(, | x(0)|* at

k—ox

The following equalities are used on many occasions in this text. Prove their validity.

N-1 1-a”

(@) Y a"={1-q a#l (1.90)
"0 N a=1
> 1

(b) Y a"= lal <1 (1.91)
n=0 l-a
ES) ak

(c) Y a"= lal < 1 (1.92)
Kk 1l -«
> a

(d) Y na"=— lal < 1 (1.93)
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(a)

(b)

(c)

(d)
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Let
N—-1
S§= Y a"=14+a+a’+ -
n=0
Then

N-1

aS=a Y a"=a+a’+a’+ - +aV

n=0

Subtracting Eq. (1.95) from Eq. (1.94), we obtain
(1-a)S=1-a"

Hence if a # 1, we have

N-1 1 —a®
S= Y a"=
n=0 l1-a

If @ =1, then by Eq. (1.94)

N-1
Yar=1+1+1+-+1
n=0

For |al < 1, h}im a™ = 0. Then by Eq. (1.96) we obtain

N-1
Ya"= lim Y a"= lim
n=0

n=0 N—e

Using Eq. (1.91), we obtain
an=ak+ak+l+ak+2+
n=k

=a*(l+a+a’+ - )=a* ) a"
n=0

Taking the derivative of both sides of Eq. (1.97) with respect to a, we have

l—a

Nox | —a

IERRIRRY

and
d -3 -] d 0
—( Za")= Y —a"= ) na""'=
da n=0 n=0 da n=0

Hence,
1 2 1 i
— Y na"= ——— or Y na"
X p=o (] ___a)Z n=0

33

(1.94)

(1.95)

(1.96)

1.20. Determine whether the following signals are energy signals, power signals, or neither.

(a)
(c)
(e)

x()=e"u(t), a>0 (b) x(t) =Acos(wyt + 6)
x(t) = tu(t) (d) x[n]=(-0.5)"uln]

x[n)=uln] (f) x[n]=2e7"



34 SIGNALS AND SYSTEMS [CHAP. 1

@ o0 1
(a) E=f |x(t)l2dl=f e 2 dt = 55 <*
> 0

Thus, x(¢) is an energy signal.
(b) The sinusoidal signal x(¢) is periodic with T, =2m/w, Then by the result from
Prob. 1.18, the average power of x(¢) is

1 Ty 2 w() 2w /wq 2 2
P=?0f0 [x(1)] dt—gfo A% cos?(wyt + 0) dt

A2w0 27 /w, 1 AZ
-5 fo U5[1 +cos(2wgt +26)] dt = — <o
Thus, x(¢) is a power signal. Note that periodic signals are, in general, power signals.
. T/2 y 7/2)’
() E=lim [ |x(¢)Pdt = lim [t de = tim a7 _,
T-x -T/2 T—ox /g Tox
1 1/ , 1 1y2 1(1/2)°
P= lim — )| dt = lim — t?dt = lim — =
fim [ (o) P = lim o fim 75 =

Thus, x(¢) is neither an energy signal nor a power signal.
(d) By definition (1./6) and using Eq. (1.91), we obtain

o

* 1 4
2
E= =Y 025" = = =<
L llnll = £ 025" = e = 5 <0

n=—x

Thus, x[n] is an energy signal.

(e) By definition (1.17)
N

P=1 L Ix[nlf

im
N-ox2N+1 n=-N

N

~ lim 2= |
N 2N+1,E'0 Now 2N+ 1

1
(N+1)=§<OO

Thus, x[n] is a power signal.
(f) Since [x[n]l=[2e’3"| = 2]e’| = 2,
N

1 N
P= i 2_ li 22
N 2N+1n§_N|x["]| N, R,

= lim 42N +1)=4<w

N-x= 2N +1

Thus, x[n] is a power signal.

BASIC SIGNALS
1.21. Show that

u(—t)={(1) >0 (1.97)
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Let r = —t. Then by definition (1.18)

com-y 128

Since 7> 0 and 7 < 0 imply, respectively, that t <0 and ¢ > 0, we obtain

0 t>0
"(—')={1 1<0

which is shown in Fig. 1-26.

u(-t)

i 4

Fig. 1-26

1.22. A continuous-time signal x(¢) is shown in Fig. 1-27. Sketch and label each of the
following signals.

(a) x(u(l —1); (b) x()u(t) —ult — D; (c) x(£)8(t — 3)

x(1)

B 4

Fig. 1-27
(a) By definition (1.19)

1 t<1
u(l_t)={0 t>1

and x(1)u(l — t) is sketched in Fig. 1-28(a).
(b) By definitions (7.18) and (1.19)

1 0<r<1
u(r) —u(r=1) = {0 otherwise

and x()[u(r) —u(r — 1)} is sketched in Fig. 1-28(b).
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(¢) By Eq. (1.26)
x()8(t—3)=x(3)8(t—3)=28(t—3)
which is sketched in Fig. 1-28(c).

x(Du(l-t) x(0) [u(r)-u(t-1)]

-y
A

1 0 1 0 I !
(@) (b)
x(0)8(1-3/2)
2
|
- 1 P
0 1 2 t
(9]
Fig. 1-28

1.23. A discrete-time signal x[n] is shown in Fig. 1-29. Sketch and label each of the
following signals.

(a) x[nlull —nl; (b) x[nXuln + 2] — u[nl}; (¢) x[n]é[n — 1]

x[n)

dal

3
-1 01 2 3 45
Fig. 1-29

3

(a) By definition (1.44)

1 <1
““—"]z{ﬂ :>1

and x[nlu[l — n) is sketched in Fig. 1-30(a).



CHAP. 1] SIGNALS AND SYSTEMS 37

(b) By definitions (1.43) and (1.44)
uln +2] ~u[n] = {(1]

and x[nJ{u[n + 2] — u[n]} is sketched in Fig. 1-30(b).
(¢) By definition (1.48)

-2<n<0
otherwise

1 n=
x[n]6[n-1]=x[1]8[n—1]=8[n—1]={0 n-!
which is sketched in Fig. 1-30(c).
{njul1-n] x(n}{uln+2])-uln})
l | |
4320 01 23 n 320 01 23 o
(a) (b)
x[n]d|n-1]
3}
21 01 234 "
(c)
Fig. 1-30

1.24. The unit step function u(¢) can be defined as a generalized function by the following
relation:

f::¢(t)u(t)dt - ]:¢(z)dz (1.98)

where ¢(t) is a testing function which is integrable over 0 <t <o, Using this
definition, show that

1 >0
“(’)={0 120

Rewriting Eq. (1.98) as

f:o(b(t)u(t)dt=f_omd)(t)u(t)dt+/:°¢(t)u(t)dt=/:qu(t)dt
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we obtain

[° oru(yde= ["o()[1 - u(o) ar

This can be true only if

]_"¢(:)u(:)dz=0 and f:¢(:)[1—u(:)]dr=o

These conditions imply that
d(Hu(t)=0,t<0 and  S(£)[1-u(1)]=0,t>0
Since ¢(t) is arbitrary, we have
u(t)=0,1r<0 and l—u(t)=0,t>0
that is,

_ 1 t>0
u(t)_{() t<0

1.25. Verify Eqgs. (1.23) and (1.24), that is,
1
(a) 8(at) = l—a—lﬁ(t); (b) 8(—1)=48(1)

The proof will be based on the following equivalence property:
Let g,(¢) and g,(¢) be generalized functions. Then the equivalence property states that
g,(t) = g,(¢) if and only if

|~ #(0)s (1) di= fl¢(:)g2(:)d: (1.99)

for all suitably defined testing functions ¢(t).
(a) With a change of variable, at =1, and hence t=1/a, dt =(1/a)dr, we obtain the
following equations:

If a >0,

3 1
= 74’(0)

=0 , I

f:¢(t)6(at)dt - %]“ ¢(£)8(r)dr= %¢(£)

-

If a <0,

[~ oaadi=— [ o[ Z)o(ryar= - = [ o2 Js(r) ar

ol o

=0 l I

Thus, for any a

[~ (0s(a di= —(0)
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1.27.

(b)
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Now, using Eq. (1.20) for ¢(0), we obtain

© 1 l ©
[ (n)s(arydi = —(0) = o [ S(1)8(1) e

= [jm(b(t)ll?I&(t)dt
for any ¢(¢). Then, by the equivalence property (1.99), we obtain
8(at) = ‘—3’5(1)
Setting @ = — 1 in the above equation, we obtain
8(—1) = I—_l-l—la(t) =58(1)

which shows that 8(¢) is an even function.

(a) Verify Eq. (1.26):
x(1)8(t —ty) =x(10)8(1 — 1)
if x(¢) is continuous at ¢ =1¢,.
(b) Verify Eq. (1.25):
x(1)8(t) =x(0)8(1)
if x(¢) is continuous at ¢ = 0.
(a) If x(¢) is continuous at ¢ = t,, then by definition (1.22) we have
[ #O[x(0)8(=to)] dr = [ [$(1)x(1)]6(1 = 1) di = (1) x(1)
~x(1g) [~ (1)1 —t5) at
= [ #(0)[x(10)8(1 ~1)] dt
for all ¢(¢) which are continuous at ¢ = 1,. Hence, by the equivalence property (1.99) we
conclude that
x(1)8(t—ty) =x(1,)8(t—1,)
(b) Setting t,= 0 in the above expression, we obtain
x(1)8(r) =x(0)8(1)
Show that
(a) 18(1)=0
(b) sintd(t)=0

(¢)

costd(t—m)=—-6(t ~ )
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Using Egs. (1.25) and (1.26), we obtain
(@) t8(t)=(0)8(t)=0
(b) sint8(t) = (sin0)8(t) = (0)6(¢) =0
() costd(t—m)=C(cosm)o(t —m)=(-16(t —m)= —6(t — )

Verify Eq. (1.30):

, du(t)
d(t)=u'(t)= 7
From Eq. (1.28) we have
" d(tyu (1) de = —/_m & ()u(t) di (1.100)

where ¢(t) is a testing function which is continuous at ¢ = 0 and vanishes outside some fixed
interval. Thus, ¢'(¢) exists and is integrable over 0 < t < « and ¢(») = 0. Then using Eq. (1.98)
or definition (1.18), we have

= ~ [¢(») — $(0)]

o
0

[~ ey de=~["6(0)di= ~a(1)

- 9(0) = [~ (1) 8(1) d

Since ¢(t) is arbitrary and by equivalence property (1.99), we conclude that

du(t)
dt

8(t) =u'(t) =

Show that the following properties hold for the derivative of 8(1):
dé(1)
dt
(b) 18(t)=—-8(1) (1.102)

(a) Using Egs. (1.28) and (1.20), we have

@ | T 608 (1) dt = —$(0) where ¢/(0) = (1.101)

t=0

[ @ (ydi= - [ (0s(t)dt = ~4(0)
(b) Using Egs. (1.101) and (1.20), we have
« © d
[ el (n]di= [ [16()]&'(1) dr == — [16(1)]
= ~[6() +1'()]],.o= ~8(0)

(=0

- [ swawmar= [~ sl-a(n))dr

Thus, by the equivalence property (1.99) we conclude that
18 (1) = —-68(1)
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1.30.

1.31.

Evaluate the following integrals:
(a) fl (3t? + 1)8(1) dt

-1

2
(b) [t + Ds(r) dr

1

(c) fm (t2+ cosmt)8(t — 1) dt

o0

(d) f e~ '6(2t —2) dt

— 00
o0

(e) f e~'8'(t) dt

— 0

(a) By Eq. (1.21), with a= —1 and b =1, we have

1

f B2+ 1)8(1) dt = (312 +1)|,_o=1

-1

(b) By Eq. (1.21), with a =1 and b = 2, we have
[23r2+ 1)s(1) de =0
1
(¢) By Eq.(1.22)
fw (12+ cosmt)8(t — 1) dt =(1? + cos 7t)],_,

=1l4cosm=1-1=0

(d) Using Egs. (1.22) and (1.23), we have

[ esr-2ydi= [ e7s(2(1- 1)) i

— 00 —

w1 1
= TrT=8(t=1)dt=—=e"'
f_me 5 (1=1)di=e

(e) By Eq. (1.29)

=e l_g=1

t=0

* —IQr d —t
[ e §(1)dt==—(e™)

—

Find and sketch the first derivatives of the following signals:

(@) x()=u(t)—u(t—a),a>0
(b) x(t)=tlu(t) —u(t —a)), a>0

t>0

(c) x(t)=sgnt={1_1 (<0

(a) Using Eq. (1.30), we have
u(t)==5(t) and u(t—a)=06(t—a)

41
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Then
X(t)y=uw(t)—-u(t—a)=8(t) —8(t—a)
Signals x(¢) and x'(¢) are sketched in Fig. 1-31(a).

[CHAP. 1

(b) Using the rule for differentiation of the product of two functions and the result from part

(a), we have
X(t) =[u(t) —u(t—a)] +1[8(+) —8(t - a)]
But by Eqgs. (1.25) and (1.26)
t8(t)=1(0)8(t)=0 and t8(t —a) =ad(t—a)
Thus,
X'(t) =u(t) —u(t —a) —ad(t —a)

Signals x(¢) and x'(¢) are sketched in Fig. 1-31(b).
(¢) x(t)=sgnt can be rewritten as

x(t)=sgnt=u(t) —u(—t)
Then using Eq. (1.30), we obtain
X(t)y=u(t)—w(-t)=8(t) - [-5(1)] =258(¢)
Signals x(¢) and x'(¢) are sketched in Fig. 1-31(c).

x(1) x(1) x(1)
a
1 1
0 a ' 0 a t 0 IV
-1
x'(1) x'(0) x(t)
” 28(1)
8(1) 1
a
- - == -
0 l t 0 a t 0 t
-8(r-a) ‘
-ad(1-a)
(a) (b) (c)

Fig. 1-31
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SYSTEMS AND CLASSIFICATION OF SYSTEMS

1.32.

Consider the RC circuit shown in Fig. 1-32. Find the relationship between the input
x(t) and the output y(t)

(a)
(b)

(a)

(b)

If x(¢1)=v/t) and y(1) =v(1).
If x(¢)=0v,t) and y(¢) =i(s).

Applying Kirchhoff’s voltage law to the RC circuit in Fig. 1-32, we obtain
v(t) =Ri(t) +v.(t) (1.103)
The current () and voltage v (t) are related by

dv.(t)
dt

i(1)=C (1.104)

Letting v,(¢) = x(¢) and v (¢) = y(¢) and substituting Eq. (1.04) into Eq. (1.103), we obtain

dy(t
RC yd(t) +y(t) =x(1)
or
dy(t 1 1
ydt)+Ey(t)=R_C—X(t) (1.105)

Thus, the input-output relationship of the RC circuit is described by a first-order linear
differential equation with constant coefficients.

Integrating Eq. (1.104), we have
v (1) =lf’ i(r)dr (1.106)
C/_«
Substituting Eq. (1.106) into Eq. (1.103) and letting v (¢) = x(¢) and i(r) = y(¢), we obtain

1
Ry(1) + = [ (7Y dr=x(1)

or

1 . 1
y(’)ﬂ“ﬁ _wY(T)d‘r= Ex(f)

V() i(1) C = v

Fig. 1-32 RC circuit.
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Differentiating both sides of the above equation with respect to ¢, we obtain
dy(t) 1 1 dx(t)
+—=y(1) ==
o TR TR Ta

Thus. the input-output relationship is described by another first-order linear differential
equation with constant coefficients.

(1.107)

1.33. Consider the capacitor shown in Fig. 1-33. Let input x(¢) = i(¢) and output y(¢) = v (1).

(@) Find the input-output relationship.
(b) Determine whether the system is (i) memoryless, (if) causal, (iii) linear, (i) time-
invariant, or () stable.

(a) Assume the capacitance C is constant. The output voltage y(t¢) across the capacitor and
the input current x(¢) are related by [Eq. (1.106)]

1
y(1) =T{x(1)} =E/ﬁx(r)dr (1.108)

(b) (i) From Eq. (1.108) it is seen that the output y(¢) depends on the past and the
present values of the input. Thus, the system is not memoryless.

(i1) Since the output y(¢) does not depend on the future values of the input, the system
is causal.

(iii)  Let x(t) =a,x (1) + a,x,(¢). Then

1
s =Tx(0} = 5 [ (1) +aaxa(n)] dr

%frxxz(v') d'r]

:al

1
= x(nydr

+a,

=a, ¥ (1) +ayy,(1)
Thus, the superposition property (1.68) is satisfied and the system is linear.
(ir) Let y,(t) be the output produced by the shifted input current x,(¢) =x(f —¢,).

Then
R
yi(6) =T{x(t—1,)} = E/ﬁxx(f_’n)df
1 =iy
== ) dr=y(i-1)

Hence, the system is time-invariant.

T

— vn

g

|

i0) Q) c

Fig. 1-33
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r(f) = tu(r)

~y

0
Fig. 1-34  Unit ramp function.

(v) Let x(¢) =k,u(t), with k, # 0. Then
1 ki ok k,
= — =— = — = — 109
(1) Cj_mk,u(r)df Cfodf () =r(t)  (1.109)

where r(¢) = tu(t) is known as the unit ramp function (Fig. 1-34). Since y(t) grows
linearly in time without bound, the system is not BIBO stable.

1.34. Consider the system shown in Fig. 1-35. Determine whether it is (a) memoryless, (b)
causal, (c) linear, (d) time-invariant, or (e) stable.

(a) From Fig. 1-35 we have
y(t) =T{x(t)} =x(t)cos wt
Since the value of the output y(¢) depends on only the present values of the input x(z),
the system is memoryless.

(b) Since the output y(¢) does not depend on the future values of the input x(¢), the system
is causal.

(¢) Let x(¢)=a,x(t) + a,x(¢). Then
y(1) =T{x(1)} = [a;x,(1) + ayx,(1)] cos w1
=a,x,(t)cosw t +a,x,(t)cosw,t
=a,y,(1) +ayy,(1)
Thus, the superposition property (1.68) is satisfied and the system is linear.

Multiplier
x(1) ¥(1) = X(1) cos w1

-
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1.36.
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(d) Let y(¢) be the output produced by the shifted input x,(¢z) =x(¢ —¢,). Then
yi(1) =T{x(t —ty)} =x(t — ty) cos w ¢
But
y(t—ty) =x(t —ty)cos w.(t—ty) #y,(1)
Hence, the system is not time-invariant.
(e) Since |cos w t| < 1, we have

Iy()l=lx(1)cos w.t] <|x(t)l

Thus, if the input x(¢) is bounded, then the output y(¢) is also bounded and the system is
BIBO stable.

A system has the input-output relation given by
y =T{x} =x? (1.110)

Show that this system is nonlinear.

T{x, +x,} = (x, +x2)2 =xl+x2+2xx,
#T{x,} + T{x,} =x?+x?

Thus, the system is nonlinear.

The discrete-time system shown in Fig. 1-36 is known as the unit delay element.
Determine whether the system is (a) memoryless, (b) causal, (¢) linear, (d) time-
invariant, or (e) stable.

(a) The system input-output relation is given by
y[n]=T{x[n]} =x[n-1] (1.111)

Since the output value at n depends on the input values at n — 1, the system is not
memoryless.

(b) Since the output does not depend on the future input values, the system is causal.
(c) Let x|n]=ax,[n] + a,x,[n]. Then
yln]= T{“lxn[”] + “2x2[”]] =a;x|[n—1]+a,x,[n—1]
=a,y,[n] + a,y,[n]

Thus, the superposition property (1.68) is satisfied and the system is linear.

(d) Let y,[n] be the response to x,[n] =x[n —ny). Then
yiln]=T{x,[n]} =x,[n = 1] =x[n~1-n,]
and y[n—no)l=x[n—ny— 1] =x[n - 1-ny] =y,[n]

Hence, the system is time-invariant.

Xlﬂ] Unit )’l"] =Xl"'1]
L — delay p———-

Fig. 1-36 Unit delay element
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1.37.

1.38.

(e) Since
ly[n]l=Ix[n—-1])I<k if |x[n]l<k forall n

the system is BIBO stable.

Find the input-output relation of the feedback system shown in Fig. 1-37.

] 1

) '
A Unit ]

: 2 delay : ’

1 - ]

] ]

] ]

1 ]

] ]

e e e e c e e —————— )

Fig. 1-37

From Fig. 1-37 the input to the unit delay element is x[n] — y[n]. Thus, the output y[n] of
the unit delay element is [Eq. (1.111)]

y[n]=x[n—-1]-y[n—-1]
Rearranging, we obtain
y[n]+y[n—-1]=x[n-1] (1.112)

Thus the input-output relation of the system is described by a first-order difference equation
with constant coefficients.

A system has the input-output relation given by

y[n] = T{x[n]} = nx[n] (1.113)
Determine whether the system is (a) memoryless, (b) causal, (¢) linear, (d) time-in-
variant, or (e) stable.

(a) Since the output value at n depends on only the input value at n, the system is
memoryless.
(b) Since the output does not depend on the future input values, the system is causal.

(¢) Let x[n]=a,x,[n] +a,x,[n]. Then
y[n]=T{x[n]} = n{a,x,[n] +a,x,[n]}
=anx [n]+a,nx[n]=a,y[n] +a,y,[n]

Thus, the superposition property (1.68) is satisfied and the system is linear.
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x[n] = u[n) v(n) = nuln]
l 4
Ll
g .. t11]
0o 1 2 4 - 1 2 3 4

2y

Fig. 1-38

yi{n]=T{x[n —nyl} =nx[n —n,}
But yln—ny]l=(n—ny)x[n—ny]#y,[n]

() Let x[n]=uln]. Then y[n]=nu[n]. Thus, the bounded unit step sequence produces an
output sequence that grows without bound (Fig. 1-38) and the system is not BIBO stable.

y[n] = T{x[n]} = x[kyn] (1.114)

where k,, is a positive integer. Is the system time-invariant?

viln)=T{x,[n]} =x,[kon] =x[kon — n¢]
But yln =nol =x[ko(n —ng)] #y,[n]

Hence, the system is not time-invariant unless k, = 1. Note that the system described by Eq.
(1.114) is called a compressor. It creates the output sequence by selecting every & th sample of
the input sequence. Thus, it is obvious that this system is time-varying.

Consider the system whose input-output relation is given by the linear equation
y=ax+b (1.115)

where x and y are the input and output of the system, respectively, and a and b are

If b+ 0, then the system is not linear because x =0 implies y =b # 0. If b =0, then the

48
—C =
2 -1 n
(d) Let y,[n] be the response to x,[n]=x[n —ny]. Then
Hence, the system is not time-invariant.
1.39. A system has the input-output relation given by
Let y,[n] be the response to x,[n]=x[n —n,]. Then
1.40.
constants. Is this system linear?
system is linear.
1.41.

The system represented by T in Fig. 1-39 is known to be time-invariant. When the
inputs to the system are x,[n], x,[n], and x;[n], the outputs of the system are y,[n],
y,[nl, and y,[n] as shown. Determine whether the system is linear.

From Fig. 1-39 it is seen that

xy[n]=x,[n] +x,[n-2]
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x,[n} winl

21 01 2 3 4 n 2-1 012 3 4 n

x,(n]

w
d
BV

Fig. 1-39

Thus, if T is linear, then
T{x3[”]} =T{xl["]} + T{xz[" - 2]] =y [n]+y,[n-2]
which is shown in Fig. 1-40. From Figs. 1-39 and 1-40 we see that
ys[n]#y[n] +y,[n-2]

Hence, the system is not linear.

yln) Yoln - 2) viln) + wvyln - 2]

2 2I
+ Lt r1—0——»:
2. 01 2 3 4 n 2101 2 3 4 n 2101 2 3 4 n
Fig. 1-40

1.42. Give an example of a system that satisfies the condition of additivity (1.66) but not the
condition of homogeneity (1.67).



50

1.43.

1.44.
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Consider a discrete-time system represented by an operator T such that
yIn]=T{x[n]} =x*[n] (1.116)
where x*[n}] is the complex conjugate of x[n]. Then
T{x\[n] +x,[n]} = {x,[n] +x,[n]}* =xt[n] +x3[n] =y\[n] +y,[n]
Next, if a is any arbitrary complex-valued constant, then
T{ax[n]) = {ax[n]}* =a*x*[n] = a*y[n] #ay[n]

Thus, the system is additive but not homogeneous.

(a) Show that the causality for a continuous-time linear system is equivalent to the
following statement: For any time ¢, and any input x(¢) with x(¢) =0 for ¢ <t,,
the output y(¢) is zero for 1 <¢,,.

(b) Find a nonlinear system that is causal but does not satisfy this condition.
(¢) Find a nonlinear system that satisfies this condition but is not causal.

(a) Since the system is linear, if x(¢) =0 for all ¢, then y(¢) = 0 for all ¢. Thus, if the system is
causal, then x(¢)=0 for ¢t <t, implies that y(t)=0 for ¢t <t,. This is the necessary
condition. That this condition is also sufficient is shown as follows: let x,(¢) and x,(¢) be
two inputs of the system and let y,(¢) and y,(¢) be the corresponding outputs. If
x () =x,(¢t) for t <ty, or x(¢t)=x (1)~ x,(1) =0 for t <t,, then y (¢) =y,(¢) for 1 <1,
or y(¢) =y (1) —y,(t) =0 for ¢t <¢,.

(b) Consider the system with the input-output relation

y(t) =x(1) +1

This system is nonlinear (Prob. 1.40) and causal since the value of y(¢) depends on only
the present value of x(¢). But with x(¢) =0 for ¢t <¢,, y(t)=1 for ¢t <1¢,,.

(¢) Consider the system with the input-output relation
y(t)=x(t)x(t+1)
It is obvious that this system is nonlinear (see Prob. 1.35) and noncausal since the value of

y(t) at time ¢t depends on the value of x(¢ + 1) of the input at time ¢ + 1. Yet x(¢) =0 for
t <t, implies that y(¢) =0 for r < t,,.

Let T represent a continuous-time LTI system. Then show that

T{e*'} = Ae* (1.117)
where s is a complex variable and A is a complex constant.

Let y(1) be the output of the system with input x(t) =e¢’". Then

T{e”'} =y(1)

Since the system is time-invariant, we have
T(0 ) =y(1+1,)
for arbitrary real t,. Since the system is linear, we have
T{e** W} =T(e* e*'v}) = e v T{e*} =e*'vy(1)

Hence, y(t+1ty)=e"oy(e)
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1.45.

1.46.

Setting ¢ = 0, we obtain
y(to) =y(0)e’ (1.118)
Since ¢, is arbitrary, by changing ¢, to ¢, we can rewrite Eq. (1.118) as
y(1) =y(0)e” = Ae*
or T{e*'} = Ae”
where A =y(0).

Let T represent a discrete-time LTI system. Then show that
T{z"}=Az" (1.119)
where z is a complex variable and A is a complex constant.
Let y[n] be the output of the system with input x[n]=z". Then
T{z"} =y[n]
Since the system is time-invariant, we have
T{z"*"} =y[n +n,]
for arbitrary integer n,. Since the system is linear, we have
T{z"*"} =T{z"z"0} =z"0T{z"} =z"0y[n]
Hence, y[n+ng]=z"y[n]
Setting n = 0, we obtain
y[ne] =y[0]z" (1.120)
Since n, is arbitrary, by changing n, to n, we can rewrite Eq. (1.120) as
y[n]=y[0]z" = Az"
or T{z"} =Az"

where A = y[0].
In mathematical language, a function x(-) satisfying the equation

T(x()} =Ax(") (1.121)

is called an eigenfunction (or characteristic function) of the operator T, and the constant A is
called the eigenvalue (or characteristic value) corresponding to the eigenfunction x(:). Thus
Eqgs. (1.117) and (1.119) indicate that the complex exponential functions are eigenfunctions of
any LTI system.

Supplementary Problems

Express the signals shown in Fig. 1-41 in terms of unit step functions.

Ans. (a) x(t)= %[u(t) —u(t—2)]
b)) x()=u(t+D)+2u(t)—ut—1)—u(t —2)—u(t —3)
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x(r)
x(1) 3
2 ¥
1 F 1
L L (| - L 1 1 —
1 0 1 2 3 ' 1t 0 1 2 3 4 '
(@) (b)
Fig. 1-41
1.47. Express the sequences shown in Fig. 1-42 in terms of unit step functions.
Ans. (@) x[nl=uln]—uln — (N +1)]
(b) xlnl=~-u[-n-1]
(¢) xlnl=uln+2)—uln—4]
x{n] x[n)
1 + -
-4 3 2 -1
Lo oot L —— P NP T EE—
2101 2 N n I I ] I 1 3 n
F -1
(a) (b)

x[n]

11111

i
-4 - -1 0 2 3 45

(©)
Fig. 1-42
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1.48. Determine the even and odd components of the following signals:
(a) x(t)=u(r)
™
(b) x(t)=sin(w0t+ Z)
(¢) x[n]=e@n+m/D

(d) x[n]=8[n]
Ans. (a) x(t)=3%,x,(1)=4%sgnt
1 1
(b) x,(1)= ﬁcos wot, x, (1) = ﬁsin wy!

(¢c) x[n]l=jcos Qyn,x,[n]l= —sin Qyn
(d) xJIn]l=06[n}x [n]=0

1.49. Let x(¢) be an arbitrary signal with even and odd parts denoted by x,(r) and x,(t),
respectively. Show that

f x2(t) dt =/ x2(1) dt +/ x2(1) dt
Hint:  Use the results from Prob. 1.7 and Eq. (1.77).

1.50. Let x[n] be an arbitrary sequence with even and odd parts denoted by x[n] and x[n],
respectively. Show that

oo @ o

Y x[n)= X xl[n]+ X xi[n]

n=—ow n=—ow n=—o

Hint:  Use the results from Prob. 1.7 and Eq. (1.77).

1.51. Determine whether or not each of the following signals is periodic. If a signal is periodic,
determine its fundamental period.

T
(a) x(1)= cos(2t + 7 )

(b) x(t)=cos’t

(¢) x(t)=1(cos2mtIult)
(d) x(t)=e'™

(e) x[n]=e/M/9-m

2
f) x[n]=cos(%)

(g) x[n]=cos(2)cos(1—rﬁ)

2 4
mn . (mn ™
(h) x[n]=cos(—4— ) + sm(? ) - 2cos(7)
Ans. (a) Periodic, period =7  (b) Periodic, period =
(¢) Nonperiodic (d) Periodic, period = 2
(e) Nonperiodic (f) Periodic, period = 8

(g) Nonperiodic (h) Periodic, period = 16
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1.52.

1.53.

1.54.

1.55.

1.56.

1.57.

1.58.

SIGNALS AND SYSTEMS

Show that if x[n] is periodic with period N, then

n n+N N ny+N
(a) Y xlkl= X x[k]l; () X xlkl= ¥ x[k]
k=n, k=ny+N k=0 k=n,

Hint: See Prob. 1.17.

(a) What is 6(21)?

(b) What is 8[2n]?

Ans. (a) 8Q21) = 318(1)
(b) 8[2n]=8[n)

Show that
§'(—t)=-8'(r)
Hint: Use Eqgs. (1.101) and (1.99).
Evaluate the following integrals:
(@) [ (cosmu(r)dr (b) [ (cos)é(r)dr
® 20 !
(c) f_x(cost)u(t-— 1) 8(¢) dt (d) [0 tsin=8(m — 1) dt

Ans. (a) sint
(b) 1 for t>0and O for ¢t <0; not defined for t =0
(¢ 0
(d) =

Consider a continuous-time system with the input-output relation
1 t+T/2

y(1)=T{x()} = = [ x(r)dr
T t-T/2

Determine whether this system is (a) linear, (b) time-invariant, (¢) causal.

Ans.  (a) Linear; (b) Time-invariant; (¢) Noncausal

Consider a continuous-time system with the input-output relation

oc

y() =T{x(t)} = ¥ x(1)8(t—kT,)

Determine whether this system is (a) linear, (b) time-invariant.

Ans.  (a) Linear; (b) Time-varying

Consider a discrete-time system with the input-output relation
y[n]=T{x[n]} =x*[n]
Determine whether this system is (a) linear, (b) time-invariant.

Ans.  (a) Nonlinear; (b) Time-invariant

[CHAP. 1
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1.59. Give an example of a system that satisfies the condition of homogeneity (1.67) but not the
condition of additivity (1.66).

Ans. Consider the system described by

1.60. Give an example of a linear time-varying system such that with a periodic input the correspond-
ing output is not periodic.

Ans.  y[n]=T{x[n]} = nx[n]

1.61. A system is called invertible if we can determine its input signal x uniquely by observing its
output signal y. This is illustrated in Fig. 1-43. Determine if each of the following systems is
invertible. If the system is invertible, give the inverse system.

x Yoo Inverse
———-1  System > e a——
system

Fig. 1-43

(a) y(t)=2x(¢)
) y(t)=x%1)
(©) y)= [ x(rydr

— %
n

(d) ylnl= Y x[k]

k= -
(e) ylnl=nx[n]
Ans. (a) Invertible; x(¢) = 1y(r)
(b) Not invertible
dy(1)

(c¢) Invertible; x(¢) =

(d) Invertible; x[n]=y[n]-yln —1]
(e) Not invertible



Chapter 2

Linear Time-Invariant Systems

2.1 INTRODUCTION

Two most important attributes of systems are linearity and time-invariance. In this
chapter we develop the fundamental input-output relationship for systems having these
attributes. It will be shown that the input-output relationship for LTI systems is described
in terms of a convolution operation. The importance of the convolution operation in LTI
systems stems from the fact that knowledge of the response of an LTI system to the unit
impulse input allows us to find its output to any input signals. Specifying the input-output
relationships for LTI systems by differential and difference equations will also be dis-
cussed.

2.2 RESPONSE OF A CONTINUOUS-TIME LTI SYSTEM AND
THE CONVOLUTION INTEGRAL

A. Impulse Response:

The impulse response h(t) of a continuous-time LTI system (represented by T) is
defined to be the response of the system when the input is §(¢), that is,

k(1) =T{5(1)} (2.1)

B. Response to an Arbitrary Input:
From Eq. (1.27) the input x(z) can be expressed as

x(1) =f:x(7)5(z—7)d7 (2.2)

Since the system is linear, the response y(t) of the system to an arbitrary input x(¢) can be
expressed as

y(t)=T{x(1)} = T{fm x(7)8(t— T)dT}

—

=f x(7)T{8(t — )} dr (2.3)
Since the system is time-invariant, we have
h(t —7)=T{8(t — 7))} (2.4)
Substituting Eq. (2.4) into Eq. (2.3), we obtain
y(0)= [ x(r)h(t~r)dr (2.5)

—0oC

56
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Equation (2.5) indicates that a continuous-time LTI system is completely characterized by
its impulse response A(t).

C. Convolution Integral:

Equation (2.5) defines the convolution of two continuous-time signals x(¢) and h(t)
denoted by

o

y(t)=x(1)*h(1) = [ x(r)h(1~r)dr (2.6)
Equation (2.6) is commonly called the convolution integral. Thus, we have the fundamental
result that the output of any continuous-time LTI system is the convolution of the input x(t)
with the impulse response h(t) of the system. Figure 2-1 illustrates the definition of the
impulse response A(¢) and the relationship of Eq. (2.6).

=——b— e —--
X System Y0 = X(0)  h(2)

Fig. 2-1 Continuous-time LTI system.

D. Properties of the Convolution Integral:
The convolution integral has the following properties.

1. Commutative:

x(t)y*h(t)=h(t)*x(t) (2.7)

2. Associative:
{x(e)x ()} hy(e) = x(t)*{h (1) hy(t)) (2.8)

3. Distributive:
x (1) (y(0)) +ho(0)} =x(0)* hy(1) +x(2) % o) (2.9)

E. Convolution Integral Operation:

Applying the commutative property (2.7) of convolution to Eq. (2.6), we obtain
y(t)=h(t)xx(t) = [ h(r)x(t = 7)dr (2.10)

which may at times be easier to evaluate than Eq. (2.6). From Eq. (2.6) we observe that
the convolution integral operation involves the following four steps:

1. The impulse response h(7) is time-reversed (that is, reflected about the origin) to
obtain A(—7) and then shifted by ¢ to form h(t — 7) = h[—(7 — t)] which is a function
of 7 with parameter ¢.

2. The signal x(7) and A(t — 7) are multiplied together for all values of 7 with ¢ fixed at
some value.



58 LINEAR TIME-INVARIANT SYSTEMS [CHAP. 2

3. The product x(7)h(t — 7) is integrated over all 7 to produce a single output value
y(1).

4, Steps 1 to 3 are repeated as ¢ varies over — to « to produce the entire output y(¢).

Examples of the above convolution integral operation are given in Probs. 2.4 to 2.6.

F. Step Response:

The step response s(t) of a continuous-time LTI system (represented by T) is defined to
be the response of the system when the input is u(¢); that is,

s(t) =T{u(r)) (2.11)
In many applications, the step response s(t) is also a useful characterization of the system.
The step response s(t) can be easily determined by Eq. (2.10); that is,
i t
s(t)=h(1)xu(t) = [ h(r)u(t =7)dr= [ h(r)dr (2.12)

Thus, the step response s(f) can be obtained by integrating the impulse response h(t).
Differentiating Eq. (2.12) with respect to ¢, we get

ds(t)
dt

Thus, the impulse response A(:) can be determined by differentiating the step response

s(t).

h(t) =s'(t) = (2.13)

2.3 PROPERTIES OF CONTINUOUS-TIME LTI SYSTEMS

A. Systems with or without Memory:

Since the output y(¢) of a memoryless system depends on only the present input x(r),
then, if the system is also linear and time-invariant, this relationship can only be of the
form

(1) = Kx(1) (2.14)
where K is a (gain) constant. Thus, the corresponding impulse response h(¢) is simply
h(t) = K5(t) (2.15)

Therefore, if h(t,) # 0 for ¢, +# 0, the continuous-time LTI system has memory.

B. Causality:

As discussed in Sec. 1.5D, a causal system does not respond to an input event until that
event actually occurs. Therefore, for a causal continuous-time LTI system, we have

h(t)=0 t<0 (2.16)

Applying the causality condition (2.16) to Eq. (2.10), the output of a causal continuous-time
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LTI system is expressed as

y(t)=f h(r)x(t—7)dr (2.17)
0
Alternatively, applying the causality condition (2.16) to Eq. (2.6), we have
t
y(z)=[ x(7)h(t —1)dr (2.18)

Equation (2.18) shows that the only values of the input x(¢) used to evaluate the output

y(t) are those for 7 <t.
Based on the causality condition (2.16), any signal x(¢) is called causal if

x(t)=0 <0 (2.19a)
and is called anticausal if
x(1)=0 t>0 (2.19b)

Then, from Egs. (2.17), (2.18), and (2.19a), when the input x(¢) is causal, the output y(¢)
of a causal continuous-time LTI system is given by

y(t)=f0'h(7)x(z—T)d7=[0’x(r)h(x—7)d~r (2.20)

C. Stability:

The BIBO (bounded-input /bounded-output) stability of an LTI system (Sec. 1.5H) is
readily ascertained from its impulse response. It can be shown (Prob. 2.13) that a
continuous-time LTI system is BIBO stable if its impulse response is absolutely integrable,
that is,

fe o}

[ Ih(r)ldr <o (2.21)

— Q0

2.4 EIGENFUNCTIONS OF CONTINUOUS-TIME LTI SYSTEMS

In Chap. 1 (Prob. 1.44) we saw that the eigenfunctions of continuous-time LTI systems
represented by T are the complex exponentials e*', with s a complex variable. That is,
T{e*'} = re (2.22)

where A is the eigenvalue of T associated with e*’. Setting x(t) =e*' in Eq. (2.10), we have
y(t)=T{e*} =f h(r)e'""dr= [f h(t)e™"" d'r] e’
=H(s)e" = re” (2.23)

where A=H(s)=[ h(r)e dr (2.24)
Thus, the eigenvalue of a continuous-time LTI system associated with the eigenfunction e*’
is given by H(s) which is a complex constant whose value is determined by the value of s
via Eq. (2.24). Note from Eq. (2.23) that y(0) = H(s) (see Prob. 1.44).

The above results underlie the definitions of the Laplace transform and Fourier
transform which will be discussed in Chaps. 3 and 5.
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2.5 SYSTEMS DESCRIBED BY DIFFERENTIAL EQUATIONS
A. Linear Constant-Coefficient Differential Equations:

A general Nth-order linear constant-coefficient differential equation is given by

d"y(t)= Mo d*x(t)

ﬁ;ak Zbk

P p
k=0 dt k=0 dt

(2.25)

where coefficients a, and b, are real constants. The order N refers to the highest
derivative of y(t) in Eq. (2.25). Such differential equations play a central role in describing
the input-output relationships of a wide variety of electrical, mechanical, chemical, and
biological systems. For instance, in the RC circuit considered in Prob. 1.32, the input
x(t) =v,(1) and the output y(r)=r(t) are related by a first-order constant-coefficient
differential equation [Eq. (1.105)]

dy(t) 1 1

7 +—RTC-y([)=R—Cx(I)

The general solution of Eq. (2.25) for a particular input x(¢) is given by
y(1) =y, (1) +y,u(1) (2.26)

where y (1) is a particular solution satisfying Eq. (2.25) and y,(t) is a homogeneous
solution (or complementary solution) satistfying the homogeneous differential equation

N dkyh(t)
ak— =

| 0 (2.27)
k=0 dr*

The exact form of y,(¢) is determined by N auxiliary conditions. Note that Eq. (2.25) does
not completely specify the output y(¢) in terms of the input x(¢) unless auxiliary
conditions are specified. In general, a set of auxiliary conditions are the values of

dy(r) d""y(1)
dt >V AtV

y(t),

at some point in time,

B. Linearity:

The system specified by Eq. (2.25) will be linear only if all of the auxiliary conditions
are zero (see Prob. 2.21). If the auxiliary conditions are not zero, then the response y(z) of
a system can be expressed as

y(1) =yut) +y,1) (2.28)

where y, (1), called the zero-input response, is the response to the auxiliary conditions, and
y,(1), called the zero-state response, is the response of a linear system with zero auxiliary
conditions. This is illustrated in Fig. 2-2.

Note that y,(t) #y,(¢t) and y,(¢) #y (1) and that in general y,(¢) contains y,(¢) and
y,{t) contains both y,(¢) and y (1) (see Prob. 2.20).
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x(1) i s (1) (1)
Linear Y, () Y
system

+

+

Yo (1)
Fig. 2-2 Zero-state and zero-input responses.

C. Causality:

In order for the linear system described by Eq. (2.25) to be causal we must assume the
condition of initial rest (or an initially relaxed condition). That is, if x(¢) =0 for ¢ <, then

assume y(t) =0 for ¢ <t, (see Prob. 1.43). Thus, the response for ¢ > ¢, can be calculated
from Eq. (2.25) with the initial conditions

y(to) d"'y(t,)
-2,
dt dt
her dty(ty)  d¥y(1)
ere dtv dr* ey

Clearly, at initial rest y,(z) = 0.

D. Time-Invariance:

For a linear causal system, initial rest also implies time-invariance (Prob. 2.22).

E. Impulse Response:

The impulse response A(¢) of the continuous-time LTI system described by Eq. (2.25)
satisfies the differential equation

Noodka(t) M d*s(r)
_ = b 2.29
kgoak d[k k§0 k dtk ( 2 )

with the initial rest condition. Examples of finding impulse responses are given in Probs.

2.23 to 2.25. In later chapters, we will find the impulse response by using transform
techniques.

2.6 RESPONSE OF A DISCRETE-TIME LTI SYSTEM AND CONVOLUTION SUM
A. Impulse Response:

The impulse response (or unit sample response) h[n] of a discrete-time LTI system

(represented by T) is defined to be the response of the system when the input is 8[n], that
is,

h[n] =T{8[n]} (2.30)
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B. Response to an Arbitrary Input:
From Eq. (1.5]) the input x[n] can be expressed as

x[n] = Y x[k]8[n—k] (2.31)
Since the system is linear, the response y[n] of the system to an arbitrary input x[»] can be
expressed as
y[n] =T{x[n]} =T{ X x[k]8[n—k]
k= —

x©

= Y x[k]T{8[n—k]) (2.32)

k=~
Since the system is time-invariant, we have
h{n—k] =T{é[n —k]} (2.33)
Substituting Eq. (2.33) into Eq. (2.32), we obtain

ylnl = Y x[k]h[n—k] (2.34)
k= —x
Equation (2.34) indicates that a discrete-time LTI system is completely characterized by its
impulse response h[n).

C. Convolution Sum:

Equation (2.34) defines the convolution of two sequences x[n] and h[n] denoted by
y[n] =x[n]xh[n) = Y x|[k]h[n—k] (2.35)
k= -

Equation (2.35) is commonly called the convolution sum. Thus, again, we have the
fundamental result that the output of any discrete-time LTI system is the convolution of the
input x{n] with the impulse response h{n] of the system.

Figure 2-3 illustrates the definition of the impulse response #[n] and the relationship
of Eq. (2.35).

8ln) LTI hin]

system yin = x(n] « hin]

x{n]

Fig. 2-3 Discrete-time LTI system.

D. Properties of the Convolution Sum:

The following properties of the convolution sum are analogous to the convolution
integral properties shown in Sec. 2.3.
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1. Commutative:

x[n]* h[n] =h[n]* x[n] (2.36)

2. Associative:
{x[n]* hy[n]}* hy[n] =x[n]*{h,[n]* hy[n]) (2.37)

3. Distributive:
x[n]# {,[n]) + ho[n]) =x[n]» i,[n] +x[n] * hy[n] (2.38)

E. Convolution Sum Operation:

Again, applying the commutative property (2.36) of the convolution sum to Eq. (2.35),
we obtain

y[n]=h[n]*x[n]=k=f_ H[k]x[n — k] (2.39)

which may at times be easier to evaluate than Eq. (2.35). Similar to the continuous-time
case, the convolution sum [Eq. (2.35)] operation involves the following four steps:

1. The impulse response h[k] is time-reversed (that is, reflected about the origin) to
obtain h[—k] and then shifted by n to form A[n — k]=h[—(k —n)] which is a
function of k with parameter n.

2. Two sequences x[k] and A[n — k] are multiplied together for all values of k with n
fixed at some value.

3. The product x[k]h[n — k] is summed over all k to produce a single output sample
ylnl.
4. Steps 1 to 3 are repeated as n varies over — to « to produce the entire output y[n].

Examples of the above convolution sum operation are given in Probs. 2.28 and 2.30.

F. Step Response:

The step response s[n] of a discrete-time LTI system with the impulse response h[n] is
readily obtained from Eq. (2.39) as

s(n]l =h[n]*u[n] = i hlklu[n—k] = i h(k] (2.40)

k= - k=~
From Eq. (2.40) we have
h{n] =s[n] —s[n - 1] (2.41)

Equations (2.40) and (2.41) are the discrete-time counterparts of Egs. (2.12) and (2.13),
respectively.

2.7 PROPERTIES OF DISCRETE-TIME LTI SYSTEMS
A. Systems with or without Memory:

Since the output y[n] of a memoryless system depends on only the present input x[n],
then, if the system is also linear and time-invariant, this relationship can only be of the
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form

y[n] = Kx[n] (2.42)
where K is a (gain) constant. Thus, the corresponding impulse response is simply

h[n] = K8[n] (2.43)

Therefore, if Alny]+ 0 for n, # 0, the discrete-time LTI system has memory.

B. Causality:

Similar to the continuous-time case, the causality condition for a discrete-time LTI
system is

h[n] =0 n<0 (2.44)

Applying the causality condition (2.44) to Eq. (2.39), the output of a causal discrete-time
LTI system is expressed as

y[n] = Y hlk]x[n—k] (2.45)
k=0
Alternatively, applying the causality condition (2.44) to Eq. (2.35), we have
y[n] = Y x[k]h[n-k] (2.46)
k= —ox

Equation (2.46) shows that the only values of the input x[n] used to evaluate the output
yln] are those for k < n.
As in the continuous-time case, we say that any sequence x[n] is called causal if
x[n] =0 n<0 (2.47a)
and is called anticausal if
x[n] =0 n=0 (2.47p)

Then, when the input x[#n] is causal, the output y[n] of a causal discrete-time LTI system
is given by
n

y[n]=k§0h[k]x[n—k]= Y x[k]h[n - k] (2.48)

k=0

C. Stability:

It can be shown (Prob. 2.37) that a discrete-time LTI system is BIBO stable if its
impulse response is absolutely summable, that is,

o

Y |h[k]l<w (2.49)

k= —=

2.8 EIGENFUNCTIONS OF DISCRETE-TIME LTI SYSTEMS

In Chap. 1 (Prob. 1.45) we saw that the eigenfunctions of discrete-time LTI systems
represented by T are the complex exponentials z”, with z a complex variable. That is,

T(z"} =Az" (2.50)



CHAP. 2] LINEAR TIME-INVARIANT SYSTEMS 65

where A is the eigenvalue of T associated with z". Setting x[n]=2z" in Eq. (2.39), we have

y{n]=T{z"}=ki h[k]z”"‘=[k§ hlk]z™*|z"
=H(z)z"=Az" (2.51)
where A=H(z)= i hlk]z7* (2.52)

k= —

Thus, the eigenvalue of a discrete-time LTI system associated with the eigenfunction z” is
given by H(z) which is a complex constant whose value is determined by the value of z via
Eq. (2.52). Note from Eq. (2.51) that y[0] = H(z) (see Prob. 1.45).

The above results underlie the definitions of the z-transform and discrete-time Fourier
transform which will be discussed in Chaps. 4 and 6.

2.9 SYSTEMS DESCRIBED BY DIFFERENCE EQUATIONS

The role of differential equations in describing continuous-time systems is played by
difference equations for discrete-time systems.

A. Linear Constant-Coefficient Difference Equations:

The discrete-time counterpart of the general differential equation (2.25) is the Nth-
order linear constant-coefficient difference equation given by

Y ay[n—k]= ¥ bux[n—k] (2.53)
k=0 k=0

where coefficients a, and b, are real constants. The order N refers to the largest delay of
yln] in Eq. (2.53). An example of the class of linear constant-coefficient difference
equations is given in Chap. 1 (Prob. 1.37). Analogous to the continuous-time case, the
solution of Eq. (2.53) and all properties of systems, such as linearity, causality, and
time-invariance, can be developed following an approach that directly parallels the
discussion for differential equations. Again we emphasize that the system described by Eq.
(2.53) will be causal and LTI if the system is initially at rest.

B. Recursive Formulation:

An alternate and simpler approach is available for the solution of Eq. (2.53). Rear-
ranging Eq. (2.53) in the form

M N
y[n]=ai Y byx[n—k]— Y a,y[n—k] (2.54)
0o \k=0 k=1

we obtain a formula to compute the output at time # in terms of the present input and the
previous values of the input and output. From Eq. (2.54) we see that the need for auxiliary
conditions is obvious and that to calculate y[n] starting at n = n,, we must be given the
values of y[n,—1], y[n,—2),..., y[n,— N]as well as the input x[n] for n >n,— M. The
general form of Eq. (2.54) is called a recursive equation since it specifies a recursive
procedure for determining the output in terms of the input and previous outputs. In the
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special case when N =0, from Eq. (2.53) we have
1 (M
sl = o-|  bustn 4] (2.55)
a9 \ k=0

which is a nonrecursive equation since previous output values are not required to compute
the present output. Thus, in this case, auxiliary conditions are not needed to determine

yln].

C. Impulse Response:

Unlike the continuous-time case, the impulse response h[n] of a discrete-time LTI
system described by Eq. (2.53) or, equivalently, by Eq. (2.54) can be determined easily as

1 (M N
h[n]=—{ Y b d[n—k] - X a.h[n—k] (2.56)
Ao \k=0 k=1
For the system described by Eq. (2.55) the impulse response h[n] is given by
1 M b 0 M
h[n] = — Zbks[n—k]={ n/ o =n= (2.57)
ay v o 0 otherwise

Note that the impulse response for this system has finite terms; that is, it is nonzero for
only a finite time duration. Because of this property, the system specified by Eq. (2.55) is
known as a finite impulse response (FIR) system. On the other hand, a system whose
impulse response is nonzero for an infinite time duration is said to be an infinite impulse
response (IIR) system. Examples of finding impulse responses are given in Probs. 2.44 and
2.45. In Chap. 4, we will find the impulse response by using transform techniques.

Solved Problems

RESPONSES OF A CONTINUOUS-TIME LTI SYSTEM AND CONVOLUTION

2.1. Verify Egs. (2.7) and (2.8), that is,

(a) x()*xh(t)=h(t)* x(1)
(b)) {x(D)xh(D)*h,(t) =x(t)x{h(t)* h(1))
(a) By definition (2.6)

x(t)xh(t) = [ x(r)h(t-r)d7

By changing the variable ¢t — r = A, we have

x(0)xh(t) = [ x(t=A)h(A)dr= [~ h(X)x(t=A)dA=h(t)*x(1)
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(b) Let x(1)xh (1) =f(t) and h(t)* h(1) = f,(¢). Then

0y =[xy =) dr
and (x(1)* (D))= ho(1) = f(1)* ho(1) = [ Fi(@ )yt~ o) do
- f:[/lx(f)hl(o —7) df]hz(t ~o)do

Substituting A = ¢ — 7 and interchanging the order of integration, we have

(0 h()+hot0) = [ x| [ B o(a =7 =3y aa | ar

Now, since
£a1) = [ It =2) dA
we have
falt=7) = [ (Wt =7 2) dA
Thus, () m(O)ho(0) = [ (1) foe = 7) dr

=x(1) = fo(1) =x(t) x{h,(1) x hy(1)}

2.2, Show that

(a)
(b)

(c)
(d)
(a)

(b)

(¢)

x(2)* 8(t) =x(t)
x(2)* 8(t —ty) =x(t —1t,)

x(xut) = [* x(r)dr

x(0) % u(t —t,) = f""’x(T) dr

By definition (2.6) and Eq. (1.22) we have
x(t)*é(t)=/iox('r) 8(t =) dr=x(), - =x(1)
By Egs. (2.7) and (7.22) we have
x(1)*8(1 —13) = 8(t — ty) * x(1) =[15(T—10)x(z—f)d7
=x(t=71)rar,=x(t— 1)
By Eqs. (2.6) and (1.19) we have
x(t) *u() = [:x(f)u(r —r)dr= [_lmx(*r) dr

. 1 T<¢t
t_ —_ .
since u(t —7) = {O >

67

(2.58)
(2.59)

(2.60)

(2.61)
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(d) In a similar manner, we have

x(t)*u(t—ty) =fm x(r)u(t—T—t(,)d'r=fl_'”x(7) dr
_ )= 1 T<t—1,
since u(t —r—1ty) = 0 r>t—t,
Let y(r) = x(t)* h(¢). Then show that
x(t=t)xh(t—t)=y(t—t,—1;) (2.62)
By Eq. (2.6) we have
y(1) =x(1)xh(1) = [~ x(r)h(1—7)dr (2.63a)
and x(t=1)sh(t=0)= [ x(r=1)h(t=7~1,)dr (2.63b)
Let  —t, =A. Then 7= +¢, and Eq. (2.63b) becomes
x(t=t1)<h(t=13) = [ x(Ah(t =1, =1~ A) dA (2.63¢)

Comparing Egs. (2.63a) and (2.63c), we see that replacing ¢ in Eq. (2.63a) by ¢t —¢t, —¢,, we
obtain Eq. (2.63¢). Thus, we conclude that

x(t=t)xh(t=t) =y(t—t,=1;)

The input x(¢) and the impulse response A(¢) of a continuous time LTI system are
given by

x(t)=u(r) h(t)y=e “u(t),a>0

(a) Compute the output y(t) by Eq. (2.6).
(b) Compute the output y(¢) by Eq. (2.10).

(a) By Eq. (2.6)
y(1) =x(t)<h(1) = [ x(r)h(t-7)dr
Functions x(7) and A(t — 1) are shown in Fig. 2-4(a) for t <0 and ¢t > 0. From Fig. 2-4(a)

we see that for t+ <0, x(7) and A(t — 1) do not overlap, while for ¢ > 0, they overlap from
r=0to 7 =1 Hence, for t <0, y(¢+) = 0. For t > 0, we have

t t
Y1) = [letndr =~ ‘e s
0 0

1 1
=e—ul’__(€al'_1)=_(1_e—at)
[44 o

Thus, we can write the output y(t) as

1
y(t)=;—(1—e“”)u(t) (2.64)
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(b) By Eq.(2.10)

y() =h(0)<x(0) = [ h(r)x(1 =) dr

69

Functions h(7) and x(¢ — 7) are shown in Fig. 2-4(4) for ¢t <0 and ¢ > 0. Again from Fig.
2-4(b) we see that for t <0, h(7) and x(¢ — ) do not overlap, while for ¢ > 0, they overlap

from =0 to 7 =t. Hence, for ¢t <0, y(z) = 0. For ¢ > 0, we have

1
y(t) = f’e_‘"d'r= —(1—-e™")
0 @
Thus, we can write the output y(¢) as

1
y(1) = (1= (1)

which is the same as Eq. (2.64).

x(T)

(2.65)

h(t-T)

t<0

x(t-T)

<0

Sy

! 0 T t 0
h(t-7) x(t-T)
t>0 1 t>0
1 ﬂ
0 1 T t 71
(@) (b)

Fig. 2-4
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2.5.

see that for ¢+ <0, x(7) and A(t — 7) overlap from 7= —oo to 7 =t, while for ¢ > 0, they overlap
from 1= —x to 7 = 0. Hence, for ¢t <0, we have
1
— L ar —a(t—71) — pat t 2ar - ___pat
y(1) f_me e dr=e f_we dr P (2.66a)
For ¢t > 0, we have
0 0 1
= ar ,~a(l—T) — p—al 2ar - — ,—al
y(t) f_we e dr=e [Ame dr= e (2.66b)
x(7)
__/ 1
0 T
h(r-T)
(1)
t<0
M- B
r0 T 0 ¢
h(t-7) (b)
t>0
1 H
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Compute the output y(¢) for a continuous-time LTI system whose impulse response
h(¢) and the input x(¢) are given by
h(t)=e *u(t) x(t)=eu(—1) a>0
By Eq. (2.6)

y(t)=x(t)*h(t)=fmmx(T)h(t—T)dT

Functions x(r) and h(¢ — 1) are shown in Fig. 2-5(a) for + <0 and ¢ > 0. From Fig. 2-5(a) we

|
i /

(@)
Fig. 2-§
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Combining Egs. (2.66a) and (2.66b), we can write y(t) as
1
y(t) = —e~cl! a>0 (2.67)
2a

which is shown in Fig. 2-5(b).

2.6. Evaluate y(¢)=x(t)* h(¢), where x(¢) and A(¢) are shown in Fig. 2-6, (a) by an
analytical technique, and (b) by a graphical method.

x(1) h(t)

(a) We first express x(t) and h(r) in functional form:
x(t)y=u(t) —u(t-13) h(t) =u(t) —u(t—2)

Then, by Eq. (2.6) we have

y(0) =x(0)xh(1) = [ x(1)h(1 = 7)d7
=f:[u(r)—u(r—s)][u(z—f)—u(z—T—Z)] dr
=fj;u(T)u(t—‘r)d‘r—fjxu(T)ll(t—z—T)dT

~ [ u(r=3ut =y dr+ [ u(z-Du(t-2-7)dr

' 1 0<r<t,t>0
Since u(ru(t—r) = {() otherrwise
1 0<r<t—=2,1>2
u(r)u(t=2-r1)= 0 otheTrwise

3I<r<t,t>3
otherwise

3<r<t—=2,t>5

1
0 otherwise

{
u(7’~3)u(1—7)={é
u(-r—3)u(r—2—1-)={
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we can express y(t) as

y(t) = (/O’df)u(z) - (L'—de)u(t—Z)

([ a3+ ([ arfuti-9)

=tu(t)—(t=2u(t-2)—(t=Nu(t-=3)+(t-5u(t-93)

which is plotted in Fig. 2-7.

pL0) ’ \ .

-1k R \\\ (t- uft- 3)
\ \
\ \
- (t-2u(t-2) \\ ‘\
Fig. 2-7

(b) Functions h(7), x(7) and k(¢ — 1), x(7)h(t — 7) for different values of ¢ are sketched in
Fig. 2-8. From Fig. 2-8 we see that x(r) and h(¢ — 7) do not overlap for t <0 and ¢ > 5,
and hence y(¢) =0 for t <0 and ¢ > 5. For the other intervals, x(7) and A(¢ — 7) overlap.
Thus, computing the area under the rectangular pulses for these intervals, we obtain

0 t<0

t 0<t<?2
y(t) =<2 2<t<3

5—t 3<t<Ss

0 5<t¢

which is plotted in Fig. 2-9.

2.7. Let h(t) be the triangular pulse shown in Fig. 2-10(a) and let x(¢) be the unit impulse
train [Fig. 2-10(b)] expressed as

x(t)=6,(t)= i 8(t —nT) (2.68)

Determine and sketch y(t) = h(r)* x(¢t) for the following values of T: (a) T =3, (b)
T=2()T=15.
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h(T)
1
. L 1 L :
-1 0 1 2 3 4 T
h(t - 1)
1<0
1
1 1 A 1 L 'l ;
t-z 1 10 | 2 3 4 T
-2
h(t-T1)
O0<1<2
1
1 1 L L 1 :
2 ] ' 0 1 ¢ 2 3 4 T
t-2
h(t-7)
2<1<3
]-
1 1 L 1 L 1 ;
2 -1 0' ] 2 3 4 5 T
t-2
h(t-T)
3<t<5
l—
L L 1 L Jl L :
2 -1 0 1 t 2 31 4 5 6
-2
h(r-7)
S5<t
1
L i L L Il L i [ :
2 -1 0 1 2 3 t 4 5 6 T
r-2

Fig. 2-8
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x(T)
1
1 [ L L :
-1 0 1 2 4 T
x(T)h(r - 1)
<0
I
A L i L ;
-1 0 1 2 4 T
x(T)h(t - T)
O0<r<2
1
1 L i 1 :
-1 0 1 2 4 T
x(T)h(t - T)
2<t<3
1k
- 1 ' 1 ;
-1 0 t 1 2 4 7
r-2
x(T)h(t - T)
3<t<5
1 -
L L 1 L :
-1 0 1 t 2 4 7
-2
x(T)h(t - T)
S<t
1
1 L 1 L L ;
-1 0 | 2 4 T
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-

h(1) 3,0

-»v

-2T 2T

~Y

(b)
Fig. 2-10

Using Egs. (2.59) and (2.9), we obtain

y(1) =h(t)*8.(t) =h(’)*[ i 5('—'17)]

n= —o

= f‘, h(t)*8(t—nT) = f‘, h(t —nT) (2.69)

(a) For T =3, Eq. (2.69) becomes

y(1)= ¥ h(—3n)

which is sketched in Fig. 2-11(a).
(b) For T =2, Eq. (2.69) becomes

y(t) = i h(t—2n)

n=—o
which is sketched in Fig. 2-11(b).
(¢) For T=1.5, Eq. (2.69) becomes

y(t) = i h(t— 1.5n)

n=-w

which is sketched in Fig. 2-11(c). Note that when T <2, the triangular pulses are no
longer separated and they overlap.
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¥

NN AN

T=3
A A 1 >
6 5 -4 3 2 0 1 2 3 4 5 6 7 '

(a)

¥

~y

2.8.

F Y| TR TR B I o R TR x 4 1 -~
6 5 4 3 2 | 0 1 2 3 4 5 6 7 1
(o
Fig. 2-11

If x,(¢t) and x,(¢) are both periodic signals with a common period T, the convolution

of x,(t) and x,(¢) does not converge. In this case, we define the periodic convolution
of x(¢) and x,(¢) as

(a)
(b)

(c)

T,
f(1) =x,(t)®x2(t)=f0 X (7)x,(t = 7)dr (2.70)
Show that f(¢) is periodic with period 7.
Show that
a+T,
f()= [ x(n)xyt 1) dr (2.71)
a
for any a.

Compute and sketch the periodic convolution of the square-wave signal x(t)
shown in Fig. 2-12 with itself.
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x()
A
-
To Ty 0 Ty To t
2 2
Fig. 2-12
x(T) x(1)
A A
-To o 0 ] To T To To 0 To Ty ' T
2 2 2 B
1 E | | 2 .
! x(t-7) 1 . x(t-71) L
T 1 Ty
0 | 0O<t< :" . 1 ! S <i1<mn
1 A I - | 1 L
= — Al - d
' ] 1 ) !
i ) ) 1 !
1 | ) ' !
' | 1 ' !
1 1 1 1 > L 1 ! >
o . . N ! b
To 0 0o To T D 0 To ¢ 1o 1 T
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Fig. 2-13
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(a) Since x,(t) is periodic with period T,, we have
XH(t+Ty—1)=x(t —7)
Then from Eq. (2.70) we have

f(1+T,) = fOT°x,(f)x2(: +Ty—7)dr

- fOT°x,(f)x2(r—T)df=f(r)

Thus, f(¢) is periodic with period 7.

(b) Since both x(7) and x,(7) are periodic with the same period T, x,(7)x,(t —7) is also
periodic with period T,. Then using property (1.88) (Prob. 1.17), we obtain

f(r)=fo"’xl(r)xz(t—f)dmja"”"xl(f)xz(,-f)df

for an arbitrary a.

(¢) We evaluate the periodic convolution graphically. Signals x(7), x(¢ — 7), and x(7)x(t — 1)
are sketched in Fig. 2-13(a), from which we obtain

A%t 0<t<T,/2

O A I (G ON(Q

which is plotted in Fig. 2-13(b).

PROPERTIES OF CONTINUOUS-TIME LTI SYSTEMS

2.9.

2.10.

The signals in Figs. 2-14(a) and (b) are the input x(¢) and the output y(t), respec-
tively, of a certain continuous-time LTI system. Sketch the output to the following
inputs: (a) x(¢ — 2); (b) 3x(¢).

(a) Since the system is time-invariant, the output will be y(¢ — 2) which is sketched in Fig.
2-14(c).

(b) Since the system is linear, the output will be 1y(¢) which is sketched in Fig. 2-14(d).

Consider a continuous-time LTI system whose step response is given by

s(t)=e""u(t)
Determine and sketch the output of this system to the input x(¢) shown in Fig.
2-15(a).

From Fig. 2-15(a) the input x(¢) can be expressed as
x(t)=u(t—1) —u(t-3)
Since the system is linear and time-invariant, the output y(¢) is given by
y(t)y=s(t—1)-s(t-3)
=e U Dy(r—1) —e " Dy(1-3)

which is sketched in Fig. 2-15(b).
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x(1) y(®)

(@) ®

wit-2)

=~y
~y

() (d)
Fig. 2-14

x(1) y(n

(=}
0~
w
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B |
<
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w
\
\
\
\
\
\
-

(a)

Fig. 2-15

2.11. Consider a continuous-time LTI system described by (see Prob. 1.56)

1 41,2

y(t)=T{x(1)} x(7)dr (2.72)

T t-T/2
(a) Find and sketch the impulse response h(t) of the system.
(b) Is this system causal?

(a) Equation (2.72) can be rewritten as

T (r) dr (2.73)

—o0c

y(1) = %f::mx(r)dr— %f
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Using Egs. (2.61) and (2.9), Eq. (2.73) can be expressed as

y(1) = lTx(t)*“(’+ ;) - —IT—x(t)*u(t - -;C)

1 T T
=x(t)*§; u(t+5—)—u(t——2-)]=x(t)*h(t) (2.74)
Thus, we obtain
1 T T -
W) = = u(t+—2~)—u(t—5”={(1)/T Oﬂi’fv;’STﬂ (2.75)

which is sketched in Fig. 2-16.

(b) From Fig. 2-16 or Eq. (2.75) we see that h(r)# 0 for ¢ <0. Hence, the system is not
causal.

h(t)

~i-

- 0 ™ t

Fig. 2-16

2.12. Let y(t) be the output of a continuous-time LTI system with input x(¢). Find the
output of the system if the input is x'(¢), where x'(¢) is the first derivative of x(r).

From Eq. (2.10)
y(1) =h(0)xx(1) = [ h(r)x(t=7)dr

Differentiating both sides of the above convolution integral with respect to ¢, we obtain

=~ d
= [ S [h()x(i-7)dr]

d o
(1) = Z[[_wh(r)x(:—r)df
= [" h(r)x'(1=7) dr=h(1) x x'(1) (2.76)

which indicates that y’(¢) is the output of the system when the input is x'(¢).

2.13. Verify the BIBO stability condition [Eq. (2.21)] for continuous-time LTI systems.

Assume that the input x(¢) of a continuous-time LTI system is bounded, that is,

x(t)l <k, all ¢ (2.77)
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Then, using Eq. (2.10), we have

1=|[ " h)x( =7y dn

s/f lh(r)x(t — 1)l dr

= [T h()lix(e =)l dr <k, [ ()l ds

since |x(t — 1)l <k, from Eq. (2.77). Therefore, if the impulse response is absolutely inte-
grable, that is,

fw lh(T)ldr=K <

then [y(¢)l < k,K = k, and the system is BIBO stable.

2.14. The system shown in Fig. 2-17(a) is formed by connecting two systems in cascade. The
impulse responses of the systems are given by h,(t) and h,(t), respectively, and

hy(t)=e *u(t) hy(t) =2e"u(t)
(a) Find the impulse response Ah(t) of the overall system shown in Fig. 2-17(b).
(b) Determine if the overall system is BIBO stable.

x(1) w(t) 0]
h() hy(t)  em—-
(a)
x(1) y(0)
e /(1) (f————
(2]
Fig. 2-17

(a) Let w(1) be the output of the first system. By Eq. (2.6)

w(t) =x(1)*hy(t) (2.78)
Then we have
y(£) =w(t) xhy(t) = [x (1) x hy(2) ] * hy(t) (2.79)
But by the associativity property of convolution (2.8), Eq. (2.79) can be rewritten as
y(t) =x(t)*[hy(t)x hy(1)] =x(t)* h(1) (2.80)
Therefore, the impulse response of the overall system is given by
h(t) =h(1)*hy(1) (2.81)

Thus, with the given A (¢) and h,(1), we have

h(1) = j':nhl(f)hz(t —r)dr= [:e‘zfu(r)ze-“-”u(r ~r)dr

= 2e"foc e Tu(tu(t—r)dr= Ze"[};‘e"’d‘r]u(t)

=2(e™"—e )u(t)
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(b) Using the above A(t), we have

[ =2 [ (e =y ar =2 [Tear- fd]

=2(1-3)=1<

Thus, the system is BIBO stable.

EIGENFUNCTIONS OF CONTINUOUS-TIME LTI SYSTEMS

2.15. Consider a continuous-time LTI system with the input-output relation given by

(a)
(b)
(c)

(a)

(b)

(c)

y(r)= [ et Ix(r)dr (2.82)

Find the impulse response h(t) of this system.

Show that the complex exponential function ¢*' is an eigenfunction of the system.
Find the eigenvalue of the system corresponding to e*' by using the impulse
response h(t) obtained in part (a).

From Eq. (2.82), definition (2.1), and Eq. (1.27) we get
{
h(t)= [ e 8(rydr=e """ =" >0

Thus, h(t) =e u(1) (2.83)
Let x(¢)=e*". Then

] r .
Y(t)=f e—“”’e”d7=e“f ey
<

- —x

1

s+le“=/\e" ifRes> —1 (2.84)

Thus, by definition (2.22) e* is the eigenfunction of the system and the associated
eigenvalue is
1

= 2.85
s+1 ( )

Using Eqgs. (2.24) and (2.83), the eigenvalue associated with e* is given by

s

A =H(s) =fm h(T)e_”dT=f e Tu(t)e dr

—x

ifRes> —1

- fme—(s+|)7d7,=
0 s+1

which is the same as Eq. (2.85).

2.16. Consider the continuous-time LTI system described by

1 u+71/2
t)y=— .
¥( Tft—mx(f)df (2.86)
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(a) Find the eigenvalue of the system corresponding to the eigenfunction e*.
(b) Repeat part (a) by using the impulse function A(¢) of the system.

(a) Substituting x(7) =e¢*" in Eq. (2.86), we obtain

t+7T/2
y’ = S‘r
(1) Tf o

— (esT/Z e—sT/Z) est = Ae’!
sT

Thus, the eigenvalue of the system corresponding to e*' is

1
A _ —_ .!‘T/Z_ —sT/2 .87
(T2 (2.87)
(b) From Eq. (2.75) in Prob. 2.11 we have
1 T T 1/T ~T/2<t<T/2
h(t)y==|ult+ =|-ult—=||= =
(1) T u( 2) u( 2” (0 otherwise

Using Eq. (2.24), the eigenvalue H(s) corresponding to e*' is given by

H(s)=f h(r) e Tdr = T[

T/2 e ST dr = _17_ (esT/Z _e—:T/Z)

1/2

which is the same as Eq. (2.87).

2.17. Consider a stable continuous-time LTI system with impulse response A(t¢) that is real

and even. Show that cos wt and sin w! are eigenfunctions of this system with the same
real eigenvalue.

By setting s =jw in Eqgs. (2.23) and (2.24), we see that e/’ is an eigenfunction of a
continuous-time LTI system and the corresponding eigenvalue is

A=H(jw)= [ h(z)e " dr (2.88)

Since the system is stable, that is,

[ ih(r)ldr <o

then " ih(ry e de = [ Ih(r)lle I dr = [ IA(7)ldT <o

— —

since e 7“7\ = 1. Thus, H(jw) converges for any w. Using Euler’s formula, we have

H(jw) = j_°° h(r)e ™ dr= [ h(7)(coswr~jsinwr)ds

= [ h(r)coswrdr—j [ h(r)sinwrdr (2.89)
Since cos w7 is an even function of 7 and sin w7 is an odd function of 7, and if A(¢) is real and
even, then h(7)cos wt is even and h(7)sin w7t is odd. Then by Egs. (1.75a) and (1.77), Eq.
(2.89) becomes

H(jw) =2 h(r)cos wr dr (2.90)
0
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Since cos w7 is an even function of w, changing w to —w in Eq. (2.90) and changing j to —j in
Eq. (2.89), we have

H(-jw) =H(jw)* =2}:h(‘r)cos(—w‘r)d7

=2[:h(1-)cosw‘rd'r=H(jw) (2.91)
Thus, we see that the eigenvalue H(jw) corresponding to the eigenfunction e’“’ is real. Let the
system be represented by T. Then by Egs. (2.23), (2.24), and (2.91) we have
T{e’*'} =H(jw) e/’ (2.92a)
T{e 7'} =H(-jw)e " =H(jw)e ' (2.92b)
Now, since T is linear, we get
T(cos wt) = T{3(e™ +e 7)) = 1T{e™) + §T(e )
=H(jw){3(e™ +e7")} = H(jw) cos wt (2.93a)

1 ) . 1 ) 1 ‘
d T{sin wt) = T{ — (™' — /)| = —T(e'}) — —T(e /"
an {sin wt} <2j(e e )} 2 {ei*} T {e7)
1 ) .
=H(jw)(7(e"‘”—e—"‘”)}=H(jw)sinwt (2.93b)
J

Thus, from Egs. (2.934) and (2.93b) we see that cos wt and sin w? are the eigenfunctions of the
system with the same real eigenvalue H(jw) given by Eq. (2.88) or (2.90).

SYSTEMS DESCRIBED BY DIFFERENTIAL EQUATIONS

2.18. The continuous-time system shown in Fig. 2-18 consists of one integrator and one
scalar multiplier. Write a differential equation that relates the output y(¢) and the

input x(¢).
x() e(?) ()
3 - -
) J
g
Fig. 2-18

Let the input of the integrator shown in Fig. 2-18 be denoted by e(tr). Then the
input-output relation of the integrator is given by

y(1)= [ e(r)dr (2.94)
Differentiating both sides of Eq. (2.94) with respect to t, we obtain
dy(t
() =e(t) (2.95)

dt
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Next, from Fig. 2-18 the input e(t) to the integrator is given by

e(t) =x(t) —ay(r) (2.96)
Substituting Eq. (2.96) into Eq. (2.95), we get
dy(r) _
() —ay(t)
dy(t
or yd(t ) +ay(t) =x(t) (2.97)

which is the required first-order linear differential equation.

The continuous-time system shown in Fig. 2-19 consists of two integrators and two
scalar multipliers. Write a differential equation that relates the output y(¢) and the
input x(¢).

_
x(?) e(r) W)
p3 ] .
+ ﬁ f w(r) f
<-¢
Fig. 2-19

Let e(r) and w(r) be the input and the output of the first integrator in Fig. 2-19,
respectively. Using Eq. (2.95), the input to the first integrator is given by

dw(t)
e(t)=7—=——a,w(t)—a2y(t)+x(t) (2.98)
Since w(¢) is the input to the second integrator in Fig. 2-19, we have
dy(1)
1) = 2.99
w(n) = — (2.99)
Substituting Eq. (2.99) into Eq. (2.98), we get
d?y(t) dy(t)
P = —~a, o —a,y(t) +x(t)
d?y(t dy(t
or dt(z ) +a, cjl ) +a,y(t)=x(t) (2.100)

which is the required second-order linear differential equation.

Note that, in general, the order of a continuous-time LTI system consisting of the
interconnection of integrators and scalar multipliers is equal to the number of integrators in
the system.
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2.20. Consider a continuous-time system whose input x(¢) and output y(t) are related by
dy(t)

o +ay(t) =x(t) (2.101)

where a is a constant.
(a) Find y(¢) with the auxiliary condition y(0) =y, and
x(t)=Ke "u(t) (2.102)
(b) Express y(t) in terms of the zero-input and zero-state responses.
(a) Let
y(8) =y, (1) + (1)
where y () is the particular solution satisfying Eq. (2.101) and y,(t) is the homogeneous
solution which satisfies
dyu(t)
dt

+ay,(t)=0 (2.103)

Assume that
y,(t) =Ae™* t>0 (2.104)
Substituting Eq. (2.104) into Eq. (2.101), we obtain

—bAe " +ade " =Ke™
from which we obtain 4 = K/(a — b), and

y(1) = alfbe"” t>0 (2.105)
To obtain y,(1), we assume
ya(t) = Be*
Substituting this into Eq. (2.103) gives
sBe’' + aBe’* = (s + a)Be* =0

from which we have s = —g and
Yu(t) =Be™*
Combining y,(1) and y,(), we get
y(t) =Be ™ + afbe_bl t>0 (2.106)

From Eq. (2.106) and the auxiliary condition y(0) =y,, we obtain
K
a—b

B=y,-

Thus, Eq. (2.106) becomes

)=y~ ol Ta 4 K - 0 2.107
y el P t> (2.107)
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For t <0, we have x(¢) =0, and Eq. (2.101) becomes Eq. (2.103). Hence,

y(t) =Be 1 <0
From the auxiliary condition y(0) =y, we obtain
(1) =yge " 1<0 (2.108)

(b) Combining Egs. (2.107) and (2.108), y(t) can be expressed in terms of y,(t) (zero-input

response) and y, (1) (zero-state response) as

(e™ P —e ")u(t)

K
t = e‘ﬂl+
y(1) =y, g

b

=y,i(1) +y,(1) (2.109)

where y(t)=ye (2.110a)
K

yalt) = == (7" —e ™ u(1) (2.110b)
P

2.21. Consider the system in Prob. 2.20.

(a)

Show that the system is not linear if y(0) =y, # 0.

(b) Show that the system is linear if y(0) = 0.

(a)

(b)

Recall that a linear system has the property that zero input produces zero output (Sec.
1.5E). However, if we let K =0 in Eq. (2.102), we have x(r) =0, but from Eq. (2.109) we
see that

y(t) =ye ¥ #0 yo# 0
Thus, this system is nonlinear if y(0) =y, # 0.

If y(0) = 0, the system is linear. This is shown as follows. Let x,(r) and x,(¢) be two input
signals and let y (1) and y,(¢) be the corresponding outputs. That is,

dy.(t
(1) +ay,(t) =x,(1) (2.111)
dt
dy,(t)
;(t +ay,(1) =x,(1) (2.112)
with the auxiliary conditions
yi(0) =y,(0) =0 (2.113)

Consider
x(t) =a;x,(1) +a,x,(1)
where «, and a, are any complex numbers. Multiplying Eq. (2.111) by «, and Eq. (2.112)
by a, and adding, we see that
y(1) =a,y,(1) +a,y,(1)
satisfies the differential equation
dy(t)
dt

+ay(t) =x(t)

and also, from Eq. (2.113)
y(0) =, ,(0) +a,¥,(0) =0

Therefore, y(t) is the output corresponding to x(1), and thus the system is linear.
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2.22,

2.23.

Consider the system in Prob. 2.20. Show that the initial rest condition y(0) =0 also
implies that the system is time-invariant.

Let y,(t) be the response to an input x,(¢) and

x,(1) =0 t<0 (2.114)
dy (¢t
Then :1(: ) +ay,(t) =x,(1) (2.115)
and y(0)=0 (2.116)
Now, let y,(t) be the response to the shifted input x,(t) =x,(t — 7). From Eq. (2.114) we have
x,(t)=0 t<r (2.117)
Then y,(t) must satisfy
dy,(t
;E ) +ayy(t) =x5(1) (2.118)
and y.(7)=0 (2.119)
Now, from Eq. (2./15) we have
dy (t—1)
'—dt—— vay(t—7)=x,(1—-1) =x,(t)

If we let y,(¢t) =y (¢t — 7), then by Eq. (2.116) we have
Y1) =yi(7—7) =y,(0)=0
Thus, Egs. (2.118) and (2.119) are satisfied and we conclude that the system is time-invariant.

Consider the system in Prob. 2.20. Find the impulse response h(t) of the system.

The impulse response h(t) should satisfy the differential equation

dh(1)
—— +ah(1) =5(1) (2.120)
The homogeneous solution 4,(t) to Eq. (2.120) satisfies
dh(1)
+ah,(t) =0 (2.121)
dt
To obtain #,(1) we assume
h,(t) = ce*

Substituting this into Eq. (2.127]) gives
sce® +ace* = (s +a)ce’ =0
from which we have s = —a and
h,(t) =ce *u(t) (2.122)

We predict that the particular solution 4 ,(t) is zero since 4,(¢) cannot contain 8(¢). Otherwise,
h(t) would have a derivative of 8(t) that is not part of the right-hand side of Eq. (2.720). Thus,

h(t) =ce *u(t) (2.123)
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To find the constant ¢, substituting Eq. (2.123) into Eq. (2.120), we obtain
d
E[ce“”u(t)] +ace™""u(t) = 8(t)

du(t)

at

or —ace u(t) +ce” +ace “u(t) =8(t)

Using Eqs. (/.25) and (1.30), the above equation becomes

du(t)
ce =ce (1) =cd(t) =8(1)
dt
so that ¢ = 1. Thus, the impulse response is given by

h(t) =e “u(t) (2.124)

Consider the system in Prob. 2.20 with y(0) = 0.

(a) Find the step response s(f) of the system without using the impulse response
h(1).

(b) Find the step response s(r) with the impulse response A(t) obtained in Prob.
2.23.

(¢) Find the impulse response A(r) from s(r).
(a) In Prob. 2.20
x(t) =Ke ®u(t)

Setting K =1,b=0, we obtain x(¢) =u(t) and then y(¢+)=s(¢t). Thus, setting K =1,
b =0, and y(0) =y, =0 in Eq. (2.109), we obtain the step response

1
s(1) = —=(1=e~*)u(1) (2.125)
(b) Using Eqs. (2.12) and (2.124) in Prob. 2.23, the step response s(¢) is given by

s(l)=f: h(r)dr=[_' e ""u(r) dr

- [fferrarfutn = -

which is the same as Eq. (2.125).
(¢) Using Eqgs. (2.13) and (2.125), the impulse response h(t) is given by

d[1
h(t) =s'(1) = E[;(l —e-“')u(z)]

1
=e u(t) + —(1—e " )u'(1)
a
Using Egs. (1.25) and (1.30), we have
1 1 1
—(1—e (1) = —(1—e *)8(t) = —(1-1)8(t) =0
a a a

Thus, h(t)y =e “u(t)
which is the same as Eq. (1.124).
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2.25. Consider the system described by

89

y'(t)+2y(t)=x(t)+x'(2) (2.126)

Find the impulse response h(¢) of the system.

The impulse response A(t) should satisfy the differential equation

R(t) +2h(1) =8(1) +8'(1) (2.127)

The homogeneous solution 4,(t) to Eq. (2.127) is [see Prob. 2.23 and Eq. (2.122)]
h(t) =ce”*u(t)
Assuming the particular solution (1) of the form
h,(1) =c,8(1)

the general solution is

h(t) =ce”?u(t) +c,8(1) (2.128)
The delta function 8(¢) must be present so that A'(¢) contributes 8'(¢) to the left-hand side of

Eq. (1.127). Substituting Eq. (2.128) into Eq. (2.127), we obtain
~2c,e”u(t) +cie”Hu' (1) +¢,8'(t) + 2c,e 2 u(t) + 2¢,8(¢)
=8(t) +8'(¢)
Again, using Egs. (1.25) and (1.30), we have
(¢, +2¢,)8(t) +c,8'(t)=08(t)+8'(r)

Equating coefficients of §(¢) and 6'(¢), we obtain

¢, +2¢,=1 c,=1
from which we have ¢, = —1 and ¢, = 1. Substituting these values in Eq. (2.128), we obtain
h(t)=—e *u(t) +8(1t) (2.129)

RESPONSES OF A DISCRETE-TIME LTI SYSTEM AND CONVOLUTION

2.26. Verify Eqs. (2.36) and (2.37), that is,

(a) x[n}* h[n]=hln]* x[n]
(b) {x[n}* h\[n]} = hy[n}=x[n}*{h,[n]* h,[n]}

(a) By definition (2.35)

0

x[n]xh[n)= Y x[k]h[n—k]

k=—0o

By changing the variable n — k = m, we have

oo

x[n)xh[n]= Y. x[n-mlh[m]= i h[m]x[n —m]=h[n]*x[n]

m= —@ m= —o

(b) Let x[n]* h|[n]=f[n) and h,[n]* h,[n] =f,[n]. Then

o

filn] = Z x[k]h[n—k]

k= —x
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2.27. Show that

(a)
(b)

()

(d)
(a)

(b)

(¢)

(d)

LINEAR TIME-INVARIANT SYSTEMS
nd  {xlaleh(nl) s halnl = fln) aln] = T filmlhln - m]
S R C IR REES
Substituting r =m — k and interchanging the order of summation, we have
(ladmlnl)ehalnl = £ sth)| T mlrnln-k-r])
Now, since
flnl= T mlrlhln=r]
we have
fln=K1= T hlrdhln=k=r]
Thus,  (xlalsmlnl)sholn) = £ k1L k]
=x[n]*f2[n]=x[n]*{hI[n]*hz[n]}
x[n]* 8[n]=x[n]
x[n]x8[n —nyl=x[n —ngl
x{nl*uln)= Y, x[k]
k= —o
x[nlxuln —n,l= ):“ x[k]
k=

By Eq. (2.35) and property (1.46) of §[n — k] we have

x[n)*8[n)= Y x[k]8[n—-k])=x[n]

k= —x

Similarly, we have

]

x[n]x8[n—nyl= Y x[k]8[n—k-ny]l=x[n—-n]

k= —%
By Eq. (2.35) and definition (/.44) of uln — k] we have
e} n
x[n}suln)= Y x[klu[n—-k]= 3} x[k]
k=~ k= -
In a similar manner, we have
oo n—ny

x[n]xuln—ne]= ¥ x[kJuln-k-n]= ¥ x[k]

k= —x k= —

[CHAP. 2

(2.130)
(2.131)

(2.132)

(2.133)
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2.28. The input x[n] and the impulse response A[n] of a discrete-time LTI system are given
by

x[n] =uln] h[n] =a"u[n] 0<a<l
(a) Compute the output y[n] by Eq. (2.35).
(b) Compute the output y[n] by Eq. (2.39).
(a) By Eq. (2.35) we have

®

ylnl=x[n]xh[n]= 3 x[k]a[n-k]

k= —x

Sequences x[k] and A[n — k] are shown in Fig. 2-20(a) for n <0 and n > 0. From Fig.
2-20(a) we see that for n <0, x[k] and A[n — k] do not overlap, while for n > 0, they
overlap from k =0 to k =n. Hence, for n <0, y(n] = 0. For n > 0, we have

y[n]= )E'.a"”‘
k=0

Changing the variable of summation k to m =n — k and using Eq. (1.90), we have

0 n ]_an+l
M= ¥ am= ¥ am=—
m=n m=0 -«
x[k]
—0— = >
2101 2 3 k
yln]
1
h(n - k] Y R Y -
e ']
n 0 k 2 -1 01 2 3 4 n
b)
hln - k)

n>0

1]
e ? ' I
0 n k
(a)
Fig. 2-20



92 LINEAR TIME-INVARIANT SYSTEMS [CHAP. 2

Thus, we can write the output y[n] as
o n+1

y[n]=(——-a—)u[n] (2.134)

l-a

which is sketched in Fig. 2-20(b).
(b) By Eq. (2.39)

y[n]=h[n1*x[n]=k=i_ W[k xln - k]

Sequences hlk] and x[n — k] are shown in Fig. 2-21 for n < 0 and n > 0. Again from Fig.
2-21 we see that for n <0, h[k] and x[n — k] do not overlap, while for n > 0, they overlap
from k=0 to k =n. Hence, for n <0, y[n]= 0. For n > 0, we have

l_an+1

= k:
y[n] an l-a

Thus, we obtain the same result as shown in Eq. (2.734).

h(k]

.o L‘JJ:

0 1

~y

xln - k)

TQ’TQ 1 n<0

>~y

x{n - k]

| ']U " R

-1 0
Fig. 2-21

~

2.29. Compute y[n]=x[n]* h[n], where

(a) x[nl=a"uln), h{n]=B"uln)
(b) x[n)=a"u[n)], hinl=a "u[—-n],0<a<1



CHAP. 2]

(a)

(b)

LINEAR TIME-INVARIANT SYSTEMS

From Eq. (2.35) we have

=]

yinl= ¥ xlklhln-k]= ¥ a*u[k]g"*uln k]

k=~ k=—e
= Y a*g" *u[klu[n-k]
k= —x
' (1 O0<k<n
Since ulkJuln - k] = {0 otherwise

we have

n

yln]= X a"B""‘=B"é0(a)k n>0

k=0

> |

Using Eq. (1.90), we obtain

) l _ (a/B)n+l
y[n] = B —_—1—(0/3) u[n] a+p
B*(n+ 1)u[n] a=
or y[n]= B__a (Bn+l__an+l)u[n] a#&ﬂ
B"(n+ 1)u[n] a=

e 5]

y[n]

k= - k= —c

i a "o u[kJu[k —n]

k= —o

For n <0, we have

_ 1 0<k
ulkJulk —n] = {0 otherwise
Thus, using Eq. (1.91), we have
© oG a n
yln]=a" Tea*=a™ T ()= —  n<0
k=0 k=0 l-a
For n > 0, we have
_J1 n<k
ulkJulk —n]= {0 otherwise
Thus, using Eq. (1.92), we have
-] X 2n an
y[nl=a™ ¥ (a?) =a™" = n>0
k=n

Y x[kJaln—k]= ¥ atulkla-"Ru[—(n k)]

93

(2.135a)

(2.135b)

(2.136a)

(2.136b)
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Combining Eqgs. (2.136a) and (2.136b), we obtain

Inl

y[n]= all n (2.137)

1-a?
which is sketched in Fig. 2-22.

yin]

.!TIJIII]TJ, N

210123
Fig. 2-22

3

2.30. Evaluate y[n]=x[n]* h[n], where x[n] and h[n] are shown in Fig. 2-23, (a) by an
analytical technique, and (b) by a graphical method.

x[n] hln]

;1o 203 n 1012 n
Fig. 2-23

(a) Note that x[n] and h[n] can be expressed as
x[n]=68[n]+8[n—-1])+8[n—-2]+8[n-3]
h[n] =68[n)+8[n—-1]+6[n-2]
Now, using Egs. (2.38), (2.130), and (2.131), we have
x[n)xh[n] =x[n)*{8[n] +6[n~-1])+8[n~2]}
=x[n]*8[n]+x[n]*é[n—-1]1+x[n]*8[n-2]}
=x[n]+x[n—-1]+x[n-2]

Thus, y[n]=8[n]+8[n—-1]+8[n-2]+6[n-3]
+8[n—-1]1+8[n—-2]+68[n—-3]+8[n—4]
+6[n-2]+8[n—3]+6[n—4]+8[n-5]

or  y[n]=8[n}+28[n—-1]+38[n—-2]+386[n—-3]+28[n—-4]+6[n-5]

or y[n]={1,2,3,3,2,1}
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h(k) 1 x(k]
1

o —————— —_—
-1 01 2 3 4 k -1 01 2 3 4 k
hin - k} x[k}hin - k]
n<0
—‘—-[—I—I—O—%-O—O—O—O——> —_— obo—o—ooo—o——t
4 -3-2-1012 3 4 k -1 01 2 3 4 k
h(n - k) x(k)h|n - k]
II 1 n=0
-0—- —0—0—0—0—0—0—P
3-2-10 12 3 4 k -1 01 2 3 4 k
hln - k] x(kA(n - k]
I? [ n=1\ L[
—_———
2-10 1 2 3 4 k -1 01t 2 3 4 k
hln - k] xlk]hln - k]
[ ] n=2 LII
———o——LL—o—o-o—o—v —0 OO~
-1 01 2 3 4 k -1 01 2 3 4 k
hln - k) x(klh[n - k]
] ]I B I I I
'-l 00— +L -0—0—0 -
-1 01 2 3 45 k -1 01 2 3 45 k
hin - k) x{k}h[n - K}
LT [
——-—.—&—G' -0—0—0— —
-1 01 2 3 456 k -1 01 2 3 45 k
hln - k] x[k)hin - k]
II [ n=5 I
-1 01 2 3 4 5 6 k -1 01 2 3 45 k
hln - k) xtklhin - k]
II I n>$
-1 01 23 456 7 k -1 01 2 3 45 k
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2.31.

2.32.
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(b) Sequences hlk], x[k] and h[n — k), x[k]hln — k] for different values of n are sketched in
Fig. 2-24. From Fig. 2-24 we see that x[k] and h[n — k] do not overlap for n <0 and
n> 5, and hence y[n]=0for n <0and n>5. For 0 <n <5, x[k] and h{n — k] overlap.
Thus, summing x[k Jh[n — k] for 0 <n < 5, we obtain

y[0) =1 y[1]=2 y[2] =3 y[3]=3 y[4) =2 y[5]=1
or
y[n]={1,2,3,3,2,1}
which is plotted in Fig. 2-25.

Sy

If x,[n] and x,[n] are both periodic sequences with common period N, the convolu-
tion of x,[n] and x,[n] does not converge. In this case, we define the periodic
convolution of x[n] and x,[n] as

fln) =x,[n] @ x,[n] = kgox,[klxzin—kl (2.138)

Show that f[n] is periodic with period N.
Since x,[n] is periodic with period N, we have
x[(n—k)+N] =x)[n—k]
Then from Eq. (2.138) we have

N-1 N-1
fln+N]= kZOX.[k]xz[n +N-k]= kE x,[k]x[(n—k) +N]

= =0

N-1

= onn[k]xz[(n — k)] =f[n]

Thus, fln] is periodic with period N.

The step response s[n] of a discrete-time LTI system is given by
s[n] = a"u[n| 0<a<l

Find the impulse response h[n] of the system.
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From Eq. (2.41) the impulse response h[n] is given by
h[n]=s{n]-s[n—1]=a"u[n] —a" 'u[n-1]
={8[n]+a"u[n—-1]}) —a" u[n-1]
=8[n]-(1-a)a"'u[n—-1]

PROPERTIES OF DISCRETE-TIME LTI SYSTEMS

2.33. Show that if the input x[n] to a discrete-time LTI system is periodic with period N,
then the output y[n] is also periodic with period N.

Let A[n] be the impulse response of the system. Then by Eq. (2.39) we have

yinl= T H[k]x[n - k]

k= —x

Let n=m + N. Then
y[m+N]=ki hlk]x[m+N—-k]= i h[k)lx[(m—k) +N]
S k=—c
Since x[n] is periodic with period N, we have
x[(m=k)+N]=x[m-k]
Thus, ylm+N]= i hlklx[m—-k]=y[m]
k=-o

which indicates that the output y[n] is periodic with period N.

2.34. The impulse response h[n] of a discrete-time LTI system is shown in Fig. 2-26(a).
Determine and sketch the output y[n] of this system to the input x[rn] shown in Fig.
2-26(b) without using the convolution technique.

From Fig. 2-26(b) we can express x[n] as
x[n]=6[n—-2]-8[n-4]

hin) xfn]

=V

(a) (b)
Fig. 2-26
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Since the system is linear and time-invariant and by the definition of the impulse response, we
see that the output y[n] is given by

y[nl=h{n—-2]—h[n-4]
which is sketched in Fig. 2-27.

h(n - 2]

yln] = hln - 2] - h{n - 4]

0 1 4 5 n
hln - 4]

L1
|

©
T

Fig. 2-27

2.35. A discrete-time system is causal if for every choice of n, the value of the output
sequence y[n] at n =n, depends on only the values of the input sequence x[n] for
n <n, (see Sec. 1.5D). From this definition derive the causality condition (2.44) for a
discrete-time LTI system, that is,

h[n] =0 n<0
From Eq. (2.39) we have
y[n]= X h[klx[n-k]

=k_-23 h[k]x[n—k]+§: h[k)x[n k] (2.139)

Note that the first summation represents a weighted sum of future values of x{n]. Thus, if the
system is causal, then

Y h[k]x[n-k]=0

k=~
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2.36.

2.37.

2.38.

This can be true only if
h[n]=0 n<0
Now if A[n] =0 for n <0, then Eq. (2.139) becomes

yin]= ¥ Alk]x[n—k]
k=0

which indicates that the value of the output y[n] depends on only the past and the present
input values.

Consider a discrete-time LTI system whose input x[n] and output y[n] are related by

y[n] = _}’1‘_, 2k nx[k +1]

Is the system causal?
By definition (2.30) and Eq. (1.48) the impulse response h[n] of the system is given by

h[n] = i 2k=n§[k + 1] = i 27D gk +1]=2"1"+D i [k +1]

k= - k=—w» k= -
By changing the variable k + 1 = m and by Eq. (1.50) we obtain
n+1
h[n]=2"C"*D Y §[m]=2""*Du[n + 1] (2.140)

From Eq. (2.140) we have h[ — 1] = u[0] = 1 # 0. Thus, the system is not causal.

Verify the BIBO stability condition [Eq. (2.49)] for discrete-time LTI systems.
Assume that the input x[n] of a discrete-time LTI system is bounded, that is,
lx[n]l <k, all n (2.141)
Then, using Eq. (2.35), we have

oc

yinll=| & Alklxln-k]|< X h(kDixln-kli<k, 3 Ih[k]

k= —o k=—w k
Since |x[n—k)I <k, from Eq. (2.141). Therefore, if the impulse response is absolutely
summable, that is,
Z lh{k]l=K <

k=—o
we have

[y[n]l<k,K=k,<®
and the system is BIBO stable.

Consider a discrete-time LTI system with impulse response h[n] given by
h[n] = a"u[n|

(@) Is this system causal?
(b) Is this system BIBO stable?
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(a) Since A[n] =0 for n <0, the system is causal.
(b) Using Eq. (1.91) (Prob. 1.19), we have

S hkl= Y letulnll= ¥ lal = ——  Jal<1
k=0

k= —m k=—o 1-lal

Therefore, the system is BIBO stable if |a| < 1 and unstable if |a] > 1.

SYSTEMS DESCRIBED BY DIFFERENCE EQUATIONS

[CHAP. 2

2.39. The discrete-time system shown in Fig. 2-28 consists of one unit delay element and one
scalar multiplier. Write a difference equation that relates the output y[n] and the

input x[n].

«[n] ylnl
3
+
+
ety [+
¥n-1] y
Fig. 2-28

In Fig. 2-28 the output of the unit delay element is y[n — 1]. Thus, from Fig. 2-28 we see

that
y[n]=ay[n—1]+x[n]
or y[n] —ay[n—1]=x[n]

which is the required first-order linear difference equation.

(2.142)
(2.143)

2.40. The discrete-time system shown in Fig. 2-29 consists of two unit delay elements and
two scalar multipliers. Write a difference equation that relates the output y[n] and the

input x[n].

x[n} yln

(:J:m (}Jnil
y[n-2] elay yn-1] elay

Fig. 2-29
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In Fig. 2-29 the output of the first (from the right) unit delay element is y[n — 1] and the
output of the second (from the right) unit delay element is y[n — 2]. Thus, from Fig. 2-29 we
see that

y[nl=a,y[n—1]+a,y[n—-2]+x[n] (2.144)
or y[n]—a,y[n-1]-a,y[n—-2]=x[n] (2.145)

which is the required second-order linear difference equation.

Note that, in general, the order of a discrete-time LTI system consisting of the interconnec-
tion of unit delay elements and scalar multipliers is equal to the number of unit delay elements
in the system.

2.41. Consider the discrete-time system in Fig. 2-30. Write a difference equation that relates
the output y[n] and the input x[n].

x(n] qln] yin]
p p3 S o
+ { +

Unit
delay

qln-1]
Fig. 2-30

Let the input to the unit delay element be g[n]). Then from Fig. 2-30 we see that

a[n]=2q[n-1]+x[n] (2.146a)
y[n]=aq[n] +3q[n-1] (2.146b)
Solving Eqs. (2.146a) and (2.146b) for g[n) and q[n — 1] in terms of x[n] and y[n], we obtain
q[n] = 3y[n]+ 3x[n] (2.147a)
gln-1]=ty[n] - x[n] (2.147p)

Changing n to (n — 1) in Eq. (2.147a), we have
gln—1]=35y[n—1]+ 3x[n-1] (2.147¢)

Thus, equating Eq. (2.7147b) and (Eq. (2.147c), we have
sy[n] = 3x[n]=3y[n = 1]+ 3x[n-1]
Multiplying both sides of the above equation by 5 and rearranging terms, we obtain
y[n]l=2y[n—-1]=x[n] +3x[n—-1] (2.148)

which is the required difference equation.

2.42. Consider a discrete-time system whose input x[z] and output y[n] are related by
y[n] —ay[n—1] =x[n] (2.149)
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where a is a constant. Find y[n] with the auxiliary condition y[—1]=y_, and
x[n] = Kb"u[n] (2.150)
Let ylnl=y,[n]+y,[n]

where y [n] is the particular solution satisfying Eq. (2./149) and y,[n] is the homogeneous
solution which satisfies

y[n]—ay[n-1]1=0 (2.151)
Assume that
ypln]=Ab" nz0 (2.152)
Substituting Eq. (2.152) into Eq. (2.149), we obtain

Ab" — aAb"~" = Kb"
from which we obtain 4 = Kb/(b — a), and

y[n]l= b n>0 (2.153)

b—a
To obtain y,[n], we assume

yu[n]=Bz"
Substituting this into Eq. (2.151) gives

Bz"—aBz" '=(z-a)Bz""'=0

from which we have z =a and

yuln] = Ba" (2.154)
Combining y,[n] and y,[n], we get

y[n]=Ba" + ;)—f—;b"“ n>0 (2.155)
In order to determine B in Eq. (2.155) we need the value of y[0]. Setting n = 0 in Egs. (2.149)
and (2.150), we have
y[0] —ay[-1] =y[0] —ay_, =x[0] =K

or y[0] =K +ay_, (2.156)
Setting n = 0 in Eq. (2.155), we obtain

b
0]=B+K 2.157
y[0] P ( )
Therefore, equating Egs. (2.156) and (2.157), we have
K+ay_,=B+K
-a
from which we obtain
B K ?
— - b—a
Hence, Eq. (2.155) becomes
n+1l __ an+l
y[n]=y_,a"*"' + K————m n=0 (2.158)

b—a
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2.43.

For n <0, we have x[n] =0, and Eq. (2.149) becomes Eq. (2.151). Hence,
y[n] =Ba" (2.159)
From the auxiliary condition y[—1]=y_,, we have
y[-1]=y_,=Ba"!

from which we obtain B =y _,a. Thus,

y[n]=y_a"*! n<0 (2.160)
Combining Egs. (2.158) and (2.160), y[n] can be expressed as
n+1 _ an*l

y[n]=y_,a""'+K uln] (2.161)

b —

Note that as in the continuous-time case (Probs. 2.21 and 2.22), the system described by
Eq. (2.149) is not linear if y[ — 1] # 0. The system is causal and time-invariant if it is initially at
rest, that is, y[—1] = 0. Note also that Eq. (2.149) can be solved recursively (see Prob. 2.43).

Consider the discrete-time system in Prob. 2.42. Find the output y[n] when x{n]=
Ké[n]land y[-1]l=y_, =a.

We can solve Eq. (2.7149) for successive values of y[n] for n > 0 as follows: rearrange Eq.
(2.149) as

y[n)=ay[n—1]+x[n] (2.162)
Then
y[0] =ay[-1] +x[0] =aa + K
y[1) =ay[0] +x[1] = a(aa + K)
y[2] =ay[1] +x[2] =a’(aa + K)

yln]=ay[n-1]+x[n] =a"(aa +K) =a"*'a +a"K (2.163)

Similarly, we can also determine y[n] for n <0 by rearranging Eq. (2.149) as
1
yln=1]= — {y[n] ~x[n]} (2.164)
Then y[-1]=a

1 1
y[-2]= ;{y[—l]—x[—l]} = ;—a=a_la

M=31= = (-2 -+l -2]) a7

1
y[—n]=;{y[—n+1]—x[~n+1]}=a”'“a (2.165)

Combining Egs. (2.163) and (2.165), we obtain
y[n]=a"*'a+ Ka"u[n] (2.166)



104

LINEAR TIME-INVARIANT SYSTEMS [CHAP. 2

2.44. Consider the discrete-time system in Prob. 2.43 for an initially at rest condition.

2.45.

(a)
(b)
()

(a)

(b)

(c)

Find in impulse response A[n] of the system.
Find the step response s[n] of the system.
Find the impulse response A[n] from the result of part ().

Setting K =1 and y[—1] =a =0 in Eq. (2.166), we obtain
h(n]=a"u[n] (2.167)
Setting K=1, b=1,and y[—1]=y_, =0 in Eq. (2.161), we obtain

l_an+l

1—a

s[n}= ( )u[n] (2.168)

From Egs. (2.41) and (2.168) the impulse response h[n] is given by

h[n]=s[n1—s[n—11=(l“”m)u[nl—( = Jutn 13

1-a 1-a
When n =0,

-a

h[0]=(1_a)u[0]=1
When n > 1,
1 a"(l1-a
h[n]= T_—g[l—a"“—(l—a")] = _%a_) =a”"

Thus, h[n)=a"u[n]

which is the same as Eq. (2.167).

Find the impulse response A[n] for each of the causal LTI discrete-time systems
satisfying the following difference equations and indicate whether each system is a FIR
or an IIR system.

(a)
(b)
(c)

(a)

ylnl=x[n]—-2x[n —2]+x[n - 3]
ylnl+2y[n — 11 =x[n] +x[n - 1]
yln] = 3yln — 21 =2x[n] — x[n - 2]

By definition (2.56)
h{n] =8[n] - 26[n — 2] +8[n — 3]
or
h[n]={1,0,-2,1}

Since A[n] has only four terms, the system is a FIR system.
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(b) hlnl= —2h[n—11+68[n]+68[n-1]
Since the system is causal, h[ — 1] = 0. Then

Hence,

h[0) = —2h[—1] +6[0) +8[—1]=6[0]) =1

A[1]= —2h[0] +8[1] + 8[0] = =2+ 1= —1
h[2) = —2h[1] +8[2) +8[1] = —2(—-1) =2
H[3] = —2h[2] + 8[3] + 8[2] = —2(2) = - 22

h[n]=~2h[n—-1]+6[n]+8[n—1]=(-1)"2"""
h[n)=8[n]+(-1)"2""'u[n-1]

Since A[n] has infinite terms, the system is an IIR system.

(¢) hlnl= ihln —2]+28[n]—8ln-2]
Since the system is causal, h[ —2] = h[ — 1] = 0. Then

Hence,

h[0] = Lh[-2] + 28[0] — 8[ —2] = 25[0] = 2
h[1] = Lh[—1] + 28[1] = 8[ ~1] =0

h[2) = LA[0] +25[2] - 8[0] = L (2) = 1=0
h[3] = th[1] +28[3] - 8[1] =0

h[n]=268[n]

Since h[n] has only one term, the system is a FIR system.

Supplementary Problems

2.46. Compute the convolution y(t) =x(t)* h(t) of the following pair of signals:

(@) x(1)= {(’)

(b) x(1)= {{)

(¢) x()=u(t—1),h(t)=e">u(t)

Ans. (@) y(t)= {3"

b) y(1)=

_a<t,‘<'a,h(t)={] —a<t‘5a

otherwise 0 otherwise
0<t<T h(t)={1 0<r<2T
otherwise’ 0 otherwise
— el [t] < 2a

[t|>2a

0 t<0

312 0<t<T

iT? T<t<2T

— 312+ 2T - 3T? 2T <t <3T

0 AT <t

() {a—-e " Mu(r-1)
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2.47.

2.48.

2.49.

2.50.

2.51.

2.52.

LINEAR TIME-INVARIANT SYSTEMS

[CHAP. 2

Compute the convolution sum y[n]=x[n]* h[n] of the following pairs of sequences:

(a) x[nl=uln], hln]=2"ul—n]
(b) x[n]l=uln]—uln-N1 hnl=a"uln),0<a<1
(¢) x[nl=()ulnl, hlnl=58[n]— 36(n — 1]

I A n<0
Ans. (a) y[n] {2 0> 0
0 n<0
l_an+]
— N_
b) snl={ 1-a Pen=hol
1-a?
a"_N+l(l—) N—-1<n
—a

(¢) yln)=dln]

Show that if y(¢) =x(t)* h(t), then
y' (1) =x"(t)xh(t) =x(t)*h'(1)

Hint: Differentiate Eqgs. (2.6) and (2.10) with respect to .

Show that
x(£)*8'(1) =x'(1)
Hint: Use the result from Prob. 2.48 and Eq. (2.58).

Let y[n]=x[n]* h[n]. Then show that
x[n—n,]*h[n—n,]=y[n—n, —n,]

Hint: See Prob. 2.3.

Show that

ny+N-—1

xnl@x,[n]= L x[klx,[n—k]

k=ny,

for an arbitrary starting point n,,.

Hint:  See Probs. 2.31 and 2.8.

The step response s(¢) of a continuous-time LTI system is given by
s(t) = [cos wyt Ju(t)
Find the impulse response A(f) of the system.

Ans.  h(t) = 8(t) — wylsin wytlu(e)
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2.53. The system shown in Fig. 2-31 is formed by connection two systems in parallel. The impulse
responses of the systems are given by

hy(t)y=e *u(t) and  h,(t) =2e'u(t)
(a) Find the impulse response h(t) of the overall system.

(b) Is the overall system stable?

Ans. (a) h(t)=(e 2 +2e ul(t)
(b) Yes

— hl([)

x(1) hiU)

ﬂ‘ hz([)

Fig. 2-31

2.54. Consider an integrator whose input x(¢) and output y(z) are related by
t
y(t)= [ x(r)dr

(a) Find the impulse response h(t) of the integrator.
(b) Is the integrator stable?

Ans. (a) h(t)=u(t)
(b) No

2.55. Consider a discrete-time LTI system with impulse response A[n] given by
h[n]=68[n—-1]
Is this system memoryless?

Ans. No, the system has memory.

2.56. The impulse response of a discrete-time LTI system is given by
H[n] = (2)"uln)
Let y[n] be the output of the system with the input
x[n]=28[n]+8[n-3]
Find y[1] and y[4).
Ans. y[1]=1and y[4]= 3.



108 LINEAR TIME-INVARIANT SYSTEMS [CHAP. 2

2.57. Consider a discrete-time LTI system with impulse response A[n] given by

Aln]= (%) uln-1]

(a) Is the system causal?
(b) Is the system stable?

Ans. (a) Yes; (b) Yes

2.58. Consider the RLC circuit shown in Fig. 2-32. Find the differential equation relating the output
current y(¢) and the input voltage x(¢).

dy(t) R dy(t) o L&

+ + = —
de? L dt Lc’ ‘) L dt

Ans.

+

) () 0! -

Fig. 2-32

2.59. Consider the RL circuit shown in Fig. 2-33.

(a) Find the differential equation relating the output voltage y(t) across R and the input
voltage x(1).
(b) Find the impulse response h(t) of the circuit.
(¢) Find the step response s(¢) of the circuit.
dy(t)
de

R
(b)Y h(t)= ze’(R/L)'u(l)

(¢) s()=[1—e RLy(t)

R
Ans. (a) + l—y(t) = Zx(t)

(1) y(1)
x(1) R § (1) el (1) ——-

:

Fig. 2-33
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2.60. Consider the system in Prob. 2.20. Find the output y(¢) if x(¢) =¢~*'u(t) and y(0) = 0.

Ans. te "u(t)

2.61. Is the system described by the differential equation

dy(t)
dt

+5y(t) +2=x(1)

linear?

Ans.  No, it is nonlinear.

2.62. Write the input-output equation for the system shown in Fig. 2-34.
Ans. 2y[n]—yln - 11=4x[n]+ 2x[n — 1]

x(n] yln]
b 4% b3 -
+ ‘ ¥

2.63. Consider a discrete-time LTI system with impulse response
1 n=0,1
h[n] - {0

otherwise
Find the input-output relationship of the system.

Ans. y[n)l=x[n]+x[n —1]

2.64. Consider a discrete-time system whose input x[n] and output y[n] are related by
yln] = 3y[n-1]=x[n]
with y[—1] = 0. Find the output y[n] for the following inputs:
(@) x[n]=G)uln);
(b) x[n]=(3)"uln]

Ans. (@) yln]l=6[(3)""" = (3)"* Nuln]
(b) ylnl=(n+1X3)"uln]

2.65. Consider the system in Prob. 2.42. Find the eigenfunction and the corresponding eigenvalue of
the system.
z

Ans. z", A =
z—a



Chapter 3

Laplace Transform and Continuous-Time
LTI Systems

3.1 INTRODUCTION

A basic result from Chapter 2 is that the response of an LTI system is given by
convolution of the input and the impulse response of the system. In this chapter and the
following one we present an alternative representation for signals and LTI systems. In this
chapter, the Laplace transform is introduced to represent continuous-time signals in the
s-domain (s is a complex variable), and the concept of the system function for a
continuous-time LTI system is described. Many useful insights into the properties of
continuous-time LTI systems, as well as the study of many problems involving LTI systems,
can be provided by application of the Laplace transform technique.

3.2 THE LAPLACE TRANSFORM

In Sec. 2.4 we saw that for a continuous-time LTI system with impulse response A(t),
the output y(¢) of the system to the complex exponential input of the form e*' is

y(1)=T{e") = H(s)e" (3.1)

where H(s)=fw h(t)e ' dt (3.2)

—oc

A. Definition:

The function H(s) in Eq. (3.2) is referred to as the Laplace transform of A(t). For a
general continuous-time signal x(¢), the Laplace transform X(s) is defined as

X(s)= [ x(t)e " di (3.3)

The variable s is generally complex-valued and is expressed as
s=o0+jw (3.4)

The Laplace transform defined in Eq. (3.3) is often called the bilateral (or two-sided)
Laplace transform in contrast to the unilateral (or one-sided) Laplace transform, which is
defined as

X,(s) =j:x(t)e”’ d (3.5)

110
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where 0~ =lim, _, ,(0 — ¢). Clearly the bilateral and unilateral transforms are equivalent
only if x(¢) =0 for ¢ < 0. The unilateral Laplace transform is discussed in Sec. 3.8. We will
omit the word “bilateral” except where it is needed to avoid ambiguity.

Equation (3.3) is sometimes considered an operator that transforms a signal x(¢) into a
function X(s) symbolically represented by

X(s)=2L{x(1)} (3.6)

and the signal x(¢) and its Laplace transform X(s) are said to form a Laplace transform
pair denoted as

x(1) = X(s) (3.7)

B. The Region of Convergence:

The range of values of the complex variables s for which the Laplace transform
converges is called the region of convergence (ROC). To illustrate the Laplace transform
and the associated ROC let us consider some examples.

EXAMPLE 3.1. Consider the signal
x(t)=e""u(t) a real (3.8)
Then by Eq. (3.3) the Laplace transform of x(t) is
X(s)=[ e u(t)etdi= [ e-tror g
()= (1) L.

—x
1 @
s+a

because lim, |, e """ =0 only if Re(s + a) > 0 or Re(s) > —a.

—_ e—(.\'+a)r

o+ s+a

Re(s) > —a (3.9)

Thus, the ROC for this example is specified in Eq. (3.9) as Re(s) > —a and is displayed
in the complex plane as shown in Fig. 3-1 by the shaded area to the right of the line
Re(s) = —a. In Laplace transform applications, the complex plane is commonly referred to
as the s-plane. The horizontal and vertical axes are sometimes referred to as the o-axis and
the jw-axis, respectively.

EXAMPLE 3.2. Consider the signal
x(t)y=—e “u(—t) a real (3.10)
Its Laplace transform X(s) is given by (Prob. 3.1)

1
X(s)=;+—a Re(s) < —a (3.11)

Thus, the ROC for this example is specified in Eq. (3.11) as Re(s) < —a and is displayed
in the complex plane as shown in Fig. 3-2 by the shaded area to the left of the line
Re(s) = —a. Comparing Eqgs. (3.9) and (3.11), we see that the algebraic expressions for X(s)
for these two different signals are identical except for the ROCs. Therefore, in order for the
Laplace transform to be unique for each signal x(¢), the ROC must be specified as part of the
transform.
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s-plane

a<0

Fig. 3-1 ROC for Example 3.1.

C. Poles and Zeros of X(s):

Usually, X(s) will be a rational function in s, that is,
ags" +a;s" '+ - +a,  ay (s—z,) (s —2,)
bys" +bys" T kb, by (s=py) (s p)

X(s

S—

(3.12)

The coeflicients a, and b, are real constants, and m and n are positive integers. The X(s)
is called a proper rational function if » > m, and an improper rational function if n < m.
The roots of the numerator polynomial, z,, are called the zeros of X(s) because X(s) =10
for those values of s. Similarly, the roots of the denominator polynomial, p,, are called the
poles of X(s) because X(s) is infinite for those values of s. Therefore, the poles of X(s)
lie outside the ROC since X(s) does not converge at the poles, by definition. The zeros, on
the other hand, may lie inside or outside the ROC. Except for a scale factor a,/b,, X(s)
can be completely specified by its zeros and poles. Thus, a very compact representation of
X(s) in the s-plane is to show the locations of poles and zeros in addition to the ROC.

Traditionally, an “x” is used to indicate each pole location and an “ ©” is used to
indicate each zero. This is illustrated in Fig. 3-3 for X(s) given by

2s +4 5 s+2
T 244543 T(s+1)(s+3)

Note that X(s) has one zero at s = —2 and two poles at s = —1 and s = —3 with scale
factor 2.

X(s) Re(s)> -1

D. Properties of the ROC:

As we saw in Examples 3.1 and 3.2, the ROC of X(s) depends on the nature of x(¢).
The properties of the ROC are summarized below. We assume that X(s) is a rational
function of s.
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Fig. 3-2 ROC for Example 3.2,

Jo

7
/

//

Fig. 3-3 s-plane representation of X(s)=(2s + 4)/(s? + 45 + 3).

Property 1: The ROC does not contain any poles.

Property 2: If x(t) is a finite-duration signal, that is, x(t) =0 except in a finite interval ¢, <t <1,
(—o <t, and ¢, <), then the ROC is the entire s-plane except possibly s =0 or s =

Property 3: If x(¢) is a right-sided signal, that is, x(1) = 0 for ¢ <t < e, then the ROC is of the form

Re(s) > Oy
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Property 4:

Property 5:

LAPLACE TRANSFORM AND CONTINUOUS-TIME LTI SYSTEMS  [CHAP. 3

where o,,,, equals the maximum real part of any of the poles of X(s). Thus, the ROC is
a half-plane to the right of the vertical line Re(s) = o,,,, in the s-plane and thus to the
right of all of the poles of X(s).

If x(¢) is a left-sided signal, that is, x(¢) =0 for ¢t >¢,> —x, then the ROC is of the
form

Re(s) <

Tmin

where o, equals the minimum real part of any of the poles of X(s). Thus, the ROC is
a half-plane to the left of the vertical line Re(s) = o, in the s-plane and thus to the left

of all of the poles of X(s).

If x(¢) is a two-sided signal, that is, x(¢) is an infinite-duration signal that is neither
right-sided nor left-sided, then the ROC is of the form

o, <Re(s) <o,

where o, and o, are the real parts of the two poles of X(s). Thus, the ROC is a vertical
strip in the s-plane between the vertical lines Re(s) = o, and Re(s) = o,.

Note that Property 1 follows immediately from the definition of poles; that is, X(s) is
infinite at a pole. For verification of the other properties see Probs. 3.2 to 3.7.

3.3 LAPLACE TRANSFORMS OF SOME COMMON SIGNALS
A. Unit Impulse Function 3(¢):
Using Egs. (3.3) and (1.20), we obtain

s = [ s(t)ede =1 all s (3.13)

B. Unit Step Function u(¢):

Zlu(t)] = ) e 'dt= eo“’dt
[u(0) = [ u(nyerdi= e
1 M|
=——e ¥ == Re(s) >0 (3.14)
R) o+ S

where 0% =lim, _, (0 +¢).

C. Laplace Transform Pairs for Common Signals:

The Laplace transforms of some common signals are tabulated in Table 3-1. Instead of
having to reevaluate the transform of a given signal, we can simply refer to such a table
and read out the desired transform.

3.4 PROPERTIES OF THE LAPLACE TRANSFORM

Basic properties of the Laplace transform are presented in the following. Verification
of these properties is given in Probs. 3.8 to 3.16.
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A. Linearity:
If

Then
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Table 3-1 Some Laplace Transforms Pairs
x(1) X(s) ROC
5(1) 1 All s
1
u(t) — Re(s)> 0
s
1
—u(—1) — Re(s) <0
s
1
tu(t) el Re(s)>0
k!
tu(r) ey Re(s)>0
1
e "u(t) Re(s) > —Re(a)
s+a
1
—e *u(—1t) Re(s) < —Re(a)
s+a
1
te ™ “'u(t) 5 Re(s) > —Re(a)
(s+a)
1
—te " u(—1) 5 Re(s) < —Re(a)
(s+a)
s
cos wqtu(t) m Re(s)>0
. Wy
sin wotu(t) -S7+—w%)' Re(s) >0
s+a

e % cos wytu(t)

e sin wytu(t)

(s+a)2+w(2)

Wo

(s+a)2+w(2)

Re(s) > — Re(a)

Re(s) > —Re(a)

xy(1) > X\(s)

x,(1) > Xy(s)

ayx,(t) +a,x,(t) e>a, X (s) + a, X,(s)

ROC =R,
ROC =R,

R'DR,NR,

115

(3.15)

The set notation A DB means that set A4 contains set B, while 4 N B denotes the
intersection of sets A4 and B, that is, the set containing all elements in both 4 and B.
Thus, Eq. (3.15) indicates that the ROC of the resultant Laplace transform is at least as
large as the region in common between R, and R,. Usually we have simply R'=R, NR,.
This is illustrated in Fig. 3-4.
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Fig. 3-4 ROC of a, X ,(s) + a, X,(s).
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B. Time Shifting:
If
x(t) —X(s) ROC =R
then x(t—ty) e X(s) R'=R (3.16)

Equation (3./6) indicates that the ROCs before and after the time-shift operation are the
same.

C. Shifting in the s-Domain:
If
x(t) > X(s) ROC=R
then e x(t)y > X(s—s,) R'=R + Re(s,) (3.17)

Equation (3.17) indicates that the ROC associated with X(s — s,) is that of X(s) shifted
by Re(s,). This is illustrated in Fig. 3-5.

D. Time Scaling:
If
x(t) e X(s) ROC =R

1 $
then x(at)<—»l——|X(;) R’ =aR (3.18)
a
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~
€
~.
€

NN

B+Re(sy)

»

4

NN

.

a+Re(sy)

-

NN

(a) ()
Fig. 3-5 Effect on the ROC of shifting in the s-domain. (@) ROC of X(s); (b) ROC of X(s — s,).

Equation (3.18) indicates that scaling the time variable ¢ by the factor a causes an inverse
scaling of the variable s by 1/a as well as an amplitude scaling of X(s/a) by 1/ lal. The
corresponding effect on the ROC is illustrated in Fig. 3-6.

E. Time Reversal:
If
x(t) > X(s) ROC=R

Z;
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then x(=t) > X(-s) R'= -R (3.19)

Thus, time reversal of x(t) produces a reversal of both the o- and jw-axes in the s-plane.
Equation (3.19) is readily obtained by setting a = — 1 in Eq. (3.18).

F. Differentiation in the Time Domain:

If
x(t) > X(s) ROC =R
dx(1)
then o > sX(s) R’ DR (3.20)

Equation (3.20) shows that the effect of differentiation in the time domain is multiplication
of the corresponding Laplace transform by s. The associated ROC is unchanged unless
there i1s a pole-zero cancellation at s = .

G. Differentiation in the s-Domain:

If
x(t) = X(s) ROC =R

dX(s)
ds

then —tx(t) e R'=R (3.21)

H. Integration in the Time Domain:

If
x(t) = X(s) ROC =R
then f, x(r)drH%X(s) R' = RN {Re(s) > 0) (3.22)

Equation (3.22) shows that the Laplace transform operation corresponding to time-domain
integration is multiplication by 1/s, and this is expected since integration is the inverse
operation of differentiation. The form of R’ follows from the possible introduction of an
additional pole at s = 0 by the multiplication by 1 /s.

I. Convolution:

If
x(t) e X\(s) ROC =R,
x,(t) e X5(s) ROC =R,
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Table 3-2 Properties of the Laplace Transform

Property Signal Transform ROC
x(1) X(s) R
xl(t) XI(S) Rl
xz(t) XZ(S) R2
Linearity a,x,(t)+a,x,(1) a, X ,(s)+a,X,(s) R'DR,NR,
Time shifting x(t—1ty) e s X(s) R'=R
Shifting in s e x(t) X(s —sy) R’ =R + Re(sy)
1
Time scaling x(at) mX(s) R =aR
Time reversal x(=1) X(-s) R'=—-R
dx(t)
Differentiation in ¢ o sX(s) R DR
dX(s)
Differentiation in s —tx(t) T R' =R
1
Integration fl x(r)dr ;X(s) R DR N {Re(s) > 0)
Convolution x ()% x,(1) X () X,(s) R'DR,NR,
then x,(1)* x,(t) = X,(s) X,(s) R'DR,NR, (3.23)

This convolution property plays a central role in the analysis and design of continuous-time

LTI systems.
Table 3-2 summarizes the properties of the Laplace transform presented in this

section.

3.5 THE INVERSE LAPLACE TRANSFORM

Inversion of the Laplace transform to find the signal x(¢) from its Laplace transform
X(s) is called the inverse Laplace transform, symbolically denoted as

x(t)=Z"X(s)} (3.24)

A. Inversion Formula:

There is a procedure that is applicable to all classes of transform functions that
involves the evaluation of a line integral in complex s-plane; that is,

1 C +joo
x(t)=— X(s)e* ds 3.25
=5 [ X) (3.29)
In this integral, the real ¢ is to be selected such that if the ROC of X(s) is o, < Re(s) <a,,
then o, <c¢ <o,. The evaluation of this inverse Laplace transform integral requires an
understanding of complex variable theory.
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B. Use of Tables of Laplace Transform Pairs:
In the second method for the inversion of X(s), we attempt to express X(s) as a sum
X(s)=X(s)+ - +X,(s5) (3.26)

where X(s),..., X, (s) are functions with known inverse transforms x,(¢),..., x,(¢). From
the linearity property (3.15) it follows that

x(t)=x,(t)+ - +x,(t) (3.27)

C. Partial-Fraction Expansion:

If X(s) is a rational function, that is, of the form
NGs) _ (s=2) o (s =2m)
D(s) ~ (s—py) - (s—p,)

a simple technique based on partial-fraction expansion can be used for the inversion of
X(s).

X(s)=

(3.28)

(a) When X(s) is a proper rational function, that is, when m <n:
1. Simple Pole Case:
If all poles of X(s), that is, all zeros of D(s), are simple (or distinct), then X(s) can be

written as

¢ n
X(s)=———+ " +— (3.29)
S —py s —D,

where coefficients ¢, are given by

cx = (s =Pi)X(5)s=p, (3.30)
2. Multiple Pole Case:

If D(s) has multiple roots, that is, if it contains factors of the form (s — p,)", we say that
p; is the multiple pole of X(s) with multiplicity r. Then the expansion of X(s) will consist of
terms of the form

A A, A,
+ s+ —— (3.31)
S —D; (s—p,-) (S—‘p,»)
|
where Ay = e k[ (s—p) X(s )] =p, (3.32)
(b) When X(s) is an improper rational function, that is, when m > n:
If m > n, by long division we can write X(s) in the form
¥ N(s) R(s) 333
= = + i
()= s =20+ B (3.33)

where N(s) and D(s) are the numerator and denominator polynomials in s, respectively,
of X(s), the quotient Q(s) is a polynomial in s with degree m — n, and the remainder R(s)
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is a polynomial in s with degree strictly less than n. The inverse Laplace transform of X(s)
can then be computed by determining the inverse Laplace transform of Q(s) and the
inverse Laplace transform of R(s)/D(s). Since R(s)/D(s) is proper, the inverse Laplace
transform of R(s)/D(s) can be computed by first expanding into partial fractions as given
above. The inverse Laplace transform of Q(s) can be computed by using the transform
pair

d*s(t)
dt*

st k=1,2,3,... (3.34)

3.6 THE SYSTEM FUNCTION
A. The System Function:

In Sec. 2.2 we showed that the output y(¢) of a continuous-time LTI system equals the
convolution of the input x(¢) with the impulse response 4(t); that is,

y(1) =x(1)* h(r) (3.35)
Applying the convolution property (3.23), we obtain
Y(s)=X(s)H(s) (3.36)

where Y(s), X(s), and H(s) are the Laplace transforms of y(¢), x(t), and A(t), respec-
tively. Equation (3.36) can be expressed as

Y(s)
- X(s)
The Laplace transform H(s) of h(t) is referred to as the system function (or the transfer
function) of the system. By Eq. (3.37), the system function H(s) can also be defined as the
ratio of the Laplace transforms of the output y(¢) and the input x(¢). The system function

H(s) completely characterizes the system because the impulse response A(r) completely
characterizes the system. Figure 3-7 illustrates the relationship of Egs. (3.35) and (3.36).

H(s) (3.37)

B. Characterization of LTI Systems:

Many properties of continuous-time LTI systems can be closely associated with the
characteristics of H(s) in the s-plane and in particular with the pole locations and the
ROC.

x(1) y(1)=x(t) » h(1)
X(s) Y(s)=X(s)H(s)
H(s) |

Fig. 3-7 Impulse response and system function.
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1. Causality:

For a causal continuous-time LTI system, we have
h(t)=0 t<0

Since h(t) is a right-sided signal, the corresponding requirement on H(s) is that the ROC
of H(s) must be of the form

Re(s) >

anlax

That is, the ROC is the region in the s-plane to the right of all of the system poles.
Similarly, if the system is anticausal, then

h(t)=0 t>0
and A(t) is left-sided. Thus, the ROC of H(s) must be of the form
Re(s) <o,
That is, the ROC is the region in the s-plane to the left of all of the system poles.

2. Stability:

In Sec. 2.3 we stated that a continuous-time LTI system is BIBO stable if and only if
[Eq. (2.2D)]

f'm |h(t)|dt <o

The corresponding requirement on H(s) is that the ROC of H(s) contains the jw-axis
(that is, s = jw) (Prob. 3.26).

3. Causal and Stable Systems:

If the system is both causal and stable, then all the poles of H(s) must lie in the left
half of the s-plane; that is, they all have negative real parts because the ROC is of the
form Re(s) > o,,,, and since the jw axis is included in the ROC, we must have o, ,, <0.

C. System Function for LTI Systems Described by Linear Constant-Coefficient Differential
Equations:

[n Sec. 2.5 we considered a continuous-time LTI system for which input x(¢) and
output y(¢) satisfy the general linear constant-coefficient differential equation of the form

X’::O d"y(t) M d"x(t)

= ) b, (3.38)

k=0
Applying the Laplace transform and using the differentiation property (3.20) of the
Laplace transform, we obtain

EakskY(s Ebk kX(S)

=0
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N M
or Y(s) ¥ aps*=X(s) ) bys* (3.39)
k=0 k=0
Thus,

o k
Y(s) ) Y bys

=Xm_.§%“ (3.40)
k=0

Hence, H(s) is always rational. Note that the ROC of H(s) is not specified by Eq. (3.40)
but must be inferred with additional requirements on the system such as the causality or
the stability.

H(s)

D. Systems Interconnection:

For two LTI systems [with 4 (¢) and h,(¢), respectively] in cascade [Fig. 3-8(a)], the
overall impulse response h(t) is given by [Eq. (2.81), Prob. 2.14]

h(t) =hy(1)* hy(t)
Thus, the corresponding system functions are related by the product
H(s)=H,(s)H,(s) (3.41)

This relationship is illustrated in Fig. 3-8(b).
Similarly, the impulse response of a parallel combination of two LTI systems
[Fig. 3-9(a)] is given by (Prob. 2.53)

h(t) =h(t) +h,(¢)
Thus,
H(s)=H,(s) + H,(s) (3.42)
This relationship is illustrated in Fig. 3-9(b).

x(1) 1) x(t) ()
() [— hy) 3 > W

h(t)=h (1) * hy(1)
(@)

X(s) Y(s) X(s) ¥(s)
Hys) Hys) —[re——— o >  H)

H(s)=H (s)H(s)
®)

Fig. 3-8 Two systems in cascade. (a) Time-domain representation; (b) s-domain representation.
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—’J h (1)

x(1) y( x(1) y(n
N ) h(t)=h, (D) +hy1)
(a)
4 Hl(s)
X(s) Y(s) X(s) Y(s)
— —————- = ]-[(_y) p——-
L—’— Hys) H(s)=H,(s)+H,(s)
)

Fig. 3-9 Two systems in parallel. (a) Time-domain representation; (b) s-domain representation.

3.7 THE UNILATERAL LAPLACE TRANSFORM
A. Definitions:

The unilateral (or one-sided) Laplace transform X,(s) of a signal x(¢) is defined as
[Eq. (3.5)]

oc

X(s)= [ x(1)e *ds (3.43)

The lower limit of integration is chosen to be 0~ (rather than 0 or 0%) to permit x(¢) to
include 8(¢) or its derivatives. Thus, we note immediately that the integration from 0~ to
0" is zero except when there is an impulse function or its derivative at the origin. The
unilateral Laplace transform ignores x(¢) for ¢ < 0. Since x(¢) in Eq. (3.43) is a right-sided
signal, the ROC of X,(s) is always of the form Re(s) > o,,,, that is, a right half-plane in
the s-plane.

ax?

B. Basic Properties:

Most of the properties of the unilateral Laplace transform are the same as for the
bilateral transform. The unilateral Laplace transform is useful for calculating the response
of a causal system to a causal input when the system is described by a linear constant-
coefficient differential equation with nonzero initial conditions. The basic properties of the
unilateral Laplace transform that are useful in this application are the time-differentiation
and time-integration properties which are different from those of the bilateral transform.
They are presented in the following.
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1. Differentiation in the Time Domain:

dx(t)
o —sX,(s)—x(07) (3.44)
provided that lim, ., x(¢)e*" = 0. Repeated application of this property yields
d*x(1) ,
pEERE X,(s)=sx(07)=x'(07) (3.45)
d"x(t
dtf' ) —s"X,(s)—s""x(07) —s"2x'(07) = -+ =x"TD(07) (3.46)
where x(07) = x(t)
7 S P
2. Integration in the Time Domain:
¢ 1
/ x(r) dr > ~X)(s) (3.47)
0
t 1 1 ,0-
| x(r)dr— —X)(s) + ;[ x(r)dr (3.48)

C. System Function:

Note that with the unilateral Laplace transform, the system function H(s) = Y(s)/X(s)
is defined under the condition that the LTI system is relaxed, that is, all initial conditions
are zero.

D. Transform Circuits:

The solution for signals in an electric circuit can be found without writing integrodif-
ferential equations if the circuit operations and signals are represented with their Laplace
transform equivalents. [In this subsection the Laplace transform means the unilateral
Laplace transform and we drop the subscript I in X,(s).] We refer to a circuit produced
from these equivalents as a transform circuit. In order to use this technique, we require the
Laplace transform models for individual circuit elements. These models are developed in
the following discussion and are shown in Fig. 3-10. Applications of this transform model
technique to electric circuits problems are illustrated in Probs. 3.40 to 3.42.

1. Signal Sources:
v(t) > V(s) i(t) —>1I(s)
where v(¢) and i(¢) are the voltage and current source signals, respectively.
2. Resistance R:

v(t) =Ri(t) <> V(s)=RI(s) (3.49)
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Circuit element Representation
t-Domain s-Domain
Voltage source OT O ?’) OT O _O
v(t) V(s)
Current source G @ {) O @ o
i(n 1(s)
) R Ks) R
Resistance O & AV O O+_’__-_W__O
+ - _
w(1) V(s)
it) L
Inductance O—> 4110 O
+ -
v(1)
1
sC
11
I
I(s)
. Cv(0) O
it) c C
Capacitance O—> 1% O V(s)
+ - 1 v(0)
v(1) 1) C . K _
+ : : -
Vi(s)

Fig. 3-10 Representation of Laplace transform circuit-element models.
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3. Inductance L:

di(t)
u(t)=L—d?—<—>V(s)=sL1(s)—Li(O‘) (3.50)
The second model of the inductance L in Fig. 3-10 is obtained by rewriting Eq. (3.50) as

1 1
1 =— + —i(0~ .
i(t) = 1(s) 1 V(s) ; i(07) (3.51)
4. Capacitance C:

dv(t)

i(t)=C—dt—— — [(s)=sCV(s)—Cv(07) (3.52)

The second model of the capacitance C in Fig. 3-10 is obtained by rewriting Eq. (3.52) as

1 1
U(t)«—-»V(s)=EI(s)+;u(0‘) (3.53)

Solved Problems

LAPLACE TRANSFORM

3.1. Find the Laplace transform of

(a) x(1)= —e “u(-1)
(b) x(t)=e"u(—1)
(a) From Eq. (3.3)

X(s)= —/m e u(—t)e *dt = —foue“”"”dt

— — o

1 0=

—_ e—(:+a)l
s+a

< —
= S+a Re(s) < —a

Thus, we obtain
1
—e "u( -1t _ < - .54
e u( )Hs+a Re(s) a (3.54)
(b) Similarly,
X(s)= fm e’u(—t)e *'dt= fo_e‘(“")’dt

— 00

0-

1

s—a

— e—(s-—a)l

Re(s) <a

—® s—a
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3.2.

3.3.
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Thus, we obtain

e“'u(—t) e—> - P— Re(s) <a (3.55)
A finite-duration signal x(¢) is defined as
x(t){aeo tlsts.tz
=0 otherwise

where 1, and ¢, are finite values. Show that if X(s) converges for at least one value of
s, then the ROC of X(s) is the entire s-plane.

Assume that X(s) converges at s = a,; then by Eq. (3.3)
X(s) < [ Ix(0ye ™ d = ["x(0) e de < oo
— tl
Let Re(s) = o, > 0,,. Then

fx |x(t)e @r*ion|dr = flzlx(t)le“”" dt
0 1

= flzlx(t)|e“’“‘e“"""°)’ dt
h
Since (o, — 0,) > 0, e 217" is a decaying exponential. Then over the interval where x(¢) # 0,

the maximum value of this exponential is e ~¢“1~°0" and we can write

fizlx(t) le" ' dt < e“"l"’”’"frzlx(t)Ie“’"’ dt <o (3.56)
f 1

1 !

Thus, X(s) converges for Re(s) = o, > o,,. By a similar argument, if o, < o, then
flzlx(t)|e“’lr dt < e“”l"’""zflzlx(t)le'””’ dt < (3.57)
I f

and again X(s) converges for Re(s) = o, <o,. Thus, the ROC of X(s) includes the entire
s-plane.

Let
e ¥ O<t<T
) = <t<
*(1) {0 otherwise
Find the Laplace transform of x(¢).
By Eq. (3.3)

f’e atg=st gy — /Te—(s+a)l dt
0 0

If

X(s)

_ |
s+ a

- ! [1 —e 97 (3.58)
o Sta

—(s 4
e s+a)

Since x(t) is a finite-duration signal, the ROC of X(s) is the entire s-plane. Note that from Eq.
(3.58) it appears that X(s) does not converge at s = —a. But this is not the case. Setting
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34.

3.5.

s = —a in the integral in Eq. (3.58), we have

X(-a)= [OTe—<“+“>' dt = fOsz =T

The same result can be obtained by applying L’'Hospital’s rule to Eq. (3.58).

Show that if x(¢) is a right-sided signal and X(s) converges for some value of s, then
the ROC of X(s) is of the form

where o_.. equals the maximum real part of any of the poles of X(s).

max

Consider a right-sided signal x(¢) so that
x(t)=0 1<t

and X(s) converges for Re(s) = o,. Then

SO RS -
= /w]x(f)le_""‘ dt < o

Let Re(s) = o, > a,. Then

* @K
f |x(l)|e“v11dt=f Ix(t)|e—a(,:e—(al_gu), di
1 A

< e“"l“’""lfmlx(r)le"’ﬂ’ dt <o

0

Thus, X(s) converges for Re(s) = o, and the ROC of X(s) is of the form Re(s) > a,. Since the
ROC of X(s) cannot include any poles of X(s), we conclude that it is of the form

Re(s) > 0.

where o,,,, equals the maximum real part of any of the poles of X(s).

Find the Laplace transform X(s) and sketch the pole-zero plot with the ROC for the
following signals x(¢):

(a) x(t)=e " 2ult) +e > u(t)

(b) x(t)=e *ult) +e?u(—1t)

(c) x(t)=e*u(t) +e > u(—t)

(a) From Table 3-1

e“z‘u(t)Hﬁ Re(s) > -2 (3.59)
e Mu(t) — L Re(s) > -3 (3.60)

s+3
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(b)

(c)
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Jjw jo

\\§
N

(@) (b)
Fig. 3-11

We see that the ROCs in Eqgs. (3.59) and (3.60) overlap, and thus,
1 1 2s+3)
+ -
s+2 s+3 (s+2)(s+3)

X(s) = Re(s) > —2 (3.61)

From Eq. (3.67) we see that X(s) has one zero at s = — 3 and two poles at s = —2 and
s = —3 and that the ROC is Re(s) > —2, as sketched in Fig. 3-11(a).

From Table 3-1

1
Myt — > — .
e "u( )Hs+3 Re(s) 3 (3.62)
1
e*u(—t) i Re(s) <2 (3.63)
5 —
We see that the ROCs in Eqgs. (3.62) and (3.63) overlap, and thus,
-5

X(s) =

s+3—s—2=(s—2)(5+3) —3 <Re(s) <2 (3.64)

From Eq. (3.64) we see that X(s) has no zeros and two poles at s =2 and s = —3 and
that the ROC is —3 < Re(s) < 2, as sketched in Fig. 3-11(b).

From Table 3-1

eXu(t) e % Re(s) > 2 (3.65)
e"’u(-t)H—;%E Re(s) < -3 (3.66)

We see that the ROCs in Egs. (3.65) and (3.66) do not overlap and that there is no
common ROC; thus, x(¢) has no transform X(s).
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3.6. Let
x(t)=e
Find X(s) and sketch the zero-pole plot and the ROC for a > 0 and a <0.

The signal x(¢) is sketched in Figs. 3-12(a) and (b) for both a > 0 and a < 0. Since x() is
a two-sided signal, we can express it as

x(ty=e “u(t)y+e”u(—t) (3.67)

Note that x(¢) is continuous at ¢t =0 and x(0~) =x(0) =x(0*) = 1. From Table 3-1

1
Tyt — R > — .68
e u()<—>s+a e(s) a (3.68)
eu(—t) — - Re(s) <a (3.69)
-a
x(f)y=e-alt x(t)=e-alt
a>0 a<0
0 . 0 ;
(@) (b)
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If a > 0, we see that the ROCs in Eqs. (3.68) and (3.69) overlap, and thus,

[CHAP. 3

¥ 1 1 -2a R 3

= - = —a< < :
(s) s+a s—a s’-a’ a e(s) <a (3.70)
From Eq. (3.70) we see that X(s) has no zeros and two poles at s =g and s = —a and that the

ROC is —a < Re(s) < a, as sketched in Fig. 3-12(c). If a <0, we see that the ROCs in Egs.
(3.68) and (3.69) do not overlap and that there is no common ROC; thus, x(¢) has no

transform X(s).

PROPERTIES OF THE LAPLACE TRANSFORM

3.7.

3.8.

Verify the time-shifting property (3.16), that is,
x(t—ty) e X(s) R' =R
By definition (3.3)

Ax(t 1)) = [ x(t—19)e " dr
By the change of variables =t —t, we obtain

x(t—1y)) = fm x(r)e st dr

= e‘”"f x(t)eTdr = e *"0X(s)

with the same ROC as for X(s) itself. Hence,
x(t—1t,) > e X(s) R =R

where R and R’ are the ROCs before and after the time-shift operation.

Verify the time-scaling property (3.18), that is,

1 s
x(at)«—»——X(—) R' =aR
la| a

By definition (3.3)

Alx(at)) =fwwx(at)e"’dt

By the change of variables 7 = at with a > 0, we have

A{x(ar)) =%/°° x('r)e"“/‘”’d'r=lX(i) R =aR

- a a

Note that because of the scaling s/a in the transform, the ROC of X(s/a) is aR. With a <0,

we have

1 -
A{x(at)} = —[ x(1)e /D" ds

a

1 = 1 S
= - —[ x(r)e /N dr = ——x(—) R =
a’_» a

a
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Thus, combining the two results for a > 0 and a < 0, we can write these relationships as

1 s
x(at)«—»-—X(—) R'=aR
la| a

3.9. Find the Laplace transform and the associated ROC for each of the following signals:

(a)
(b)
(¢)

(d)

(e)
(a)

(b)

(c)

(d)

(e)

x(1) =8(t — 1)
x(8) =u(t —t,)
x(t) =e 2[u(t) —u(t —5)]

x(t)= Y &(t—kT)
k=0
x(t) = 8(at +b), a, b real constants

Using Egs. (3.13) and (3.16), we obtain
8(t — 1) > e~ all s (3.71)

Using Eqgs. (3.14) and (3.16), we obtain

—stg

u(t —ty) — Re(s) >0 (3.72)

Rewriting x(¢) as
x(t)y=e [u(t) —u(t=5)] =e u(t) —e >u(t-5)
=e 2u(t) —e eIyt -5)
Then, from Table 3-1 and using Eq. (3.16), we obtain
1

1 1
X = — W05 1 —e=56+2 S —
()= gz e e =55l ) Re(s) > —2

Using Egs. (3.71) and (1.99), we obtain

X(S) _ i e~ kT = f: (e,_(r)k - 1_57_ RC(S) >0 (3.73)
k=0 k=0 1-e
Let
f(t) =8(at)
Then from Egs. (3.13) and (3.18) we have
1
£(1) =8(at) = F(s) = all s (3.74)
b b
Now x(t)=6(at+b)=5[a(t+;) =f(t+;)

Using Egs. (3.16) and (3.74), we obtain

1
X(s) =e-"’/“F(s) = _l__lef”/“ all s (3.75)
a
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Verify the time differentiation property (3.20), that is,
dx(r)
dt

«s5X(s) R'DR
From Eq. (3.24) the inverse Laplace transform is given by
1 Cc+ e
x(t) = — X(s)e' ds 3.76
()= 5= X() (3.76)
Differentiating both sides of the above expression with respect to ¢, we obtain

de(t) 1 peip ;
- —mfc_jmsX(s)e ds (3.77)

Comparing Eq. (3.77) with Eq. (3.76), we conclude that dx(t)/dt is the inverse Laplace
transform of sX(s). Thus,

(1) X R' DR

Note that the associated ROC is unchanged unless a pole-zero cancellation exists at s = 0.

Verify the differentiation in s property (3.21), that is,

dX(s) R R
—tx(t) e -
x(1) o

From definition (3.3)

X(s) =f:x(t)e_"dt

Differentiating both sides of the above expression with respect to s, we have

dX(s) ® —st = —st
— =f_m(—r)x(t)e dt=/_m[—tx(t)]e dt
Thus, we conclude that
dx(s) R R
—tx(t) = =
Verify the integration property (3.22), that is,
1
[ x(r) d7 > —X(s) R'=R 0 {Re(s) > 0)
Let
(1) = [ x(r)dr = F(s)
df(t
Then x(t) = AS,

dt
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Applying the differentiation property (3.20), we obtain
X(s) =sF(s)
Thus,
F(s)=§X(s) R’ = RN {Re(s) > 0}
The form of the ROC R’ follows from the possible introduction of an additional pole at s =0

by the multiplying by 1/s.

3.13. Using the various Laplace transform properties, derive the Laplace transforms of the
following signals from the Laplace transform of wu(t).

(a) &(1) (b) &'(1)
(¢) tu(t) (d) e “ulr)
(e) te u(t) (f) cos wyru(t)

(g) e *cos wytult)
(a) From Eq. (3.74) we have

1
u(t)<—+; for Re(s) >0
From Eq. (1.30) we have
du(t)
8(t) =
(1) ar
Thus, using the time-differentiation property (3.20), we obtain
1
6(t)<——>s-s—=l all s
(b) Again applying the time-differentiation property (3.20) to the result from part (a), we
obtain
8'(t) e>s all s (3.78)
(¢) Using the differentiation in s property (3.21), we obtain
4! : R 0 3.79
tu(t -—|-]== > .
un—-2(5)-m R (3.79)
(d) Using the shifting in the s-domain property (3.17), we have
1
Myt — R > —
e (t) e Tra e(s) a

(e) From the result from part (¢) and using the differentiation in s property (3.27), we obtain

-3

- Re(s) > —a (3.80)

(f) From Euler’s formula we can write

cos wptu(r) = 1(e’0" + e 70Nu(t) = Le/“u(t) + Le 1“0'u(r)
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Using the linearity property (3.15) and the shifting in the s-domain property (3.17), we
obtain

1 1 1 s
tu(t b~ + = = R > .
cos wytu(t) e 25 jwy 255wy v v el e(s)>0 (3.81)

(g) Applying the shifting in the s-domain property (3.17) to the result from part (f), we

obtain
ot st+a
e~ cos wytu(t) e m Re(s) > —a (3.82)
Verify the convolution property (3.23), that is,
xy(1)* x5(1) = X, (5) Xo(5) R'SR,NR,

y(1) =xy(t)xxy() = [ x(r) st —7) dr

Then, by definition (3.3)

Y(s) = f:[[:x,(f)xz(f—T)dr]e-“dz

=/:Oxl(f)[/jmxz(t-—‘r)e_"dt]d‘r

Noting that the bracketed term in the last expression is the Laplace transform of the shifted
signal x,(t — 1), by Eq. (3.16) we have

Y(s) = /:x(r)e-"xz(s)df

= [/_“’mx(f)e—vdr]xz(s) = X,(5) X,(5)

with an ROC that contains the intersection of the ROC of X(s) and X,(s). If a zero of one
transform cancels a pole of the other, the ROC of Y(s) may be larger. Thus, we conclude that

xi(1)* xy(1) =X (5) Xa(5) R'SR,NR,

Using the convolution property (3.23), verify Eq. (3.22), that is,

f' x(f)dﬂ—»;X(s) R’ =R {Re(s)> 0}

— Co

We can write (Eq. (2.60), Prob. 2.2]

[ x(rydr=x(e)xu(2) (3.83)

From Eq. (3.14)

u(t)«—»; Re(s) >0
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and thus, from the convolution property (3.23) we obtain
1
x(1)#u(1) e ~X(s)
s

with the ROC that includes the intersection of the ROC of X(s) and the ROC of the Laplace
transform of u(¢). Thus,

f‘ x(f)dTH%X(s) R' =R {Re(s) > 0}

INVERSE LAPLACE TRANSFORM

3.16. Find the inverse Laplace transform of the following X(s):

1
(a) X(s)=——, Re(s)> —1
s+1

1
(b) X(s)=——, Re(s) < -1
s+1

(¢) X(s)= -Ts—, Re(s) >0
s°+4
+1
(s+1)+4

(a) From Table 3-1 we obtain

(d) X(s)= , Re(s) > —1

x(t)=e "u(t)
(b) From Table 3-1 we obtain
x(t)y=—e'u(—1)

(¢) From Table 3-1 we obtain

x(t)=cos2tu(t)

(d) From Table 3-1 we obtain

s(t)y=e""cos2tu(t)

3.17. Find the inverse Laplace transform of the following X(s):
+4

s?+4s+3°
+4

s?+4s+3’

25+ 4

X = - — < —
(c) X(s) Tias 13 2 Re(s) < ~1

(a) X(s)= Re(s) > —1

(b) X(s)= Re(s) < =3
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Expanding by partial fractions, we have

25+ 4 s+2 c (o
S a3 CGANG+3) s+1t533
Using Eq. (3.30), we obtain

s+2
= (s+ DX =25 | =1
s+2
c;=(s+ 3)X(S)|s=—3=2s—+—1 T 1
Hence,
1 1
X(s) = s+1 * s+3
(a) The ROC of X(s)is Re(s)> —1. Thus, x(¢) is a right-sided signal and from Table 3-1 we
obtain

x(t)=e u(t) +e > u(t) =(e ' +e3u(t)
(b) The ROC of X(s)is Re(s) < —3. Thus, x(¢) is a left-sided signal and from Table 3-1 we
obtain
x(t)=—eu(—t)—eYu(—t)=—(e " +e u(-1)
(¢) The ROC of X(s)is —3 <Re(s) < —1. Thus, x(¢) is a double-sided signal and from
Table 3-1 we obtain

x(t)=—e 'u(—t) +e du(t)

3.18. Find the inverse Laplace transform of
55+ 13

X(s)= s(s*+4s+ 13)

Re(s) >0

We can write

s244s+13=(s+2) " +9=(s+2—j3)(s+2+j3)

Then
Ss+ 13 S5s+13
X(s) = 5 = - :
s(s*+4s+13) s(s+2—j3)(s+2+j3)
c c, c
-5 s—(=2+3) +s—(—;-j3)
where
Ss+13
C‘=SX(S)|‘=°=m,=O=1
] Ss+13 1 _
C2=(S+2—]3)X(s)ls=—2+j3=m _1‘=A-2+j3= —5(1 + j)
_ 55+ 13 1 ,
C3=(s+2+]3)X(s)‘5=_2“,-3=m—) ,=_2_/'3= —5(1 )
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Thus,

11 . 1 1 . 1
O O T T T
The ROC of X(s) is Re(s) > 0. Thus, x(¢) is a right-sided signal and from Table 3-1 we obtain
x(1) = u() = 51 + eV u(y = 41 = e u(n)
Inserting the identity
e TN = g U 253 = o =21 (005 3t + jsin3t)
into the above expression, after simple computations we obtain
x(t) =u(t) —e ?(cos3t —sin3t)u(t)
= [1 - e~ (cos 3t — sin3¢) ] u(1)
Alternate Solution:
We can write X(s) as
5s+13 ¢ 38+ ¢4
X = v+ 5 it 3
As before, by Eq. (3.30) we obtain
Ss+13
¢, =sX(8)=0= ey My 1
Then we have
€35+ ¢4 Ss+13 1 -s+1

s+4s+ 13 s(s2+4s+13) s s +4s+13

Thus,
1 s—1 1 s+2-3
X =" TG+ 5  Graeo
1 s+2 3

2 2+ 2 2
s (s+2)+3 (s+2)" +3

Then from Table 3-1 we obtain
x(t) =u(t) —e ' cos3tu(t) +e ' sin3tu(t)
=1 —e'z’(cos3t—sin3t)]u(t)

3.19. Find the inverse Laplace transform of

X(s) s2+2s+5 Re(s) ;
§)= —m e(s)> —
(s +3)(s+5)
We see that X(s) has one simple pole at s = —3 and one multiple pole at s = —5 with
multiplicity 2. Then by Egs. (3.29) and (3.37) we have
9 Ay A,
X(s) = + + (3.84)

s+3 s+5  (5+5)°
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By Egs. (3.30) and (3.32) we have

s2+2s+5
(= (s+NXO)o = ——s| =2
(s+5)" |- 5
X . 5YX ()| s24+25+5
2= (s +5) Ao s =g | =10
X d[ iy H d|s’+25+5
=2 (s + 5)*X(s A
| 75 (s ) (s) s=-5 ds s+3 s= -5
s+ 65+ 1
- --!
(5+3) s=-5
Hence,
(s)_s+3_s+5—(s+5)2

The ROC of X(s) is Re(s) > —3. Thus, x(¢) is a right-sided signal and from Table 3-1 we
obtain
x(t) =2e Mu(t) —e u(t) — 10te >u(t)
=[2e Y —e %" — 10te " Ju(t)
Note that there is a simpler way of finding A, without resorting to differentiation. This is

shown as follows: First find ¢, and A, according to the regular procedure. Then substituting the
values of ¢, and A, into Eq. (3.84), we obtain

s+ 25+5 2 A, 10

= + —_—
(s+3)(s+5)° s+3 s+5 (5+5)°

Setting s = 0 on both sides of the above expression, we have
5 2 A 10

75 3 5 25

from which we obtain A, = — 1.

3.20. Find the inverse Laplace transform of the following X(s):

2s + 1
(a) X(s)= , Re(s)> =2
s+2
) X6 =87 Reer> 1
[ — > —
YV s+ 0
s+ 257246
(¢) X(s)= —5———, Re(s) >0
s+ 3s
W g B 206523 3
A XS == T
Since the ROC of X(s)is Re(s)> —2, x(r) is a right-sided signal and from Table 3-1 we
obtain

x(1)=28(t) —3e *u(t)
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(b) Performing long division, we have

Xy = SEEHT g, 3¥S oy, HrS
5?4 35+ 2 st + 35+ 2 c+De+2
Let
3s+5 €y ©2
Xl(s)=(s+])(s+2) Ts+1 +S+2
where
3s+5
a=(s+DX(8),._,= s+2 ’s=~l=2
3s+5
c;=(s+2)X,(5)],-_,= s+1 s=_2=]
Hence,
2 1
X(s)=l+_sT_1_+s+2

The ROC of X(s) is Re(s) > —1. Thus, x(t) is a right-sided signal and from Table 3-1
we obtain

x(t)=8(t)+ (2e "+e *")u(t)

(¢) Proceeding similarly, we obtain

s34+ 25246 3s+6
A(s) = 2435 s(s+3)
Let
3s+6 ¢, c,
Xi(s) = s(s+3) T s T s+3
where
3s+6
¢ =5Xy(8)],-0= s+ 3 s=0=2
3s+6
c;=(s+3)X(s)];-_3= =1
5 ls=-3
Hence,
2 1
X(s)=s—l+;+ T3

The ROC of X(s) is Re(s) > 0. Thus, x(¢) is a right-sided signal and from Table 3-1 and
Eq. (3.78) we obtain

x(£)=8(t) =8(t) + (2+e 3)u(t)

Note that all X(s) in this problem are improper fractions and that x(¢) contains 8(t) or
its derivatives.



142 LAPLACE TRANSFORM AND CONTINUOUS-TIME LTI SYSTEMS  [CHAP. 3

3.21. Find the inverse Laplace transform of

2+ 2se 2 +4e %
st+4s+3

X(s)= Re(s) > —1

We see that X(s) is a sum
X(s)=X,(s)+X,5(s)e >+ X;(s)e™*

where

X\(s)=

Xy(s) = X;(s) =

s2+4s5+3 s2+4s+3 s2+4s5+3
If
x,(t) > X(s) x,(1) = X5(s) x3(1) e X;5(s)

then by the linearity property (3.15) and the time-shifting property (3./6) we obtain

x(t) =x(t) +x,(t —2) +x5(t - 4) (3.85)
Next, using partial-fraction expansions and from Table 3-1, we obtain
1 1
X — — = -t _ ,—3
() =7~ g () = (e — e u(r)
X -1 3 -t -3t
2(8) = 7+ g a0 = (—e 7 4+ 3e ()
X 2 -t -3
() = g = g () =2(e T —e ()

Thus, by Eq. (3.85) we have
x(t)y=(e "' —eu(t) +[—-e "2+ 3e X Du(r-2)

+2[e Y — e DYy (1 - 4)
3.22. Using the differentiation in s property (3.21), find the inverse Laplace transform of

X(s)=—— Re(s) > —a

We have
d

ds

1 ) 1
st+a —(s+a)2

and from Eq. (3.9) we have

e u(t) «— Re(s) > ~a

s+a

Thus, using the differentiation in s property (3.21), we obtain

x(t)y=te "u(t)
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SYSTEM FUNCTION

3.23. Find the system function H(s) and the impulse response h(¢) of the RC circuit in Fig.
1-32 (Prob. 1.32).

(a) Let
x(1) =v,(1) y(t) =v(1)
In this case, the RC circuit is described by [Eq. (1.105)]

d 1 1
yd(t’) + =2y (1) = o3 (0)

Taking the Laplace transform of the above equation, we obtain
1

1
sY(s) + R;Y(S) = EX(S)

1 1
or (s+ EE)Y(S)_EEX(S)

Hence, by Eq. (3.37) the system function H(s) is

Y(s) 1/RC 1 1
X(s) s+1/RC RC s+1/RC

Since the system is causal, taking the inverse Laplace transform of H(s), the impulse
response h(t) is

h(t)=£"YH(s)}= R—lce"/RCu(t)

(b) Let
x(t)=v,(1) y(t) =i(t)
In this case, the RC circuit is described by [Eq. (1.107)]

dy(1) 1 ()
dt +R_Cy(t)_E dt

Taking the Laplace transform of the above equation, we have

1 1
sY(s) + EY(S) = EsX(s)

1 1
+ — = —sX
or (s RC)Y(s) R (s)
Hence, the system function H(s) is
Y(s) s/R 1 s

H(s) = X(s) s+1/RC Rs+1/RC
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In this case, the system function H(s) is an improper fraction and can be rewritten as

B 1s+1/RC-1/RC 1 1 1
()= R~5Fi/Rc "R RICs+1/RC

Since the system is causal, taking the inverse Laplace transform of H(s), the impulse
response A(t) is

1 1
h(t) =./"{H(s)} = —ﬁa(t) - Fc—e_l/RCu(t)

Note that we obtained different system functions depending on the different sets of input
and output.

3.24. Using the Laplace transform, redo Prob. 2.5.

From Prob. 2.5 we have
h(t) =e *u(t) x(t) =e*u(—t) a>0

Using Table 3-1, we have

Hs)= ——  Re(s)> a
X(S)="s—_1(; Re(s) <a
Thus,
1
Y(s)=X(s)H(s) = - GraG-a)  soa —a < Re(s) <a

and from Table 3-1 (or Prob. 3.6) the output is
! Itl
ty=—e™©
y(1) 2ae

which is the same as Eq. (2.67).

3.25. The output y(¢) of a continuous-time LTI system is found to be 2e > u(¢t) when the
input x(¢)is u(t).
(a) Find the impulse response h(t) of the system.
(b) Find the output y(¢) when the input x(¢) is e ‘u(t).

(a) x()=u(r), y(¢) =2e 3 u(t)
Taking the Laplace transforms of x(¢) and y(¢), we obtain
1
X(s)=— Re(s) >0
s
2
Y(s)=——= Re(s) > -3

s+3
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Hence, the system function H(s) is

Y(s) 2s
H(S)=m=s+3 Re(s)>—3

Rewriting H(s) as

2s 2(s+3)-6 5 6 R 3
= = — > —
s+3 s+3 s+3 e(s)

H(s)=

and taking the inverse Laplace transform of H(s), we have
h(t) =28(t) —6e Mu(t)

Note that h(t) is equal to the derivative of 2e~ *u(r) which is the step response s(t) of
the system [see Eq. (2.13)].

|
(b) x()=e 'u(t) e> —— Re(s)> ~1
s+1
Thus,
2s
Y(s)=X(s)H(s) = —————— Re(s) > -1

(s+1)(s+3)

Using partial-fraction expansions, we get

1 3
+
s+ 1 s+3

Y(s)= -

Taking the inverse Laplace transform of Y(s), we obtain

y(1)=(—e "+ 3e *")u(t)

3.26. If a continuous-time LTI system is BIBO stable, then show that the ROC of its system
function H(s) must contain the imaginary axis, that is, s = jw.

A continuous-time LTI system is BIBO stable if and only if its impulse response A(¢) is
absolutely integrable, that is [Eq. (2.21)],

" (o) di <o
By Eq. (3.3)
H(s) = [~ h(1)e™ di

Let s =jw. Then

< ["lh(eye ! di= [ [h()|dr <<

|H(jo)] =‘[:h(z)e*iw'dz

Therefore, we see that if the system is stable, then H(s) converges for s =jw. That is, for a
stable continuous-time LTI system, the ROC of H(s) must contain the imaginary axis s = jw.
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3.27. Using the Laplace transfer, redo Prob. 2.14.
(a) Using Egs. (3.36) and (3.41), we have
Y(s) =X(s)H(s)Hy(s) =X(s)H(s)

where H(s) = H(s)H,(s) is the system function of the overall system. Now from Table

3-1 we have
M) =e () S H() =5 Re(s)> 2
ha() = 2e7u(0) > Hys) = ——  Re(s)> -1
Hence,
H(s) = H(5) Ho(s) - . Re(s) > -1

(s+1)(s+2) s+1 s+2
Taking the inverse Laplace transfer of H(s), we get
h(t) =2(e "'—e *)u(t)

(b) Since the ROC of H(s), Re(s) > —1, contains the jw-axis, the overall system is stable.

3.28. Using the Laplace transform, redo Prob. 2.23.
The system is described by
dy(1t)
dt
Taking the Laplace transform of the above equation, we obtain

sY(s) +aY(s) =X(s) or (s+a)Y(s)=X(s)

+ay(1) =x(1)

Hence, the system function H(s) is
Y(s) 1

Assuming the system is causal and taking the inverse Laplace transform of H(s), the impulse
response h(t) is

() = e “u(r)
which is the same as Eq. (2.124).

3.29. Using the Laplace transform, redo Prob. 2.25.
The system is described by
y(t) +2y(t)y=x(t) +x'(t)
Taking the Laplace transform of the above equation, we get
sY(s) +2Y(s) = X(s) +sX(s)
or (s+2)Y(s)=(s+1)X(s)
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Hence, the system function H(s) is

Y(s) s+1 s+2-1 1

—X(s)_s+2= s+2 s+2

147

Assuming the system is causal and taking the inverse Laplace transform of H(s), the impulse
response h(t) is

h(t) =8(t) —e Hu(1)

3.30. Consider a continuous-time LTI system for which the input x(¢) and output y(t) are
related by

y'(t) +y'(t) —2y(t) = x(t)

(a) Find the system function H(s).

(b) Determine the impulse response h(t) for each of the following three cases: (i)
the system is causal, (ii) the system is stable, (iii) the system is neither causal nor

(@)

(b)

stable.
Taking the Laplace transform of Eq. (3.86), we have
s2Y(s) +sY(s) — 2Y(s) = X(s)

or (s*+5—=2)Y(s) =X(s)
Hence, the system function H(s) is
Y(s 1 1
H(s) = (s)

X(s) si+s-2 (s+2)(s—1)

Using partial-fraction expansions, we get
1 1 1 1
= —_— + I
(s+2)(s-1) 3s+2 3s5s-1

(3.86)

(i) If the system is causal, then h(t) is causal (that is, a right-sided signal) and the

ROC of H(s) is Re(s)> 1. Then from Table 3-1 we get
h(1) = —3(e ¥ —e')u(r)

(ii) If the system is stable, then the ROC of H(s) must contain the jw-axis. Conse-
quently the ROC of H(s) is —2 < Re(s) < 1. Thus, A(t) is two-sided and from

Table 3-1 we get

h(t) = —se”2u(t) - se'u(—1)

(iii) If the system is neither causal nor stable, then the ROC of H(s) is Re(s) < —2.
Then h(t) is noncausal (that is, a left-sided signal) and from Table 3-1 we get

h(t) =3e 2 u(—t) — te'u(—t)

3.31. The feedback interconnection of two causal subsystems with system functions F(s)
and G(s) is depicted in Fig. 3-13. Find the overall system function H(s) for this

feedback system.
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x(r) e() (0
3 -1 F(s)

(1)

Fig. 3-13 Feedback system.

Let x(t) > X(s) y(t)y = Y(s) r(t) <> R(s) e(t) — E(s)
Then,
' Y(s) =E(s)F(s) (3.87)
R(s) =Y(s)G(s) (3.88)
Since

e(t)=x(t)+r(t)

we have

E(s)=X(s)+R(s) (3.89)
Substituting Eq. (3.88) into Eq. (3.89) and then substituting the result into Eq. (3.87), we
obtain

Y(s) = [X(5) + Y(5)G(s)| F(s)
or [1-F(s)G(s)]Y(s) =F(s)X(s)
Thus, the overall system function is
B Y(s) _ F(s)
CX(s) 1-F(s)G(s)

H(s) (3.90)

UNILATERAL LAPLACE TRANSFORM

3.32. Verify Eqgs. (3.44) and (3.45), that is,

dx(1) .
(a) THSXI(S)—X(O)
d*x(r)
(b) s —s5°X(s) —sx(07) —x"(07)

(@) Using Eq. (3.43) and integrating by parts, we obtain

-/?{dx(t) } =fmdx“)e"’dt

dt o~ dt
=x(t)e ;- +sfmx(t)e_“ dt
o

= —x(07) +sX,(s) Re(s) >0
Thus, we have
dx(t)

o T sKi(s) —x(07)
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(b) Applying the above property to signal x'(¢) = dx(t)/dt, we obtain
d*x(t) d dx(1)

dt?  dt dt
=52X,(s) —sx(07) —x'(07)

—s[sX;(s) —x(07)] —x'(07)

Note that Eq. (3.46) can be obtained by continued application of the above proce-
dure.

3.33. Verify Eqgs. (3.47) and (3.48), that is,
' 1
(a) f x(1)dr — —X,(s)
0~ N

' 1 1 .-
(b) f x(7)dr ;X,(s) + —s—fo x(7)dr

(@) Let s)= [ ‘x(r)dr

dg(t)
dt

Then =x(t) and g0™)=0

Now if
g(1) > Gy(s)
then by Eq. (3.44)
X;(s) =5G,(s) —8(07) =sG,(s)

Thus,

1
G,(s) = ;Xl(s)

0 [ x(r)d “x 5)
— —

r - 7)dr . 1 (

(b) We can write

' x(r)dr= 0>x('r)d‘r+ t_x('r)df
— —® 0

Note that the first term on the right-hand side is a constant. Thus, taking the unilateral
Laplace transform of the above equation and using Eq. (3.47), we get

f’ x(r)dre -l—X,(s) + %f_o;x(f)df

- A

3.34. (a) Show that the bilateral Laplace transform of x(¢) can be computed from two
unilateral Laplace transforms.

(b) Using the result obtained in part (a), find the bilateral Laplace transform of
€_2“|.
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(a) The bilateral Laplace transform of x(¢) defined in Eq. (3.3) can be expressed as

X(s) =f:x(t)e“'dt= fo;x(t)e""’dt+ j:x(t)e"’dt

= fxx( —t)e* dt + fxx(t)e"’ dt
0- 0~

Now [Tx(e)e " di=X,(s) Re(s) > o*
o-
Next, let
Z{x(-1)) =x;(s)=f°°x(—z)e-“dz Re(s) > o~
o-
Then  [Tx(—t)e"di= [ x(—t1)e™ " di=X; (~s) Re(s) <o~
U 0
Thus, substituting Eqs. (3.92) and (3.94) into Eq. (3.91), we obtain
X(s)y=X,(s)+X,(~5s) oc"<Re(s) <o~
(b) x(t) =e 2
(1) x(¢)=e"? for t > 0, which gives
1
-/l{x(f)}=X1(S)='s+—2 Re(s) > -2

2) x(t)=e? for t <0. Then x(—t)=e"* for t > 0, which gives

Alx(~0)) =X (s) = Siz Re(s) > -2
Thus,
Xy (-s)= = - : Re(s) <2
-5 +2 s—2
(3) According to Eq. (3.95), we have
X(8) = K,(5) + X (=5) = 5 ~
4
i —-2<Re(s) <2

which is equal to Eq. (3.70), with a = 2, in Prob. 3.6.

3.35. Show that
(a) x(07)= lim sX,(s)

§ X

(b) lim x(¢) = lim sX,(s)

t—ox s—0

[CHAP. 3

(3.91)

(3.92)

(3.93)

(3.94)

(3.95)

(3.96)

(3.97)
(3.98)

Equation (3.97) is called the initial value theorem, while Eq. (3.98) is called the final

value theorem for the unilateral Laplace transform.
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(a) Using Eq. (3.44), we have
dx(t)
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sX,(s) —x(07) = fo_-‘re-" dt
or dx(t) < dx(t)
= “Stdt + St dt
/0— a ¢ @ fo ar ¢
o dx(t)
_ 0+ ~st
——x(t)]o-+j(;+ ¢ dt
w dx(1)
= +y — - —st
=x(0") x(0)+f0+ e dl
Thus,
= dx(1)
- + AP 1}
sX,(s) =x(0 )+f0’ et
| L edx(r)
and lim sX,(s) =x(0") + lim e’ dt
s s o0t dt
= dx(t)
—_ + : -t —= +
=x(0 )+f0+ - (sll_{xle )dt x(0%)

since lim; e " =0.
(b) Again using Eq. (3.44), we have

wdx(t)

i

lif(\) [sX,(s) —x(07)]

I

i

lim x(
[—>®
Since

we conclude that

F=)

3.36. The unilateral Laplace transform is sometimes defin

sl'fhfo dr

= dx (1)
dt (

o dx (1)

=[o- dt

e dt

lim e’”) dt

s—0
dt =x(1)o-

t) —x(07)

IT})[SX,(S) -x(07)] = ler})[sX,(s)] -x(07)

limx(t) = linz)sX,(s)

ed as

LR} = X7 (5) = [ x(t)e " ds

151

(3.99)

with 0* as the lower limit. (This definition is sometimes referred to as the 0%

definition.)
(a) Show that

/{‘%’3} — X} (5) ~x(0°)

Re(s) >0

(3.100)
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(b) Show that
ZAu(1)} =% (3.101)
Z.{8(¢)} =0 (3.102)

(a) Let x(1) have unilateral Laplace transform X; (s). Using Eq. (3.99) and integrating by
parts, we obtain

e *'dt

dx(t) odx(t)
'/;{ dt }=j;+ dt

=x(t)e™" :++sf®x(t)e"’dt
0+
= ~x(0%) +s5X; (s) Re(s) >0
Thus, we have
dx(t)

o ST (s) —x(07)

(b) By definition (3.99)

ZAu(t)) =/0°°u(z)e-“d:=/°°e-“dr
. -

x

1 1
=—;e ”(V:; Re(s) >0
From Eq. (1.30) we have
du(t)
§(1) = yr (3.103)
Taking the 0* unilateral Laplace transform of Eq. (3./03) and using Eq. (3.100), we

obtain
ZA8(1)} =s% —u(0*)=1-1=0
This is consistent with Eq. (1.21); that is,
Z.{8(1)) =[(:a(:)e-ﬂdt=o

Note that taking the 0 unilateral Laplace transform of Eq. (3.103) and using Eq. (3.44),
we obtain

2 {8(1)} =sé -u(07)=1-0=1

APPLICATION OF UNILATERAL LAPLACE TRANSFORM

3.37. Using the unilateral Laplace transform, redo Prob. 2.20.
The system is described by
y'(t) +ay(t) =x(1) (3.104)
with y(0) =y, and x(¢) = Ke™""u(1).



CHAP. 3] LAPLACE TRANSFORM AND CONTINUOUS-TIME LTI SYSTEMS

3.38.

Assume that y(0) =y(07). Let
y(1) =Y, (s)

Then from Eq. (3.44)

y'(1) = sY;(s) —y(07) =sY;(s) —yo
From Table 3-1 we have

x(t)+—->X,(s)=—K—- Re(s) > ~b
s+b

Taking the unilateral Laplace transform of Eq. (3.104), we obtain

K
[s¥(5) =vo] +a¥,(s) = —

+a)Y,(s) =y, + ——
or (s+a)Y;(s) =y, s+ b
Thus,
Yo K
Y, = +
1(5) sta (s+a)(s+b)

Using partial-fraction expansions, we obtain
Yo K { 1 1 )

Y, = + -
1(5) s+a a-b\s+b s+a

Taking the inverse Laplace transform of Y,(s), we obtain

—— (e —e-'")]u(z)

y(t) = [yoe"”+

which is the same as Eq. (2.107). Noting that y(0*) =y(0) = y(07) =y,, we write y(¢) as

t) = —ar 4 -bt _ ,—at t>0
y(t) =yoe pamy e™")

Solve the second-order linear differential equation
y'(t)+5y'(t) +6y(t) =x(2)

with the initial conditions y(0) =2, y'(0) =1, and x(¢) =¢e ‘u(t).

Assume that y(0) =y(07) and y'(0) =y'(07). Let

y(t) = Y(s)
Then from Egs. (3.44) and (3.45)
Y'(1) <> s¥,(s) =y(07) =s¥,(s) -2
y'(t) e s2Y,(s) —sy(07) =y’ (07) =52Y,(s) = 25 — 1

From Table 3-1 we have

1
x(t) > X,(s) = T

153

(3.105)
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Taking the unilateral Laplace transform of Eq. (3.105), we obtain

or

Thus,

[s2Y,(s) = 25 — 1] + 5[sY,(5) = 2] + 6Y,(s) = L

s+ 1
, 1 252+ 135+ 12
(2 +55+6)Y,(s)=— +2s+11=—— =
s+ 1 s+ 1
252+ 135 + 12 252+ 135 + 12

V) = D (7 55556) ~ GrD (G2 (553)

Using partial-fraction expansions, we obtain

y b 19
= — + - —
(=375 32 2553

Taking the inverse Laplace transform of Y,(s), we have

y(1) = (ze 7"+ 6e % = e u(t)

Notice that y(0*)=2=y(0) and y'(0*) =1 =y'(0); and we can write y(¢) as

y(t)=3e"+6e -3¢ 120

Consider the RC circuit shown in Fig. 3-14(a). The switch is closed at ¢ = 0. Assume
that there is an initial voltage on the capacitor and v (07) = v,,.

(a) Find the current i(¢).
(b) Find the voltage across the capacitor v (t).

R i1 R i1
9{ ANN— ANN——»-

i
+ + +
b ve(t)

€ =5 o C == vl

—]

|<_

(a)

ve(07)=v,
(a) (b)
Fig. 3-14 RC circuit.

With the switching action, the circuit shown in Fig. 3-14(a) can be represented by the
circuit shown in Fig. 3-14(b) with ¢v,(¢) = Vu(t). When the current i(¢) is the output and
the input is ¢,(¢), the differential equation governing the circuit is

. 1 4 .
Ri(t) + Ef () dr=u(1) (3.106)

Taking the unilateral Laplace transform of Eq. (3.706) and using Eq. (3.48), we obtain

1 1 .0 %
~I(s) + ;—fomi(‘r)d‘r} - (3.107)

RI(s) + é
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where I1(s) =4{i(1)}
Now v (1) = Lr i(r)dr
C/
1 .-
and v(07) = Ef_ i(t)dr=uv,
Hence, Eq. (3.107) reduces to
1 vy V
(R+ a)l(s) + iy
Solving for I(s), we obtain
V—u, 1 V—-u, 1

I(s) = -
(=" R+1/G - "R s+i/RC

Taking the inverse Laplace transform of I(s), we get

e—r/RCu(t)

V_
i(t) =
When v(¢) is the output and the input is v(¢), the differential equation governing the
circuit is
dv(t) 1
+
dt RC
Taking the unilateral Laplace transform of Eq. (3.108) and using Eq. (3.44), we obtain

— (1) = —u(t) (3.108)

Ve(s) =0.(07) + p=Ve(s) =

or

Solving for V.(s), we have
1 Vg
RCs(s+1/RC) s+1/RC

V.(s) =

1 1 Vg
s s+1/RC s+1/RC
Taking the inverse Laplace transform of V.(s), we obtain
v(t) =V[1-e "R Nu(t) + vye "RCu(t)
Note that v (0*) = vy = v.(07). Thus, we write v (¢) as

0(1) = V(1= e™/F€) +ue™ A 120

3.40. Using the transform network technique, redo Prob. 3.39.

(a)

Using Fig. 3-10, the transform network corresponding to Fig. 3-14 is constructed as shown
in Fig. 3-15.
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R I(s)
MW

@ | <

+ Cs
®

Fig. 3-15 Transform circuit.

Writing the voltage law for the loop, we get
(R 1 )1 vy, V
+ = +—=—
Cs () s s

Solving for I(s), we have
V—-u 1 V—v 1
I(s) = 0 _ 0
s R+1/Cs R s+ 1/RC

Taking the inverse Laplace transform of /(s), we obtain

Loe"/RCu(t)

i(1) = —
(b) From Fig. 3.15 we have
1 Uy
Vi(s) = 1) + =
Substituting /(s) obtained in part (a) into the above equation, we get
V—u, 1 Vg

V)= e sGriRO) T

1 1 vy
=(V-v))| = - |+
s s+1/RC s

1 1 vy
=V|—- - +
s s+1/RC s+ 1/RC
Taking the inverse Laplace transform of V.(s), we have

v (1) =V(1—e "RYu(t) + vge RCu(1)

[CHAP. 3

3.41. In the circuit in Fig. 3-16(a) the switch is in the closed position for a long time before

it is opened at ¢ = 0. Find the inductor current i(¢) for ¢ > 0.

When the switch is in the closed position for a long time, the capacitor voltage is charged
to 10 V and there is no current flowing in the capacitor. The inductor behaves as a short circuit,

and the inductor current is ¥ =2 A.

Thus, when the switch is open, we have i(07) = 2 and v (07) = 10; the input voltage is 10
V, and therefore it can be represented as 10u(t). Next, using Fig. 3-10, we construct the

transform circuit as shown in Fig. 3-16(b).
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(@) (b)
Fig. 3-16

From Fig. 3-16(b) the loop equation can be written as

11 L+o] 201 10 10
= -1+ + — + —=—
s1(s) () + —I(s)+ — =~
1 20

or (-2-s+2+—s—)1(s)=l
Hence,

1 2s

I(s) = =

1s+2+20/s s+4s+40

2(s+2) -4 (s+2) 2 6

(s+2)°+6> (s+2)°+62 3 (s+2)°+6

Taking the inverse Laplace transform of I(s), we obtain
i(t) =e *(2cos6t — 5sin6t)u(t)

Note that i(0*) =2 =i(07); that is, there is no discontinuity in the inductor current before and
after the switch is opened. Thus, we have

i(t)y =e ?(2cos6r — 3sin6r) >0

3.42. Consider the circuit shown in Fig. 3-17(a). The two switches are closed simultaneously
at t = 0. The voltages on capacitors C, and C, before the switches are closed are 1
and 2 V, respectively.

(a) Find the currents i,(¢) and i,(¢).
(b) Find the voltages across the capacitors at t =0,

(a) From the given initial conditions, we have
ve(07)=1V  and Lef07) =2V

Thus, using Fig. 3-10, we construct a transform circuit as shown in Fig. 3-17(b). From
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1 IL+

R

5V

[CHAP.

“ | w

Dt Dy O

(b)

DI D

I T L
1'+ %r

C,=1F L

(@)
Fig. 3-17

Fig. 3-17(b) the loop equations can be written directly as
( 2 : )1 21 4
+ - —20,(s)=—

| 1(5) ~21(s) = -

~2I(s) + (2+ %)Iz(s) - —%

Solving for I)(s) and I(s) yields

; s+1  s+1+3 | 31
= = = +—
i(5) s+ 3 s+ % 45+ 3
1 1 3
s—1  s+l-2 301
L(s)=—T1=—T =1- 777
s+ 3 s+ 3 45+ 5

Taking the inverse Laplace transforms of /,(s) and I,(s), we get
(1) =8(t) + 3¢ "*u(r)
i(1) =8(t) — ze~"*u(t)

From Fig. 3-17(b) we have

1 1
Ve(s) = ;11(5) s

1 2
Vels) = ~h(s) + =

= veo —+-|
(

Substituting /,(s) and /,(s) obtained in part (a) into the above expressions, we get

1s+1 1

VC‘(S)=;s+1 +;
4

1s—3 2

Ve =SS
4
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Then, using the initial value theorem (3.97), we have

s+ 1
vC‘(0+) = sli?;sVCl(s) = slim T+ 1=14+1=2V

—w S+ 3

1
g1
0cf07) = lim sV (s) = lim 2 $2=1+2=3V

soo S+ g

Note that vc(07)#0.(07) and v (0%)#v-(07). This is due to the existence of a
capacitor loop in the circuit resulting in a sudden change in voltage across the capacitors.
This step change in voltages will result in impulses in i(¢) and i,(¢). Circuits having a
capacitor loop or an inductor star connection are known as degenerative circuits.

Supplementary Problems

3.43. Find the Laplace transform of the following x(¢):

(a) x(t)=sin wytu(t)
(b) x(¢t) = cos(wyt + Pu(t)
(c) x(1)=e""u(t) —e™u(-1)

(d) x(1)=1
(e) x(t)=sgnt
Ans.

Wg
(a) X(s)= 5—,Re(s)>0
$°+ wg

() X(s)= 7o ¢2_w‘ism¢, Re(s)>0
St w

0

25
(€) Ifa>0, X(s5)= 55— — ~a < Re(s) <a. If a <0, X(s) does not exist since X(s) does

not have an ROCS.
(d) Hint: x(t)=u(t)+u(—1)

X(s) does not exist since X(s) does not have an ROC.
(e) Hint: x(t)=u(t) —u(—1)

X(s) does not exist since X(s) does not have an ROC.

3.44. Find the Laplace transform of x(t) given by

1 L <t<t,
0 otherwise

x(f)={

1
Ans. X(s)= —[e 1 —e~ 2] all 5
s
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3.45. Show that if x(¢) is a left-sided signal and X(s) converges for some value of s, then the ROC
of X(s) is of the form

Re(s) < oin

where o equals the minimum real part of any of the poles of X(s).

min

Hint:  Proceed in a manner similar to Prob. 3.4.

3.46. Verify Eq. (3.21), that is,

dX(s)
ds

—tx(t) > R'=R

Hint: Differentiate both sides of Eq. (3.3) with respect to s.

3.47. Show the following properties for the Laplace transform:

(a) If x(¢)is even, then X(—s) = X(s); that is, X(s) is also even.
(b) If x(¢)is odd, then X(—s)= —X(s); that is, X(s) is also odd.
(c) If x(t)is odd, then there is a zero in X(s) at s =0.

Hint:

(a) Use Egs. (1.2) and (3.17).
(b) Use Egs. (1.3) and (3.17).
(¢) Use the result from part (b) and Eq. (1.83a).

3.48. Find the Laplace transform of
x(t) =(e 'cos2t—5e 2" yu(t) + ye*u(—t)

s+ 1 S 1 1 | < Re(s) <2
-~ - -1< <
(s+1)*+4 s+2 25-2’ s

Ans. X(s)=

3.49. Find the inverse Laplace transform of the following X(s);

(a) X(s) = ]—, Re(s) > —1
s(s + 1)

(b) X(s) = —]7 ~1 <Re(s) <0
s(s + 1)°

(c) X(s)= ]—,, Re(s) < —1
s(s + 1)°

@ X5)=—"1 _ Re(sy>-2
s+ 4s + 13

(e) X(s) = ——i— Re(s) >0

- (57 + 4)°

N Xs) = u ,Re(s) >—2

s+ 274+ 95 + 18
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Ans.

(@) x()=Q0A—-e"" —te ut)

(b) x(t)=—u(—t)—(1+1t)e "ult)

() x()=(=1+e " +te u(—-1)

(d) x(t)=e *(cos3t— §sin3t)u(t)

(e) x(t)= 5t sin2tu(s)

(f) x(t)=(— FZe %+ & cos3t+ 75 sin30)u(t)

3.50. Using the Laplace transform, redo Prob. 2.46.
Hint: Use Eq. (3.21) and Table 3-1.

3.51. Using the Laplace transform, show that

(@) x(t)x8(t)=x(1)
b) x()+8'()=x'(t)

Hint:

(a) Use Eq. (3.21) and Table 3-1.
(b) Use Eqgs. (3.18) and (3.21) and Table 3-1.

3.52. Using the Laplace transform, redo Prob. 2.54.
Hint:

(a) Find the system function H(s) by Eq. (3.32) and take the inverse Laplace transform of
H(s).

(b) Find the ROC of H(s) and show that it does not contain the jw-axis.

3.53. Find the output y(r) of the continuous-time LTI system with
h(t) =e 2u(t)
for the each of the following inputs:
(@) x(t) = e 'u(r)
() x(1) = e 'u(-1)
Ans.

(@) y(1) = (e "—e u(r)
(b) y(1) = e 'u(—t)+e ?'u(t)

3.54. The step response of an continuous-time LTI system is given by (1 — e~ ")u(t). For a certain
unknown input x(¢), the output y(r) is observed to be (2 — 3¢~ + ¢~ *)u(t). Find the input
x(1).

Ans. x(1) =21 — e 3)u(t)
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3.58.

3.56.

3.57.

3.58.

3.59.

3.60.
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x(t)
1 1 )
fc? a i ~O— = >
+

-

) —

Fig. 3-18

Determine the overall system function H(s) for the system shown in Fig. 3-18.

Hint:  Use the result from Prob. 3.31 to simplify the block diagram.
)

Ans HO) = a2

If x(¢) is a periodic function with fundamental period T, find the unilateral Laplace transform
of x(1).

1 T
Ans. X(s)= ——— [ x(D)e " di, Re(s)> 0
1—-e 0~

Find the unilateral Laplace transforms of the periodic signals shown in Fig. 3-19.

5

1 1—-e”

Ans. (a) m, Re(s) > 0; (b) m, Re(s)>0

Using the unilateral Laplace transform, find the solution of
y'(t) —y'(t) —6y(r) =¢
with the initial conditions y(0) =1 and y’(0) =0 for ¢ > 0.

Ans. y()= —te'+2e 2+ 3e¥, 120

Using the unilateral Laplace transform, solve the following simultaneous differential equations:
y'(£) +y(1) +x'(1) +x(1) =1
y'(1) —y(t) =2x(1) =0
with x(0) =0 and y(0) =1 for ¢ > 0.
Ans. x(t)=e "= 1, y(t)=2—-¢"",t20

Using the unilateral Laplace transform, solve the following integral equations:

(a) y(r)=1 +af'y(~r)d1-, t>0
0

b) y(t)=e¢'

1+ fo'e-fy(f)df], 1>0

Ans. (a) y(1)=e", 120; (b) y(t)=e*,120
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x(1)
ms—— ] je—— eeem—— ————

] 1 ] ! 1 )

1 ! ! | 1 ]
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] } ! 1 1 ]
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(@)

x(1)

1 ! ]
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! ] : 1 ! 1
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[l 0 1! ) 13 Yy 'R !
1 ]
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) ( [} ! !
®)

Fig. 3-19

3.61. Consider the RC circuit in Fig. 3-20. The switch is closed at ¢ = 0. The capacitor voltage before
the switch closing is v,. Find the capacitor voltage for ¢ > 0.

Ans. v (t)=v4e /RC 120

3.62. Consider the RC circuit in Fig. 3-21. The switch is closed at ¢ = 0. Before the switch closing,
the capacitor C, is charged to v, V and the capacitor C, is not charged.

(a) Assuming ¢, =c, =c, find the current i(¢) for ¢ > 0.
(b) Find the total energy E dissipated by the resistor R and show that E is independent of R
and is equal to half of the initial energy stored in C,.

[
T2 f

Fig. 3-20 RC circuit.
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S oA

t=0
C, = i) ;‘: c,

Fig. 3-21 RC circuit.

L

(c) Assume that R=0 and C, = C, = C. Find the current i(¢) for ¢ > 0 and voltages v(0")
and v (07).

Ans.
(@) i(1)=(vy/R)e 2/RC >0
(b) E=1iv2C

(©) (1) = 300C8(t), b0 ) =v4/2# v (07) = vy, 0 0) =0y /2 # 0 (07)=0



Chapter 4

The z-Transform and Discrete-Time
LTI Systems

4.1 INTRODUCTION

In Chap. 3 we introduced the Laplace transform. In this chapter we present the
z-transform, which is the discrete-time counterpart of the Laplace transform. The z-trans-
form is introduced to represent discrete-time signals (or sequences) in the z-domain (z is a
complex variable), and the concept of the system function for a discrete-time LTI system
will be described. The Laplace transform converts integrodifferential equations into
algebraic equations. In a similar manner, the z-transform converts difference equations
into algebraic equations, thereby simplifying the analysis of discrete-time systems.

The properties of the z-transform closely parallel those of the Laplace transform.
However, we will see some important distinctions between the z-transform and the
Laplace transform.

4.2 THE z-TRANSFORM

In Sec. 2.8 we saw that for a discrete-time LTI system with impulse response h[n], the
output y[n] of the system to the complex exponential input of the form z" is

y[n] =T{z"}=H(z)z" (4.1)
where
H(z)= i h{n}z™" (4.2)

A. Definition:

The function H(z) in Eq. (4.2) is referred to as the z-transform of h[n]. For a general
discrete-time signal x[n], the z-transform X(z) is defined as

0

X(z)= Y x[n]z™" (4.3)

n=—w

The variable z is generally complex-valued and is expressed in polar form as
z=re’? (4.4)

where r is the magnitude of z and (1 is the angle of z. The z-transform defined in Eq.
(4.3) is often called the bilateral (or two-sided) z-transform in contrast to the unilateral (or

165
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one-sided) z-transform, which is defined as
X,(z)= ¥ x[n]z™ (4.5)
n=0

Clearly the bilateral and unilateral z-transforms are equivalent only if x[n] =0 for n < 0.
The unilateral z-transform is discussed in Sec. 4.8. We will omit the word “bilateral”
except where it is needed to avoid ambiguity.

As in the case of the Laplace transform, Eq. (4.3) is sometimes considered an operator
that transforms a sequence x[n] into a function X(z), symbolically represented by

X(z)=3{x[n]} (4.6)
The x[n] and X(z) are said to form a z-transform pair denoted as
x[n] = X(z) (4.7)

B. The Region of Convergence:

As in the case of the Laplace transform, the range of values of the complex variable z
for which the z-transform converges is called the region of convergence. To illustrate the
z-transform and the associated ROC let us consider some examples.

EXAMPLE 4.1. Consider the sequence
x[n) =a"u[n) a real (4.8)

Then by Eq. (4.3) the z-transform of x[n] is

o0

X(z)= Y a"u[n)z"= é)(az")”

n= -

For the convergence of X(z) we require that
Y laz7Y" <
n=0

Thus, the ROC is the range of values of z for which laz ™! < 1 or, equivalently, |z| > |al. Then
1
1

= m:— |z| > |al (4.9)

X(z)=Y (az“‘)'x
n=0
Alternatively, by multiplying the numerator and denominator of Eq. (4.9) by z, we may write X(z) as

X(z)=;—i—a |z] > lal (4.10)

Both forms of X(z) in Egs. (4.9) and (4.10) are useful depending upon the application.
From Eq. (4.10) we see that X(z) is a rational function of z. Consequently, just as with
rational Laplace transforms, it can be characterized by its zeros (the roots of the numerator
polynomial) and its poles (the roots of the denominator polynomial). From Eq. (4.10) we see
that there is one zero at z =0 and one pole at z =a. The ROC and the pole-zero plot for
this example are shown in Fig. 4-1. In z-transform applications, the complex plane is
commonly referred to as the z-plane.
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Again, as before, X(z) may be written as

X(z)=;—i—a— lz| <lal (4.13)

Thus, the ROC and the pole-zero plot for this example are shown in Fig. 4-2. Comparing
Eqgs. (4.9) and (4.12) [or Eqgs. (4.10) and (4.13)], we see that the algebraic expressions of
X(2) for two different sequences are identical except for the ROCs. Thus, as in the Laplace

Im(z) Im(z)

'\ |

7
Z <

<

Re(z)

lr‘r:(z) Irx(z)
7y

N

|

Fig. 4-2 ROC of the form |z| <|al.
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transform, specification of the z-transform requires both the algebraic expression and the

ROC.

C. Properties of the ROC:

As we saw in Examples 4.1 and 4.2, the ROC of X(z) depends on the nature of x[n].
The properties of the ROC are summarized below. We assume that X(z) is a rational
function of z.

Property 1:
Property 2:

Property 3:

Property 4:

Property 5:

The ROC does not contain any poles.

If x[n] is a finite sequence (that is, x[n] =0 except in a finite interval N, <n <N,,
where N, and N, are finite) and X(z) converges for some value of z, then the ROC is
the entire z-plane except possibly z =0 or z = .

If x[n}]is a right-sided sequence (that is, x[n] =0 for n <N, < «) and X(z) converges
for some value of z, then the ROC is of the form

[2]> 7 or © >z >r ..

equals the largest magnitude of any of the poles of X(z). Thus, the ROC is
in the z-plane with the possible exception of z = .

where r_,,,
the exterior of the circle |z|=r

max

If x[n]is a left-sided sequence (that is, x[n]=0 for n > N, > —=) and X(z) converges
for some value of z, then the ROC is of the form

|zl <rpn Or  0<|zl<r,

min

is the smallest magnitude of any of the poles of X(z). Thus, the ROC is the
in the z-plane with the possible exception of z = 0.

where r ;.
interior of the circle |z]=r

min
If x[n] is a two-sided sequence (that is, x[n] is an infinite-duration sequence that is
neither right-sided nor left-sided) and X(z) converges for some value of z, then the
ROC is of the form

ry<lzl<r,

where r, and r, are the magnitudes of the two poles of X(z). Thus, the ROC is an
annular ring in the z-plane between the circles |z| =r, and |z|=r, not containing any
poles.

Note that Property 1 follows immediately from the definition of poles; that is, X(z)
is infinite at a pole. For verification of the other properties, see Probs. 4.2 and 4.5.

4.3 2-TRANSFORMS OF SOME COMMON SEQUENCES
A. Unit Impulse Sequence d{nl:
From definition (1.45) and (4.3)

X(z)= i 8[n]z7"=2z""=1 all z (4.14)

n=—ow



170 THE z-TRANSFORM AND DISCRETE-TIME LTI SYSTEMS

Thus,
8[n] —1

B. Unit Step Sequence ulnl:
Setting a = 1 in Eqs. (4.8) to (4.10), we obtain
1 z

u[n]‘_—)l—z_I =z—1

C. z-Transform Pairs:

The z-transforms of some common sequences are tabulated in Table 4-1.

all 2

lz| > 1

[CHAP. 4

(4.15)

(4.16)

Table 4-1. Some Common z-Transform Pairs
x[n] X(z) ROC
8ln] 1 All z
1 z | .
>
uln] 1-z7"z-1 2l
[—n—1 L l2l< 1
el —n — <
ul=n =1l -z z-1 ‘
8ln —m) z™m All z except 0 if (m > 0) or « if (m < 0)
1 z
a"uln) —> |z] > |al
1—az zZ—a
1 z
—a"u[-n — 1] T |z <]al
1—az zZ—a
(n] az™! az 21> lal
na"uln zl>la
(1-az ’)2 (z —a)’
(=n—1] “ i |21 <lal
—na"ul—n — ) zl<la
(l—az“)2 (z-a)’
1 z 2
(n + Da"uln] . [ ] 121> lal
(1—az7 ')y Lz—a
(cos Qgmuln] 2~ (cos o) 2 121> 1
cos f2gmluln 27— (2cos Qg)z + 1 ‘
(sin Qn)uln) (sinf2o) 2 21> 1
>
SIn R MR 22— (2cos Qy)z + 1 ‘
0 ] z2—(rcos Qy)z o
n >
(r" cos Qymuln Zz—(ZFCOSQO)Z+r2 =T
0 myuln] (rsinly)z 2|
n o3 >
(r" sin Qomuln 22— (2rcos Qy)z +r? “a=r
an OSIISN_l l—aNz‘N ’Z|>0
0 otherwise 1-az™!
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4.4 PROPERTIES OF THE Z-TRANSFORM

Basic properties of the z-transform are presented in the following discussion. Verifica-
tion of these properties is given in Probs. 4.8 to 4.14.

A. Linearity:
If
x,[n] = X\(2) ROC =R,
x,[n] > X,(z) ROC =R,
then
a,x,[n] +a,x,[n] —>a,X,(z) +a,X,(z) R'DR,NR, (4.17)

where a, and a, are arbitrary constants.

B. Time Shifting:

If
x[n] «>X(z) ROC =R
then
x[n—ny| e>z7"X(z) R'=RN{0<]z] <} (4.18)
Special Cases:
x[n—1] —z71X(z) R'=Rn{0<]zl) (4.19)
x[n+1] —zX(z) R =R N {|z] <} (4.20)

Because of these relationships [Egs. (4.19) and (4.20)], z~! is often called the unit-delay
operator and z is called the unit-advance operator. Note that in the Laplace transform the
operators s~!=1/s and s correspond to time-domain integration and differentiation,
respectively [Egs. (3.22) and (3.20)].

C. Multiplication by zg:

If
x[n] > X(z) ROC =R
then
z
sz[n]«——»X(z—) R =1zy|R (4.21)
0

In particular, a pole (or zero) at z =z, in X(z) moves to z = z,z, after multiplication by
z¢ and-the ROC expands or contracts by the factor |z,|.

Special Case:

e/Mx[n] > X(e 7/ hz) R =R (4.22)
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In this special case, all poles and zeros are simply rotated by the angle €, and the ROC is
unchanged.

D. Time Reversal:

If
x[n] e X(z) ROC=R
then
1 1
x[—n]HX(;) R’=-E (4.23)

Therefore, a pole (or zero) in X(z) at z =2z, moves to 1/z, after time reversal. The
relationship R’ = 1 /R indicates the inversion of R, reflecting the fact that a right-sided
sequence becomes left-sided if time-reversed, and vice versa.

E. Multiplication by n (or Differentiation in z):

If
x[n] > X(z) ROC =R
then
nx[n]H—de(z) R'=R (4.24)
dz
F. Accumulation:
If
x[n] > X(z) ROC=R
then
U 1 z
k_Zﬂ;t[k]é—»1_2_1X(z)=z_1X(z) R' DR {lz|> 1) (4.25)

Note that X7 _ __x[k] is the discrete-time counterpart to integration in the time domain
and is called the accumulation. The comparable Laplace transform operator for integra-
tion is 1/s.

G. Convolution:

If
x\[n] > X\(z) ROC =R,
x,[n] e X,(2) ROC =R,
then
x\[n]* x,(n] > X (2)X,(2) R'DR,NR, (4.26)

This relationship plays a central role in the analysis and design of discrete-time LTI
systems, in analogy with the continuous-time case.
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Table 4-2. Some Properties of the z-Transform

Property Sequence Transform ROC
x[n] X(2) R
x,[n] X (2) R,
x,[n] X(2) R,
Linearity ax[n]+ayx,[n]  a,X(z2)+a,Xy(2) R'DR,NR,
Time shifting x[n —ny) z7 " X(z) R DRN{0 <]zl <)
z
Multiplication by z{ zgx[n] X( - ) R =[zylR
0
Multiplication by e/o" e/ x(n] X(e oz) R'=R
1 1
Time reversal x[—n] X ( - ) R = —
z R
. dx(z)
Multiplication by n nx[n) -z = R' =R
Accumulation Y. x[n] T X(z) R' DRN{z]> 1}
k=—o -
Convolution x,[n]* x,[n] X(2)X,(2) R'DR, NR,

H. Summary of Some z-transform Properties

For convenient reference, the properties of the z-transform presented above are
summarized in Table 4-2.

4.5 THE INVERSE z-TRANSFORM

Inversion of the z-transform to find the sequence x[n] from its z-transform X(z) is
called the inverse z-transform, symbolically denoted as

x[n] =37(X(2)) (4.27)

A. Inversion Formula:

As in the case of the Laplace transform, there is a formal expression for the inverse
z-transform in terms of an integration in the z-plane; that is,

1
x[n] = 2—7T—j¢CX(z)z”“dz (4.28)

where C is a counterclockwise contour of integration enclosing the origin. Formal
evaluation of Eq. (4.28) requires an understanding of complex variable theory.

B. Use of Tables of z-Transform Pairs:
In the second method for the inversion of X(z), we attempt to express X(z) as a sum
X(z)=X{(z)+ - +X,(2) (4.29)
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where X (z),...,X,(z) are functions with known inverse transforms x,[nl],...,x[n].
From the linearity property (4.17) it follows that
x[n] =x,[n] + - +x,[n] (4.30)

C. Power Series Expansion:

The defining expression for the z-transform [Eq. (4.3)] is a power series where the
sequence values x[n] are the coefficients of z7". Thus, if X(z) is given as a power series in
the form

oo

Y x[n]z7"

n=—o

il

X[z]

= o 4x[ 2]z +x[ -1z +x[0] +x[1]z 7 +x[2) 272+ - - (4.31)

we can determine any particular value of the sequence by finding the coefficient of the
appropriate power of z~'. This approach may not provide a closed-form solution but is
very useful for a finite-length sequence where X(z) may have no simpler form than a
polynomial in z~' (see Prob. 4.15). For rational z-transforms, a power series expansion
can be obtained by long division as illustrated in Probs. 4.16 and 4.17.

D. Partial-Fraction Expansion:

As in the case of the inverse Laplace transform, the partial-fraction expansion method
provides the most generally useful inverse z-transform, especially when X(z) is a rational
function of z. Let

NG) | (zm2) (2= 2,)

S TP R PN e P #32)
Assuming n >m and all poles p, are simple, then
X(z)=ﬁ+ S L =£9+i i (4.33)
z z z-p, zZ-p, Z2=p, Z G Z-D
where
X(z)
co=X(2):-0 ¢ =(z2=px) z leen (4.34)
Hence, we obtain
z z n z
X(z)=co+clz_pl + +C"z—p,, =cy+ k§1CkZ_Pk (4.35)

Inferring the ROC for each term in Eq. (4.35) from the overall ROC of X(z) and using
Table 4-1, we can then invert each term, producing thereby the overall inverse z-transform
(see Probs. 4.19 to 4.23).

If m > n in Eq. (4.32), then a polynomial of z must be added to the right-hand side of
Eq. (4.35), the order of which is (m —n). Thus for m > n, the complete partial-fraction
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expansion would have the form

m-n n z
X(z)= Y b,z7+ Y ¢,
q=0 k=1

(4.36)
Z =Py

If X(z) has multiple-order poles, say p; is the multiple pole with multiplicity r, then
the expansion of X(z)/z will consist of terms of the form
A A A,

— 4 I+ —

z2=p (z-p) (z—p)

(4.37)

where

1 d*
Ak = T dzF (z—p;)

’X(z)] (4.38)

z

4.6 THE SYSTEM FUNCTION OF DISCRETE-TIME LTI SYSTEMS
A. The System Function:

In Sec. 2.6 we showed that the output y[n] of a discrete-time LTI system equals the
convolution of the input x[n] with the impulse response A[n]; that is [Eq. (2.35)],

y[n] =x[n]*h[n] (4.39)
Applying the convolution property (4.26) of the z-transform, we obtain
Y(z)=X(z)H(z) (4.40)

where Y(z), X(z), and H(z) are the z-transforms of y[n), x[n], and h[n], respectively.
Equation (4.40) can be expressed as

H(z)= —% (4.41)

The z-transform H(z) of h[n] is referred to as the system function (or the transfer
function) of the system. By Eq. (4.47) the system function H(z) can also be defined as the
ratio of the z-transforms of the output y[n] and the input x[rn). The system function H(z)
completely characterizes the system. Figure 4-3 illustrates the relationship of Egs. (4.39)
and (4.40).

x[n) yln)=x[n] * h|n]
X(2) Y(2)=X(2)H(z)

D —— H(Z) f—————-

Fig. 4-3 Impulse response and system function.
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B. Characterization of Discrete-Time LTI Systemas:

Many properties of discrete-time LTI systems can be closely associated with the
characteristics of H(z) in the z-plane and in particular with the pole locations and the
ROC.

1. Causality:
For a causal discrete-time LTI system, we have [Eq. (2.44)]
h[n] =0 n<0

since h[n] is a right-sided signal, the corresponding requirement on H(z) is that the ROC
of H(z) must be of the form

(2] > 7 pax

That is, the ROC is the exterior of a circle containing all of the poles of H(z) in the
z-plane. Similarly, if the system is anticausal, that is,

h[n] =0 n=0
then h[n] is left-sided and the ROC of H(z) must be of the form
lzl < T min

That is, the ROC is the interior of a circle containing no poles of H(z) in the z-plane.

2. Stability:

In Sec. 2.7 we stated that a discrete-time LTI system is BIBO stable if and only if [Eq.
(2.49)]

T Whln]i<=

n=—

The corresponding requirement on H(z) is that the ROC of H(z) contains the unit circle
(that is, |z] = 1). (See Prob. 4.30.)

3. Causal and Stable Systems:

If the system is both causal and stable, then all of the poles of H(z) must lie inside the
unit circle of the z-plane because the ROC is of the form |z|>r_,,, and since the unit
circle is included in the ROC, we must have r_,, <1.

C. System Function for LTI Systems Described by Linear Constant-Coefficient Difference
Equations:

In Sec. 2.9 we considered a discrete-time LTI system for which input x[n] and output
yln] satisfy the general linear constant-coefficient difference equation of the form

N M
Y ay[n—k] = Ebkx[n—k] (4.42)
k=0 k=0
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Applying the z-transform and using the time-shift property (4./8) and the linearity
property (4.17) of the z-transform, we obtain

M
Zakz kY(z) = Z bz *X(z

k=0
or
N M
Y(z) Y a,z7%=X(z) ) bz * (4.43)
k=0 k=0
Thus,
M
b, z7*
vie) Eb
H(z)= = k= (4.44)
X(z x
Z az
k=0

Hence, H(z) is always rational. Note that the ROC of H(z) is not specified by Eq. (4.44)
but must be inferred with additional requirements on the system such as the causality or
the stability.

D. Systems Interconnection:

For two LTI systems (with A,[n] and h,[n], respectively) in cascade, the overall
impulse response h[n] is given by

h[n] =h,[n] * hy[n] (4.45)
Thus, the corresponding system functions are related by the product
H(z)=H\(z)H,)(2) RDOR,NR, (4.46)

Similarly, the impulse response of a parallel combination of two LTI systems is given
by
h[n] =h,[n] + h,[n] (4.47)
and
H(z)=H\(z)+ H,(2) RDOR,NR, (4.48)

4.7 THE UNILATERAL z-TRANSFORM
A. Definition:

The unilateral (or one-sided) z-transform X,(z) of a sequence x[n] is defined as [Eq.
(4.5)]

X,(z)= éox[n]z_" (4.49)

and differs from the bilateral transform in that the summation is carried over only n > 0.
Thus, the unilateral z-transform of x[n] can be thought of as the bilateral transform of
x[nluln). Since x[nlu[n] is a right-sided sequence, the ROC of X,(z) is always outside a
circle in the z-plane.
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B. Basic Properties:

Most of the properties of the unilateral z-transform are the same as for the bilateral
z-transform. The unilateral z-transform is useful for calculating the response of a causal
system to a causal input when the system is described by a linear constant-coefficient
difference equation with nonzero initial conditions. The basic property of the unilateral
z-transform that is useful in this application is the following time-shifting property which is
different from that of the bilateral transform.

Time-Shifting Property:
If x[n]«< X,(z), then for m > 0,
x[n=m]—z7"X,(z)+z7" x[=1] +27" 2 x[=2] + - +x[-m] (4.50)
x[n+m] e zmX,(z)—z"x[0] =27 'x[1] = -+ —zx[m — 1] (4.51)

The proofs of Eqs. (4.50) and (4.51) are given in Prob. 4.36.

D. System Function:

Similar to the case of the continuous-time LTI system, with the unilateral z-transform,
the system function H(z) =Y(z)/X(z) is defined under the condition that the system is
relaxed, that is, all initial conditions are zero.

Solved Problems

THE z-TRANSFORM

4.1, Find the z-transform of

(a) x[nl= —a"u[-n-1]
(b) x[n)=a "ul-n-1]
(a) From Eq. (4.3)

o -1
X(z)=- )Y aw[-n-1]z7"=~ ) a"z"™"
n=—-® n=—ox
= — Z(a“’z)"=1— Y (a ‘z)'l
n=1 n=0
By Eq. (1.91)
i (a“z)'I = _ if la”'zl<1or|z|<lal
1-a7'z
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4.2.

4.3.

Thus,

—-a 'z z 1

X(z)=1- : Izl <lal (4.52)

1-a7'2z 1-a'z z—-a 1-az”

(b) Similarly,

X(z)= i a "u[-n-1]z7"= E (az)™"

n=—-o n=~o

Again by Eq. (1.91)

il 1
§ if |az| < 1 <—
ngu(az) - if laz| <1 or |z| il

Thus,

az z

1 1
= -1= = — < — 4.53
x(2) 1-az ! 1-az z—-1/a & lal ( )

A finite sequence x[n] is defined as

#*0 N, <n <N,
=0 otherwise

x[n]{

where N, and N, are finite. Show that the ROC of X(z) is the entire z-plane except
possibly z =0 or z = o,

From Eq. (4.3)

N,

X(z)= Y x[n)z™" (4.54)

n=N,

For z not equal to zero or infinity, each term in Eq. (4.54) will be finite and thus X(z) will
converge. If N, <0 and N, > 0, then Eq. (4.54) includes terms with both positive powers of z
and negative powers of z. As |z] — 0, terms with negative powers of z become unbounded,
and as |z] — «, terms with positive powers of z become unbounded. Hence, the ROC is the
entire z-plane except for z =0 and z = . If N, >0, Eq. (4.54) contains only negative powers
of z, and hence the ROC includes z = ». If N, <0, Eq. (4.54) contains only positive powers of
z, and hence the ROC includes z =0.

A finite sequence x[n] is defined as

x|n] = {5,3,-2,0,4,- 3}

Find X(z) and its ROC.
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From Eq. (4.3) and given x[n] we have

© 3
X(z)=

n=—o n=-2
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Y x[nlz7"= Y x[n]z™"

=x[-2]z%+x[-1])z +x[0] +x[1])z" "+ x[2)z 2 +x[3]z 3

=5z2+3z-2+4z"%2-3z"3

For z not equal to zero or infinity, each term in X(z) will be finite and consequently X(z) will
converge. Note that X(z) includes both positive powers of z and negative powers of z. Thus,
from the result of Prob. 4.2 we conclude that the ROC of X(z)is 0 <|z| < ce.

4.4. Consider the sequence

x[n] = (gn

O<n<N-1,a>0
otherwise

Find X(z) and plot the poles and zeros of X(z).

By Eq. (4.3) and using Eq. (1.90), we get

N-1 N-1
X(z2)= Y a"z"= ) (az7!)
n=0 n=0

1- (az")N

a
= — = = (4.55)

1—az™ z zZ—-a

From Eq. (4.55) we see that there is a pole of (N — 1)th order at z =0 and a pole at z =a.
Since x[n] is a finite sequence and is zero for n <0, the ROC is |z]| > 0. The N roots of the

numerator polynomial are at

z, = ae/ 2Tk /N)

k=0,1,...,N-1

(4.56)

The root at k =0 cancels the pole at z = a. The remaining zeros of X(z) are at

= qpiQ@Tk/N)
z, =ae

k=1,...,N—1 (4.57)

The pole-zero plot is shown in Fig. 4-4 with N =8,

Im(z)

z-plane
(N - Dth e ©
order pole e AN Pole-zero cancel
’ \\
! \
1 \]
] 1
-O— - 4 >
‘ ' Re(z)
1 [
\ ’
A ,
A ,
) ’
0\ l0

Fig. 4-4 Pole-zero plot with N = 8.
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4.5.

4.6.

Show that if x[n]is a right-sided sequence and X(z) converges for some value of z,
then the ROC of X(z) is of the form

[z > Foax or ©>|z|>r .

where r_.. is the maximum magnitude of any of the poles of X(z).

max

Consider a right-sided sequence x{n] so that
x[n}=0 n <N,
and X(z) converges for |z|=r,. Then from Eq. (4.3)

IX(2)l< i Ix[n]lrg” = i lx[n]lrg" < o

n=—o n=N,

Now if r, > r,, then

¥ llnlri= ¥ |x[n1l(ro:~;) -1 lenllfé"(:—;)—"

n=N, n=N, n=N,

< (2)—)\,l i lx[n]lry" <o

Fo n=N,

since (r, /ry)~" is a decaying sequence. Thus, X(z) converges for r = r, and the ROC of X(z)
is of the form

Iz)>rg

Since the ROC of X(z) cannot contain the poles of X(z), we conclude that the ROC of X(z)
is of the form

(P4 S

where r,,,, is the maximum magnitude of any of the poles of X(z).
If N, <0, then

X(z)= gvx[n]z’" =x[N]z7 M+ - 4x[-1])z+ iox[n]z’"

That is, X(z) contains the positive powers of z and becomes unbounded at z = . In this case
the ROC is of the form

© > |z} > rpa

From the above result we can tell that a sequence x[n] is causal (not just right-sided) from the
ROC of X(z) if z = is included. Note that this is not the case for the Laplace transform.

Find the z-transform X(z) and sketch the pole-zero plot with the ROC for each of the
following sequences:

(a) x[n)= @) "uln] + (3)"uln]

(b) x[n)l=H)"uln]+ () "ul—n - 1]

(c) x[nl=@)"uln]+G)u[—n - 1]
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(a)

(b)

THE z-TRANSFORM AND DISCRETE-TIME LTI SYSTEMS [CHAP. 4

From Table 4-1

1 z 1
(5) u[n]Hz_% lzl>§ (4.58)
1\" z 1
(3) u[n]Hﬁ lz|>§ (4.59)
We see that the ROCs in Egs. (4.58) and (4.59) overlap, and thus,
X(2) = —r t— = zz(,z—‘%), 2> = (4.60)
z=3 z=3 (s=3)(z-3 2

From Eq. (4.60) we see that X(z) has two zeros at z=0 and z = 3 and two poles at
z=14and z =4 and that the ROC is |z|> 3, as sketched in Fig. 4-5(a).

From Table 4-1

n

1 z 1
1\" z 1
(E) u[—n—l]«—»—z_% ]Zl<§ (462)
We see that the ROCs in Eqgs. (4.61) and (4.62) overlap, and thus
¥ z z 1 z 1 I2] 1 163
= —_—— e —— —<|zl< = .
O (S e 3 <lzl<y  (469)

From Eq. (4.63) we see that X(z) has one zero at z =0 and two poles at z= 1 and z = §

and that the ROC is 1 <|z| < 1, as sketched in Fig. 4-5(b).

Im(z) Im(z)

(@) (b
Fig. 4-5
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(¢) From Table 4-1

1\" z 1
1\" 1
(5) u[—n—l](—»—zjl Izl<§ (4.65)

We see that the ROCs in Eqgs. (4.64) and (4.65) do not overlap and that there is no
common ROC, and thus x[n] will not have X(z).

4.7. Let
x[n] =a" a>0 (4.60)

(a) Sketch x[n] for a <1 and a>1.
(b) Find X(z) and sketch the zero-pole plot and the ROC for a <1 and a > 1.

(a) The sequence x[n] is sketched in Figs. 4-6(a) and (b) for both a <1 and a > 1.
(b) Since x[n] is a two-sided sequence, we can express it as

x[n]=a"u[n]+a "u[-n-1] (4.67)
From Table 4-1
z
a"u[n]HZ—_—a |z|>a (4.68)
1

a "u[-n—-1]e - T~ 1/a |z|<; (4.69)

If a <1, we see that the ROCs in Eqgs. (4.68) and (4.69) overlap, and thus,
X(z)= —— - = it i a<lzl<~ (4.70)

z—a z-1/a a (z-a)(z—1/a) a

From Eq. (4.70) we see that X(z) has one zero at the origin and two poles at z =g and
z=1/a and that the ROC is a <|z| < 1/a, as sketched in Fig. 4-7. If a > 1, we see that
the ROCs in Eqgs. (4.68) and (4.69) do not overlap and that there is no common ROC,
and thus x[n] will not have X(z).

mlll?llm lnjnll”

Fig. 4-6
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Im(z)

Fig. 4-7

PROPERTIES OF THE z-TRANSFORM

4.8. Verify the time-shifting property (4.18), that is,
x[n—nyl —z7™X(z) R ORN{0<]|z| <)

By definition (4.3)

]

B{x[n—-nol}= ¥ x[n-nelz™"
By the change of variables m =n — n,, we obtain

®x

B{x[n—nyl}= ¥ x[m]z-mtm

ms=—o

=]

=z Y x[m]zTm=z""X(z)

m=—w

Because of the multiplication by z™"°, for n,; > 0, additional poles are introduced at z =0 and
will be deleted at z = . Similarly, if n; <0, additional zeros are introduced at z = 0 and will
be deleted at z = . Therefore, the points z =0 and z = » can be either added to or deleted
from the ROC by time shifting. Thus, we have

x[n—nyle>z7"X(2) R DRN{0<|z| < oo}

where R and R’ are the ROCs before and after the time-shift operation.
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4.9.

4.10.
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Verify Eq. (4.21), that is,

2
2gx[n] HX(—) R =|z,|R
20

By definition (4.3)

spalnl) = T (asla)z= Tl Z) -x(2

Zp

n=—-w n=—o

185

A pole (or zero) at z =1z, in X(z) moves to z =2,z,, and the ROC expands or contracts by
the factor |z,l. Thus, we have

z
z{,‘x[n]«—*X(——) R =1z¢|R
Zp

Find the z-transform and the associated ROC for each of the following sequences:

(a)
(c)
(e)

(a)

(b)

(c)

(d)

x[n]=26[n - n,) (b) x[n]=uln —n,]
x[n]=a""'uln + 1] (d) x[n]=ul-n]
x[n]=a "ul—n]
From Eq. (4.15)

8[n]e—1 all z
Applying the time-shifting property (4.18), we obtain

0<|zl, ng>0

5["—”0]4—+Z o (2l <0, 1y <0

From Eq. (4.16)

z
> 1
u[n] — P |z
Again by the time-shifting property (4.18) we obtain

Z Z_<n()— 1)

- o = 1<zl
uln—ny) ez P P lz) <o

From Egs. (4.8) and (4.10)
z
a"u[n] > —— Iz| > lal
z—a
By Eq. (4.20) we obtain

lal <lz] < ®

a" 'u[n+1] >z
z—a z-

From Eq. (4.16)

—_— >1
uln] = —— |z

(4.71)

(4.72)

(4.73)
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By the time-reversal property (4.23) we obtain

1/z 1 :
ul "]Hl/z—l"l—z lz| < (4.74)
(e) From Egs. (4.8) and (4.10)
z
a"u[n] e — |z| > |al
z—a

Again by the time-reversal property (4.23) we obtain

1/z 1 2] 1 475
“"uf - = <— :
a”"ul n]Hl/z-—a 1 —az z |al ( )

4.11. Verify the multiplication by n (or differentiation in z) property (4.24), that is,
dX(z)

R'=R
dz

nx[n] < -z

From definition (4.3)

®©

X(z)= ¥ x[n]z™"

n= —x

Differentiating both sides with respect to z, we have

I O
and
=S - E (a3l
Thus, we conclude that
ax(z)

nx[n] e -z R'=R

daz

4.12. Find the z-transform of each of the following sequences:

(a) x[nl=na"uln]
(b) x[n]=na""'uln]

(a) From Egs. (4.8) and (4.10)
z
n 4.
a"u[n] — P |z| > |al (4.76)

Using the multiplication by n property (4.24), we get

.\ d z B az
na u[n]H—zE(z_a)— o bl (4.77)
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4.13.

4.14.

(b) Differentiating Eq. (4.76) with respect to a, we have

net d z N z | | 478
na u[n]HZ;(Z_a)—(z_a)z |z|>|a (4.78)

Note that dividing both sides of Eq. (4.77) by a, we obtain Eq. (4.78).

Verify the convolution property (4.26), that is,
xi[n]* x;[n] & X,(2)X,(2) R'OR,NR,
By definition (2.35)

ac

yinl=xi[n]xxy[n] = X x,[k]x[n—k]

k=—oo

Thus, by definition (4.3)

vn=- % [ & x,[k]xz[n—k])z‘"= » xI[k]( S wln—klz

n=-o \k=—x k=~ n=—o

Noting that the term in parentheses in the last expression is the z-transform of the shifted
signal x,[n — k], then by the time-shifting property (4.18) we have

Y(z)= )E X[k][Z"‘Xz(Z)]=( i X[k]Z_")Xz(Z)=X1(Z)X2(Z)

k=~ =~

with an ROC that contains the intersection of the ROC of X(z) and X,(z). If a zero of one
transform cancels a pole of the other, the ROC of Y(z) may be larger. Thus, we conclude that

x[n}x x;[n) > X\(2) X,(2) R'DOR,NR,

Verify the accumulation property (4.25), that is,

n

Y x[k]Hl—%X(z)=—z_z—1X(z) R SR (2> 1)

k= —o

From Eq. (2.40) we have

yinl= % x[k]=x[n]+uln]

k= —o0

Thus, using Eq. (4.16) and the convolution property (4.26), we obtain

)=X(z)(zj1)

with the ROC that includes the intersection of the ROC of X(z) and the ROC of the
z-transform of u[n]. Thus,

Y(z)=X(z)(

1-z7!

n 1 z
Z x[k]Hl—_FX(Z)=Z—_—1X(Z) R'DR(\{IZ|>1}

k= —o
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INVERSE z-TRANSFORM

4.15. Find the inverse z-transform of
X(z2)=z}(1-3z2"")1-z"")(1+2z7") 0<|z]<oo (4.79)
Multiplying out the factors of Eq. (4.79), we can express X(z) as
X(z)=z*+3z—-3+z7!
Then, by definition (4.3)
X(z)=x[-2]z%+x[-1]z + x[0] +x[1]z"!
and we get
x[n]=1{...,0,1,}, =3,1,0,...}

!

4.16. Using the power series expansion technique, find the inverse z-transform of the
following X(z):

1
(@) X(z2)=——=,|z]>la
1 ~az

1
(b) X(z)= ———, |zi<lal
1—-az

(a) Since the ROC is |z]| > |al, that is, the exterior of a circle, x[n] is a right-sided sequence.
Thus, we must divide to obtain a series in the power of z~'. Carrying out the long
division, we obtain

l+az ' +a%z72+ -+

l—az—'(z

1-az"!

az™!
az" ‘' —a%z7?
a’z™?

Thus,
1 V2,2 K, —k
X(z)=1—:;=1+az“ t+a‘z" "+ - +a"z7" "+ -
~az

and so by definition (4.3) we have
x[n]=0 n<0
x[0]=1 x[1]=a x[2]=a? x[k] =a*
Thus, we obtain
x[n]=a"u[n]
(b) Since the ROC is |z| <lal, that is, the interior of a circle, x[n] is a left-sided sequence.

Thus, we must divide so as to obtain a series in the power of z as follows. Multiplying
both the numerator and denominator of X(z) by z, we have

X(z)=

Z—a
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and carrying out the long division, we obtain

—a+z|z
z—a"1z?
a~1z?
a 1z2-qa7%;3
2227
Thus,
X(Z)=m?1"= —a'z—a"z2? a7 - - —ahk— .
and so by definition (4.3) we have
x[n]=0 n>0
x[-1]=-a"! x[-2]=-a"? x[-3]=-a? -+ x[-k]=-a*
Thus, we get
x[n]=—-a"u[-n-1)

4.17. Find the inverse z-transform of the following X(z):

1
(a) X(2)= log(m)’ |z| > lal

1
®) X() = log| == ) 21 <l

1
(a) The power series expansion for log(1 — r) is given by

i |
log(1—r)y=-Y —r" Irl <1 (4.80)
n=1 n
Now
X ! ( ! ) log(1 : |z] > |al
= — == —az” >
(2) =log| T——= og(1-az™") z|>1a
Since the ROC is |z| > |al, that is, laz~!| < 1, by Eq. (4.80), X(z) has the power series
expansion
- ] n o ]
X(z)= Y —(az7') = ¥ —a"z7"
n=1 n n=1 n
from which we can identify x[n] as
x[n] = (1/n)a n>1
0 n<0
1
or x[n]=—a"u[n-1] (4.81)
n
1
(b) X(z)=log(—T)= —log(l —a~12) |z] <lal
1-a" 'z
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Since the ROC is |z] <|al, that is, |a~'z| < 1, by Eq. (4.80), X(z) has the power series
expansion

o 1 " — Qe l —n — a0 1
X(z)= )Y —(a7'z) = L —-—(a'z) = ¥ -—a"z"

n=1n n=—1 n n=-—1 n

from which we can identify x[n] as
_ 0 n>0
x[n]= -(1/n)a" n<—1
1

or x[n]= ——;a”u[—n-l] (4.82)

4.18. Using the power series expansion technique, find the inverse z-transform of the
following X(z):

(a)

(b)
(a)

(b)

1
X(z)= —— <=
(2= 7371 l21< 3
- >
X(2) 2z2-3z+1 21> 1

Since the ROC is |z] < %, x[nlis a left-sided sequence. Thus, we must divide to obtain a
series in power of z. Carrying out the long division, we obtain

z+3z2+ 723+ 1524+ -~
1—3z+222,z
z-322+223

3z2-227°
322-92% +62°
723 - 6z*4
7z% - 2124+ 1473
1524
Thus,
X(z)= " +152°+ 727+ 327 +2

and so by definition (4.3) we obtain
x[n]=1{...,15,7,3,1,0)

Since the ROC is [z|> 1, x[n] is a right-sided sequence. Thus, we must divide so as to
obtain a series in power of z~! as follows:

1,-143,-2,7,-3
52 t3z “tgz T+

222—3z+1|z

3 1,1

Z—35~ 32

Thus,
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and so by definition (4.3) we obtain
x[n)={0,3.3.5,.-.}

4.19. Using partial-fraction expansion, redo Prob. 4.18.

z z 1
(@) X(z)= 222-3z+1 2(z- D(z-3) Iz < 2
Using partial-fraction expansion, we have
X(z) 1 1 €, c,
2 222-3z+1 2(z-1)(z-%) RS z—~14
where c,=—1— =1 c=—;— =-1
2(2_ %) =1 ? 2(z-1) =172
and we get
z z 1
X(2)= =y~ 771 |zl < =

3 2
Since the ROC of X(z)is |z| < 3, x[n] is a left-sided sequence, and from Table 4-1 we
get

x[n] = —ul~n =11+ (3 u[-n~1]=[(3)" = 1|ul-n -1
which gives
x[n]=1{...,15,7,3,1,0}

z z
(b) X(z2)= - ; {z]>1
z—-1 z -

2

Since the ROC of X(z) is |z|> 1, x[n] is a right-sided sequence, and from Table 4-1 we
get

x[n]=uln]— (1) uln] = 1= (3)"|uln]
which gives

4.20. Find the inverse z-transform of

X(z)=

5 lz|>2
2(z=1)(z-2)

Using partial-fraction expansion, we have

X(z) B 1

¢y Ay A,
z

= = + + 4.83
(z-1)(z-2)° z-1 2-2 (z-2) (469
h ! 1 A ! 1

where C, = = = =
‘ (2_2)2 z=1 :

191
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Substituting these values into Eq. (4.83), we have
1 1 A 1
= = +
(z=1)(z2-2)% 2z-1 z-2 (z-2)°

Setting z = 0 in the above expression, we have

1 Ay
—Z=—1—?+Z—)Al=—l
Thus,
z z F4
X(Z)=Z—1—Z—2+(z-——2)2 lz]>2

Since the ROC is |z| > 2, x[n] is a right-sided sequence, and from Table 4-1 we get
x[n]=(1-2"+n2"""Yu[n]

4.21. Find the inverse z-transform of

2235224243

X(z)= zl<1
(z) (z-1D(z-2) 121
¥ 22°=5z242z+4+3  223-5z22+42z+43
(2) = (z=1)(z-2) = z2-3z+2
Note that X(z) is an improper rational function; thus, by long division, we have
1
X(2)=2z414 5———=224+14 ————
() =2z 22-3z+2 ° (z-1)(z-2)
Le X !
t = -
()= ZThGEoD
X(z 1 c c c
Then l( )= =2+ 2y 2
z 2(z-1)(z-2) z z-1 z-2
) 1 1 1 .
where T G-(z-2) |, 2 “Tz-2 .,
1 1
CJ_z(z——l) Z=2_2
Thus,
X 1 z +l z
(=3 -7 %372
d X(2)=224 241 F lz1< 1
=2z+4 = - + = <
an (2) Z 2 z-1 2z-2 z

Since the ROC of X(z)is |zl < 1, x[n] is a left-sided sequence, and from Table 4-1 we get
x[n]=268[n+1]+38[n]+u[-n—-1]- 32"u[-n - 1]
=28[n+1]+38[n]+ (1 -2"""u[-n—-1]
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4.22. Find the inverse z-transform of
3
X(Z = _Z_:E |z|> 2
X(z) can be rewritten as
3 YK
X(z)=z—:3=32 (-Z—_E) [z|>2
Since the ROC is |z) > 2, x[n] is a right-sided sequence, and from Table 4-1 we have

2"u[n]

V4
z-2
Using the time-shifting property (4.18), we have

2n——l[ 1] -1 z ) 1
win -z (2—2 T z-2

Thus, we conclude that

x[n]=3(2)" 'u[n-1]

4.23. Find the inverse z-transform of

2244243
We see that X(z) can be written as
X(z)=(2z7'+27+327°) X (2)

where X(z)=

z22+4z+3
Thus, if
x,[n] = X,(2)
then by the linearity property (4.17) and the time-shifting property (4.18), we get
x[n]=2x[n-1)+x,[n—-3]+3x,[n~-5] (4.84)
X(z) 1 1 ¢ c,
z z°+4z+3 (z+1)(z+3) z+1 z+43

N 1 1 1 1

where T A3 he 2 Tzl 2
1 =z 1 z

Then X(z)=+= z]>0

2z+1 2243
Since the ROC of X(z)is |z| >0, x,[n] is a right-sided sequence, and from Table 4-1 we get

x[n]=4[(-1)" - (-3)"]u[n)
Thus, from Eq. (4.84) we get
x[n]=[(=D""" = (=3)"uln = 1]+ H{(-1)" = (=3)"]uln - 3]
+3[(=D"7 = (=3)"|uln - 5)
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4.24. Find the inverse z-transform of

X(Z)= (1—_1)2 |z] > |al
-az
X : ” 121> lal
= = >
() (l—az")2 (z-a)’ “o
From Eq. (4.78) (Prob. 4.12)
na"~‘u[n] — . : 2 lz] > lal
—a
Now, from Eq. (4.85)
X(z)=z{(zja)2} |z| > lal

and applying the time-shifting property (4.20) to Eq. (4.86), we get
x[n]l=(n+1)a"u[n+1]=(n+1)a"u[n]

since x[~1]=0at n= —1.

SYSTEM FUNCTION

4.25. Using the z-transform, redo Prob. 2.28.
From Prob. 2.28, x[n]) and A[n] are given by

x[n] =u[n] h[n] =a"u[n] 0D<a<l
From Table 4-1
z
snl=uln] = X(z)= = 2>
h[n]=a"u[n]) —> H(z) = |z] > lal
ZI—a
Then, by Eq. (4.40)
22
() =X@OHD = gy
Using partial-fraction expansion, we have
Y(z) z <, c,
= = +
z (z=-1)(z-a) z-1 z-a
. z 1 z @
where c‘_—z—azﬂ_l-—a Cz_z-—lzqg—l—a
Thus,
z a z
Y(z) = - [z >1

[CHAP. 4

(4.85)

(4.86)

(4.87)
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Taking the inverse z-transform of Y(z), we get

1 a
uln] -

yln]=

a"u[n)] = (%)u[n]

l-a l-a

which is the same as Eq. (2.134).

4.26. Using the z-transform, redo Prob. 2.29.
(a) From Prob. 2.29(a), x[n] and Ah[n] are given by
x[n] =a"u[n] h[n] =B"u[n]
From Table 4-1

z
x[n]=a"u[n] —>X(z)= — |z > |al
zZ—a
z
h[n]=p"u[n] —H(z) = pr |z| > |8l
22
Then Y(z)=X(z)H(z) = ———————— |z| > max(a,
) =X(IH(2) = e (. B)
Using partial-fraction expansion, we have
Y(z) z G N c;y
z (z-a)(z-B) z2-a z-P
z a z B
where = = ;= = -
z-Bl,., a-p z—alz=p a—-fB
Thus,
v a z B z
(Z)_cx—Bz—a~a—Bz—B [z| > max(a, B)
a B an+l_ﬂn+1
d = n __ n —_ -
an y[n] [a-ﬁa a_BB ]u[n] ( poy u[n]
which is the same as Eq. (2.135). When a =8,
2
Y(z2)= —— |z] > a
()= oo
Using partial-fraction expansion, we have
Y(z) z Ay A,
z (z—a) z-a  (z-a)
where A=z, a=a
z Ay a
and

195
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(b)
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Setting z = 0 in the above expression, we have
Ay 1

=——+4 — >} =1
[¢4 04

Thus,

1z} > a

Y(z)= : + 5
z-a  (z-a)

and from Table 4-1 we get
y[n]=(a" +na™)u[n] =a"(1+n)u[n]
Thus, we obtain the same results as Eq. (2.135).
From Prob. 2.29(b), x[n] and h[n] are given by
x[n]=a"u[n] h[n}=a "u[ —n] 0<ax<l
From Table 4-1 and Eq. (4.75)

[CHAP. 4

lal

x[n]=a"u[n) > X(2) = Z-_Z: Iz] > |al
1
hln]=a""ul=n] —H(z) = l-az a(z-1/a) <
1 z 1
Then Y(z)=X(z)H(z) = T (i=a)z=1/a) a<|z|<;

Using partial-fraction expansion, we have

Y(z2) 1 1 1( ¢ c,y
z —;(z—a)(z—l/a) - _;(z—a " z-1/a
1 a 1 a
Where Cl:z—l/a z;,a,=—1—oz2 2T a z=l/a=1'—a
Thus,
1 z 1 b4 1
LS e e B - T

and from Table 4-1 we obtain

yin] = l_laza"“lnl— 1_1 2{_(21!_)"u[-n—1]}

a

1
a"u[-n—-1]=

oarulnl+ 10 1-a

- 1-a?

which is the same as Eq. (2.137).

4.27. Using the z-transform, redo Prob. 2.30.

From Fig. 2-23 and definition (4.3)

x[”]={1,1,1,1}<——»X(Z)=1+Z—l+z—22—3
Aln)={1,1,1} «H(z)=1+z""+2"2

[nl
S a
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Thus, by the convolution property (4.26)
Y(2)=X(2)H(z)=(1+z7"+z72+z7%)(1+2z7" +277)
=1+227'+3272 432742274 +273
Hence,
h[n]=1{1,2,3,3,2,1)

which is the same result obtained in Prob. 2.30.

4.28. Using the z-transform, redo Prob. 2.32.
Let x[n] and y[n] be the input and output of the system. Then

z
x[n]=u[n] <-—>X(z)=z_1 [z]>1
z
yln]=a"u[n] —Y(z) = 12| > lal
Z-a
Then, by Eq. (4.41)
b Y(z) z-1 2|
= = >
(=33 " 7=a e
Using partial-fraction expansion, we have
H(z) z—1 c, Cy
z —z(z—a)_z z—a
z—1 1 z—1 a—1 | -«
where ¢, = = — c,= = = —
z-al,-0 a Z i-a a a
Thus,
l-a =
H(z)=—— [z|>a
a a zZI—a
Taking the inverse z-transform of H(z), we obtain
1 —
h[n]=—8[n] - a"u[n]
a
When n =0,
1 |l —a
h[0]=— - =1
a a
Then
1 n=0
hin] = -(1-a)a™! n>1

Thus, A[n] can be rewritten as
h[n]=68[n]=68[n]- (1 —a)a" 'u[n-1]

which is the same result obtained in Prob. 2.32.
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4.29. The output y[n] of a discrete-time LTI system is found to be 2(3)"u[n] when the input
x[n]is uln].

(a) Find the impulse response h[n] of the system.
(b) Find the output y[n] when the input x[n]is (1)"u[n].

z
(a) x[n)l=uln] — X(2) = Py lz]>1
1 n
y[n]=2(§)u[n]<——>Y(z)=Z_.,T Izl>§
Hence, the system function H(z) is
Y(z) 2(z-1)
H = = >~
(z) X(2) z—1 12l 3
Using partial-fraction expansion, we have
H(z) 2(z-1) ¢ c,
z z2(z-%) oz -3
2(z—-1 2(z—-1
where C1=—(—-—1—2 =6 Cz=(—l = —4
Z—3 =0 z z=1/3
Thus,
H(z)=6—4— 2l > o
= —_— —— > p—
(2) z—1% z 3
Taking the inverse z-transform of H(z), we obtain
h[n]=68[n] - 4(%) u[n]
1\" z 1
(b) x[n]= (—) un)e—X(z)= — |z] > —
2 -3 2
Th V(2) = X(2)H(z) = i) 21> -
en, z2)=X(z )= —————— zZ|> -
-D-1 2
Again by partial-fraction expansion we have
Y(z) 2(z-1) c, ;)
= +
z (z—-—)(z—~) z—% z—3%
2(z—-1 2(z—-1
where c,=—(—l—) =-6 c2=—(—,—) =8
273 -1/2 277 =13
Thus,
Y(z)——6———+8 , lz] > =
2 Y 2

Taking the inverse z-transform of Y(z), we obtain

yin]=[-6(2)" +8(3)"|uln]
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4.30. If a discrete-time LTI system is BIBO stable, show that the ROC of its system function

4.31.

4.32.

H(z) must contain the unit circle, that is, [z]| = 1.

A discrete-time LTI system is BIBO stable if and only if its impulse response Al[n] is

absolutely summable, that is [Eq. (2.49)],

i [A[n]l <=

Now H(z)= Y h[n]z7"
Let z =¢/? so that |z| =]e/? = 1. Then

L hlnjen

n=—o

|H(e?) =

oc

< Y |h[n)e = i [h[n]l <=

n= —ot n= —

Therefore, we see that if the system is stable, then H(z) converges for z = ¢’?. That is, for a

stable discrete-time LTI system, the ROC of H(z) must contain the unit circle |z| = 1.

Using the z-transform, redo Prob. 2.38.
(a) From Prob. 2.38 the impulse response of the system is
h[n]=a"u[n]

z

Then H(z)= [z > |al

Z—a

Since the ROC of H(z) is |z| > lal, z = is included. Thus, by the result from Prob. 4.5

we conclude that h[n] is a causal sequence. Thus, the system is causal.

(b) If |al > 1, the ROC of H(z) does not contain the unit circle |z] = 1, and hence the system
will not be stable. If |a| < I, the ROC of H(z) contains the unit circle |z| = 1, and hence

the system will be stable.

A causal discrete-time LTI system is described by

y[n] = 3y[n=1] + gy[n = 2] =x[n]

where x{n] and y[n] are the input and output of the system, respectively.

(a) Determine the system function H(z).
(b) Find the impulse response h[n] of the system.
(¢) Find the step response s(n] of the system.

(@) Taking the z-transform of Eq. (4.88), we obtain
Y(2)~227'Y(z2) + $272Y(2) = X(2)

or (1=327 "+ 5272)Y(2) = X(z2)

(4.88)
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Thus,

(b) Using partial-fraction expansion, we have

H(z) z < <y
z (z—3)(z—- %) =z—-% * z—;
z z
where C‘—z T z=1/2—2 cy= py z=1/4= -1
Thus,
z z 1
H(Z)=2E_m |z|>5

Taking the inverse z-transform of H(z), we get
hln) = [2(3)" = ()" ]uln)

() x[nl=uln]l— X(2)= —ZT [z|>1

(z=1D)(z-3)(z- %)

Again using partial-fraction expansion, we have

Then Y(z)=X(z)H(z) = [z >1

Y(z) 2 T
JCERICEHCER RIS
X ;2 8 22 2
where c =3 - T
' (z—%)(z—l) ier 3 ? (z-1)(z-3) z=1/2
22 1
3 (Z—l)(z—;) z=1/4 3
Thus,
v 8 z ) z 1 =z 1zl> 1
- _ + = >
(Z) 3z—1 z—% 32_% ‘

Taking the inverse z-transformation of Y(z), we obtain

ylnl=s(n]=[%-2(3)"+ 3()"]uln]
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4.33. Using the z-transform, redo Prob. 2.41.

As in Prob. 2.41, from Fig. 2-30 we see that
qln]=2q[n—1] +x[n]
y[n]=qln] +3q[n-1]

Taking the z-transform of the above equations, we get
0(z)=2z7'Q(z2) + X(z2)
Y(z)=0(z)+3z7'Q(z2)
Rearranging, we get
(1-22710(z) =X(z2)
(1+3271)Q(2)=Y(2)

from which we obtain

H(z) = Y(2) _ 1+3z:' (4.89)
X(z) 1-2z7!
Rewriting Eq. (4.89), we have
(1=-2z71Y(2) =(1+3z27")X(2)

or

Y(z)-2z7'Y(z) =X(z) +3z7'X(2) (4.90)
T;lkipg the inverse z-transform of Eq. (4.90) and using the time-shifting property (4.18), we
obtain

y[n]=2y[n—=1)=x[n] +3x[n-1]
which is the same as Eq. (2.148).

4.34. Consider the discrete-time system shown in Fig. 4-8. For what values of k& is the
system BIBO stable?

x[n]
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From Fig. 4-8 we see that
k
aln] =x[n) + Saln 1]

k
y[n]=q[n] + 5(1['1 - 1]

Taking the z-transform of the above equations, we obtain

k
0(2) =X(2) + 527'Q(2)

k
Y(2)=0(2) + 377'0(2)

Rearranging, we have

| R

(1——2“)Q(2)=X(Z)

X

1+ —z—l)Q(z) =Y(2)

w

from which we obtain

Y(z) Ll+(k/3)z"" z+k/3 k
H(z)= = — = lz| >| =
X(z) 1 =(k/2)z z—k/2 2
which shows that the system has one zero at z = —k /3 and one pole at z =k /2 and that the

ROC is |z| > |k /2|. Thus, as shown in Prob. 4.30, the system will be BIBO stable if the ROC
contains the unit circle, |z| = 1. Hence the system is stable only if k| < 2.

UNILATERAL 2-TRANSFORM

4.35. Find the unilateral z-transform of the following x[n]:
(a) x[n]=a"uln)
(b) x[n)=a"""uln + 1]
(a) Since x[n]=0 for n <0, X,(z) = X(z) and from Example 4.1 we have

1 z

X() =T —=~7;; |z| > |al (4.91)

(b) By definition (4.49) we have

X(z)= Y a"*u[n+1]z7"= Y a"t'z7"=a }, (az“)'l
n=0 n=0 n=0
1 az

—a—— = 21> lal (4.92)
1—az z—a

Note that in this case x[n] is not a causal sequence; hence X,(z) # X(z) [see Eq. (4.73) in
Prob. 4.10].



CHAP. 4] THE z-TRANSFORM AND DISCRETE-TIME LTI SYSTEMS 203

4.36. Verify Eqgs. (4.50) and (4.51), that is, for m > 0,
(@) x[n-—m]le—>z"X(2)+z7" W [—-1]+z2" """ 2x[-2]+ -+ +x[—m]
B) x[n+m]le>zmX,(2) —z"x[0] — 2™ 'x[1] — - -+ —2zx[m — 1]

(a) By definition (4.49) with m > 0 and using the change in variable k =n — m, we have

-] ]

B/x[n—-m]}= Y x[n-m)z"= Y x[k]z"m*P

n=0 k=—m
=z""{ ix[k]z"‘+ —Zr:n x[k]z 7k
k=0 k=—1
=z7™X,(z) +x[- 1)z +x[-2)z%+ - -+ +x[-m]z"}
=z7"X,(z) +z " x[-1] + 27 %[ -2] + - +x[—-m])
(b) With m>0

<

8ilaln+ml) = T aln+mlz= ¥ alk]s

n=0 k
=z"{ Y x[k]z7%= ¥ x[k]z7*
k=0 k=0

=zm"{X,(z) — (x[0) +x[1]z""+ - +x[m - 1]Z—(m—1))}

=2"X,(2) —z"x[0] —z™ 'x[1] = -+ —zx[m — 1]

4.37. Using the unilateral z-transform, redo Prob. 2.42.
The system is described by
y[n] —ay[n 1] =x[n] (4.93)
with y[—1]=y_, and x[n] = Kb"u[n]. Let
y[n] = Y(2)
Then from Eq. (4.50)
yIn=1}e=z7Y(2) +y[-1]=27'Y(2) +y_,

From Table 4-1 we have

z
x[n] X, (z2) =K— Iz| > bl
z—b
Taking the unilateral z-transform of Eq. (4.93), we obtain

Y(2) —a{z7'Y (2) +y )} =Kz—i_b

z
or (1—az“')Y,(z)=ay_l+KZ—_5
z

zZ—a
or ( 2 )Y,(z)=ay_l+Kz—3
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Thus,

22

z
Y,(z)=ay_|z_a +K(z—a)(z—b)

Using partial-fraction expansion, we obtain

v z K b z z
= + —
i(2) ay_'z—a b—a( z—b az—a)

Taking the inverse z-transform of Y,(z), we get

a"ul[n]

b a
y[n]=ay_\a"u[n] +Kmb"u[n] —Kb

n+l _ n+!

= y_lan+|+K-——b——a——)u[n]

which is the same as Eq. (2.158).

[CHAP. 4

For each of the following difference equations and associated input and initial

conditions, determine the output y[n]:

(a) yln)— tyln — 1] =x[n}, with x[n]=(3)", y[-1]=1

(b) 3yln]—dyln —1]+yln — 2] =x[n], with x[n]=(3)", y[-1]=1, y[-2]=2

(a) xinl— X, (2) = z] Iz| > 3

3

Taking the unilateral z-transform of the given difference equation, we get

Y(z) - 3{z7'Y(2) +y[ - 1]} = X,(2)
Substituting y[—1] =1 and X,(2) into the above expression, we get

1 . 1 z
(1—52 )Y,(Z)=E+z %

z~% y 1 z
-2 = -+
or b4 i(2) 2 z-3
Thus,
v 1z z? 7 z )
= — + = — -
A A T S P T Y ey
Hence,
y[n]=7(%)"+[ —2(%)" n> —1
z
(b) x[n]—X,(2)= - |z) > 5
-2

Taking the unilateral z-transform of the given difference equation, we obtain

3Y,(2) —4{2_'}’,(2) +y[—1]} + {z"ZY,(z) +z7y[-1] +y[—2]} =X,(2)
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Substituting y[—1]=1, y[—2]=2, and X,(z) into the above expression, we get

z
(3-4z7'+z70)Y(z)=2-z""+ p
2

3(z-1)(z-3) 3z22-2z+3
or e T
Thus,
z(322-2z+3)
Y,(2) = _ 1 2_1
3(z-1)(z-3)(z—73)
3 z z 1 :z
T2z-1 z-1 2z-1%
Hence,
Mal=3-(1)+ 31" =2

4.39. Let x[n] be a causal sequence and
x[n] & X(z)
Show that
x[0] = zll_l;!;X(Z) (4.94)

Equation (4.94) is called the initial value theorem for the z-transform.

Since x[n] =0 for n <0, we have
X[z]= ¥ x[n)z " =x[0] +x[1)z™! +x[2]z" 2+ - --
n=0

As z — 0, z7" — ( for n > 0. Thus, we get
lim X(z) =x[0]
Z— o

4.40. Let x[n] be a causal sequence and
x[n) <> X(z)
Show that if X(z) is a rational function with all its poles strictly inside the unit circle
except possibly for a first-order pole at z =1, then

lim x[N] = lixlll(l—z")X(z) (4.95)

N>
Equation (4.95) is called the final value theorem for the z-transform.
From the time-shifting property (4.19) we have
B{x[n]l—-x[n-1]}=(1-27")X(2) (4.96)

The left-hand side of Eq. (4.96) can be written as
N

. (str]=sln =11} = fim ¥ (sln]=x[n=1]):""

n=0
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If we now let z — [, then from Eq. (4.96) we have

N
lim (1-z7")X(z) = Alllineo Y (x[n]-x[n-1]}= Al,i_r'nmx[N]

z=1 n=0

Supplementary Problems

4.41. Find the z-transform of the following x[n]:

(a) x[n]l=(3,1,- 3}

(b) x[n]=26[n+2]—-38[n-2]

(c) x[n]=3(-p"uln]-23)"ul-n—1]

(d) x{n]=3G)uln]-2(3)'ul-n—1]

Ans. (@) X(z)=1+z"'-1z720<|z|
(b)) X(2)=22>-3z730<|z|<w

2(5z2~-8) 1

(c) X(2)= m, 5<|Z|<3
(d) X(z) does not exist.

4.42. Show that if x[n] is a left-sided sequence and X(z) converges from some value of z, then the
ROC of X(z) is of the form

lzl<rpn or  O0<lzl<rgn

where r_;, is the smallest magnitude of any of the poles of X(z).

Hint: Proceed in a manner similar to Prob. 4.5.

4.43. Given z2(z-4)
X(z)= (z-1)(z-2)(z-3)

(a) State all the possible regions of convergence.

(b) For which ROC is X(z) the z-transform of a causal sequence?

Ans. (a) 0<lzl<1,1<]z1<2,2<)z]<3,|z|>3
(b) 1z1>3

4.44. Verify the time-reversal property (4.23), that is,

x| -

x[—n]HX(l) R

Zz

Hint: Change n to —n in definition (4.3).
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4.45. Show the following properties for the z-transform.
(a) If x{n)is even, then X(z~ ') = X(2).
(b) If x[n)is odd, then X(z7!)= —X(z2).
(¢) If x[n]is odd, then there is a zero in X(z) at z=1.
Hint: (a) Use Eqs. (1.2) and (4.23).
(b) Use Egs. (1.3) and (4.23).
(¢) Use the result from part (b).

4.46. Consider the continuous-time signal
x(t)y=e™™ t>0

Let the sequence x[n] be obtained by uniform sampling of x(¢) such that x[n] =x(nT,), where
T, is the sampling interval. Find the z-transform of x[n].

1

Ans. X(z2)= ——————
ns (Z) 1 —-e'"T‘Z_I

4.47. Derive the following transform pairs:

22— (cos () z

Q >1
(cos Ronjufn] — 22— (2cos Q,)z + 1 12|
0 Q (sin Qy)z 2> 1
n >
(sin Qnjuln] — 22— (2cos Qg)z + 1 z
Hint:  Use Euler’s formulas.
1 . 1 .
cos Qyn = E(e"’()" + ¢ 7Ifom) sin Qgn = z_j(emun — e/fm)

and use Eqgs. (4.8) and (4.10) with a = ¢ /%,

4.48. Find the z-transforms of the following x[n]:
(a) x[n]l=(n—3)u[n - 3]
(b) x[nl=(n-3)ln]
(¢) x[n]=uln]—uln~3]
(d) x[n]=n{uln] —uln -3}

-2

Ans. (a) —z———2-,|z|>1
(z-1)
-322+42

b)) —————, lzl>1
(z-1)
-2

(c) — zl>1

z2—4z724+3;73

d
(d) 217

,lzI>1
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4.49. Using the relation
z
a'u[n] e — [z]> lal
z—a

find the z-transform of the following x[n]:

(a) x[n]=na"'uln]
(b) x[n]=n(n - 1a""?uln]
(¢) x[nl=nn-=1---(n—k+ Da"*u[n]

Hint: Differentiate both sides of the given relation consecutively with respect to a.

z
Ans. (@) ——, |z|>lal
z-a

22
(b) ——)—3, |z] >al

(z—a
k'z

(¢) -(—Tl-, [z| > |al
zZ—a

4.50. Using the z-transform, verify Eqgs. (2.130) and (2.131) in Prob. 2.27, that is,

(a) x[n)*é[n]=x[n]
(b) x[nl*8ln —nyl=x[n—ngl

Hint: Use Eq. (4.26) of the z-transform and transform pairs 1 and 4 from Table 4-1.

4.51. Using the z-transform, redo Prob. 2.47.
Hint: Use Eq. (4.26) and Table 4-1.

4.52. Find the inverse z-transform of
X(z)=e" |z| >0
Hint: Use the power series expansion of the exponential function e’.

n

Ans. x[n]= Fu[n]

4.53. Using the method of long division, find the inverse z-transform of the following X(z):

Z

(a) X(Z)=m,|z|<l
Zz

(b) X(Z)=—_(z—1)(z—2)’l<lzl<2
V4

(¢) X(Z)=m,|z|>2

Ans. (@) x[n]={...,5,3,3,0}
(b) x[nl=(...,—3,—3,—-3,-1,-1,-1,...)

(¢) x[n]=1{0,1,3,7,15,...}
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4.54.

4.58.

4.56.

Using the method of partial-fraction expansion, redo Prob. 4.53.
Ans. (@) x[n]l=Q -2"ul-n-1]

(b) x[nl= —uln]-2"u[—n-1]

(¢) x[n]=(=1+2"uln]

Consider the system shown in Fig. 4-9. Find the system function H(z) and its impulse response
hln].

1 1\?
Ans. H(z)= T%Z—_T’ hin}= (—2—) uln}

x{n} yin]

Consider the system shown in Fig. 4-10.

(a) Find the system function H(z).
(b) Find the difference equation relating the output y[n] and input x[n].

bo+b,z7 +b,z7?
3

Ans. (a) H(z)= — -
1+a,z7 ' +a,z

b)) ylnl+ayln—11+a,yln-2]=byx[n]l+ b x[n—- 1]+ b,x[n - 2]

x{n}
3 r@—

+

Fig. 4-10
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4.57. Consider a discrete-time LTI system whose system function H(z) is given by

z 1
H(Z) b Z————;‘ IZ] > -é-
(@) Find the step response s[n].
(b) Find the output y[n] to the input x[n] = nu[n].
Ans. (@) sln]=[2-(3)"luln]
(b) yln]=20(2)"+n - 1uln]

4.58. Consider a causal discrete-time system whose output y[n] and input x[n] are related by

y[n] = 3y[n— 11+ 4y[n - 2] =x[n]

(a) Find its system function H(z).
(b) Find its impulse response A{n].

z? 1
OG- 72
(b) hln]=[3(3)" - 2(3)"uln]

Ans. (a) H(z)=

4.59. Using the unilateral z-transform, solve the following difference equations with the given initial
conditions.

(a) y[n)-3yln— 1]=x[n], with x[n]=4uln], y[-1]=1
(b) ylnl-5yln—1]+ 6yln — 2] =x[n], with x[n]=uln), y[-1]=3, y[-2]=2

Ans. (a) ylnl=-2+93), n=> -1
(b) ylnl=3+82)"-323" n= -2

4.60. Determine the initial and final values of x[n] for each of the following X(z):

o 2z(z- ) 1
(a) X(Z)— m, |z|> 5
V4
(b) X(z)= m, IZ|> 1

Ans. (a) x[0]=2, x[=]=0
(b) x[0}=0, x[=]=1



Chapter 5

Fourier Analysis of Continuous-Time
Signals and Systems

5.1 INTRODUCTION

In previous chapters we introduced the Laplace transform and the z-transform to
convert time-domain signals into the complex s-domain and z-domain representations that
are, for many purposes, more convenient to analyze and process. In addition, greater
insights into the nature and properties of many signals and systems are provided by these
transformations. In this chapter and the following one, we shall introduce other transfor-
mations known as Fourier series and Fourier transform which convert time-domain signals
into frequency-domain (or spectral) representations. In addition to providing spectral
representations of signals, Fourier analysis is also essential for describing certain types of
systems and their properties in the frequency domain. In this chapter we shall introduce
Fourier analysis in the context of continuous-time signals and systems.

5.2 FOURIER SERIES REPRESENTATION OF PERIODIC SIGNALS
A. Periodic Signals:

In Chap. 1 we defined a continuous-time signal x(¢) to be periodic if there is a positive
nonzero value of T for which

x(t+T)=x(t) all ¢ (5.1)
The fundamental period T, of x(¢) is the smallest positive value of T for which Eq. (5.1)

is satisfied, and 1/T,=f, is referred to as the fundamental frequency.
Two basic examples of periodic signals are the real sinusoidal signal

x(t)=cos(wyt + ) (5.2)
and the complex exponential signal
x(t) =e/ (5.3)

where wy=27/T,=27f, is called the fundamental angular frequency.

B. Complex Exponential Fourier Series Representation:

The complex exponential Fourier series representation of a periodic signal x(¢) with
fundamental period T, is given by
2

x(t) = Z ckef"“’ﬂ‘ wy=—— (5.4)
T,

k= —o

211
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where ¢, are known as the complex Fourier coefficients and are given by

1 .
cp=—= [ x(t)e K dt (5.5)
TO T
where fT denotes the integral over any one period and 0 to 7, or —T,/2 to T,/2 is
commonly used for the integration. Setting & = 0 in Eq. (5.5), we have
1
Co= x(t)dt (5.6)
Tn Ty

which indicates that ¢, equals the average value of x(¢) over a period.

When x(¢) is real, then from Eq. (5.5) it follows that
c_,=c¢r (5.7)

where the asterisk indicates the complex conjugate.

C. Trigonometric Fourier Series:

The trigonometric Fourier series representation of a periodic signal x(¢) with funda-
mental period 7|, is given by

a, * ) 2
2 45 Ty
where a, and b, are the Fourier coefficients given by
a, = x(t)cos kw,tdt (5.9a)
Ty 1,
by= [ x(t)sinkw,tdt 5.9p
=T fn, (1) sin ka, (5.9)

The coefficients a, and b, and the complex Fourier coefficients ¢, are related by
(Prob. 5.3)

a
7():‘70 ap=Ccptc_y by =J(c, —c_x) (5.10)
From Eq. (5.10) we obtain
Ck=%(ak —jby) C—k=%(ak +jby) (5.11)
When x(¢) is real, then a, and b, are real and by Eq. (5.10) we have

a,=2Re[c,] b, = —2Im[c,] (5.12)
Even and Odd Signals:

If a periodic signal x(¢) is even, then b, = 0 and its Fourier series (5.8) contains only
cosine terms:
2

a =<}
x(1) ==+ ¥ a,cos kot wy = — (5.13)
2 k=1 TO
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If x(t) is odd, then a, =0 and its Fourier series contains only sine terms:

* ) 27
x(t) =) b, sin kwyt wy=—— (5.14)
k=1 TO

D. Harmonic Form Fourier Series:

Another form of the Fourier series representation of a real periodic signal x(¢) with
fundamental period T, is

* 2
x(t)=Cy+ Y, Cycos(kwyt —0,)  wo=—
k=1 T,
Equation (5.15) can be derived from Eq. (5.8) and is known as the harmonic form Fourier
series of x(¢). The term C,, is known as the dc component, and the term C, cos(kw,t — 6,)
is referred to as the kth harmonic component of x(t). The first harmonic component
C, cos(wyt — 8,) is commonly called the fundamental component because it has the same
fundamental period as x(¢). The coefficients C, and the angles 6, are called the harmonic
amplitudes and phase angles, respectively, and they are related to the Fourier coefficients
a, and b, by

(5.15)

a b
C0=70 C,=Va;+b} 6, = tan~' — (5.16)

Ay

For a real periodic signal x(¢), the Fourier series in terms of complex exponentials as
given in Eq. (5.4) is mathematically equivalent to either of the two forms in Egs. (5.8) and
(5.15). Although the latter two are common forms for Fourier series, the complex form in
Eq. (5.4) is more general and usually more convenient, and we will use that form almost
exclusively.

E. Convergence of Fourier Series:

It is known that a periodic signal x(¢) has a Fourier series representation if it satisfies
the following Dirichlet conditions:

1. x(t) is absolutely integrable over any period, that is,

Luuﬂm<w (5.17)

2. x(t) has a finite number of maxima and minima within any finite interval of ¢.

3. x(t) has a finite number of discontinuities within any finite interval of ¢, and each of
these discontinuities is finite.

Note that the Dirichlet conditions are sufficient but not necessary conditions for the Fourier
series representation (Prob. 5.8).

F. Amplitude and Phase Spectra of a Periodic Signal:
Let the complex Fourier coefficients c, in Eq. (5.4) be expressed as
¢, =lc,| e/ (5.18)
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A plot of |c,| versus the angular frequency w is called the amplitude spectrum of the
periodic signal x(t), and a plot of ¢, versus w is called the phase spectrum of x(t). Since
the index k assumes only integers, the amplitude and phase spectra are not continuous
curves but appear only at the discrete frequencies kw,. They are therefore referred to as
discrete frequency spectra or line spectra.

For a real periodic signal x(¢) we have ¢_, = c¢}. Thus,

le_ i d=lc,l b = —d (5.19)

Hence, the amplitude spectrum is an even function of w, and the phase spectrum is an odd
function of w for a real periodic signal.

G. Power Content of a Periodic Signal:

In Chap. | (Prob. 1.18) we introduced the average power of a periodic signal x(t) over
any period as

1 2
P= ﬁfnlx(t)l dt (5.20)

If x(¢) is represented by the complex exponential Fourier series in Eq. (5.4), then it can be
shown that (Prob. 5.14)

x

1 2, 2
—T;/T”lx(t)l d= Y lcl (5.21)

k=—

Equation (5.21) is called Parseval’s identity (or Parseval’s theorem) for the Fourier series.

5.3 THE FOURIER TRANSFORM
A. From Fourier Series to Fourier Transform:
Let x(¢) be a nonperiodic signal of finite duration, that is,
x(t)=0 [t]> T,

Such a signal is shown in Fig. 5-1(a). Let xT”(t) be a periodic signal formed by repeating
x(¢) with fundamental period T, as shown in Fig. 5-1(b). If we let T, — «, we have

lim x,.(t) =x(t) (5.22)

o
0

The complex exponential Fourier series of x»,vu(t) is given by

xp(t) = Y ek Wy = (5.23)
‘ k= —-x TO
L 12 .
where C, = — xp (1) e ket dt (5.24a)
Ty/-1,,2

Since x (1) =x(¢) for |t] <T,/2 and also since x(¢) =0 outside this interval, Eq. (5.24a)
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x(1)

T, 0T, !
(@)
x7,(0)
A A A AN
-T, _? T, 0 T, ? T, 2T, «
)

Fig. 5-1 (a) Nonperiodic signal x(1); (b) periodic signal formed by periodic extension of x(1).

can be rewritten as

1
o for? x(t) e ke dr = —f (t) e Tkeot gt (5.24b)
Ty/-1,2 Ty’ w
Let us define X(w) as
X(w) = j (1) e " dt (5.25)

Then from Eq. (5.24b) the complex Fourier coefficients ¢, can be expressed as

Ch = -Tl—X(ka) (5.26)

0

Substituting Eq. (5.26) into Eq. (5.23), we have

oc

1 |
()= L = X(ka,) e

k=—o %0
1
or xr(0)= 5= T X(kay) e e, (5.27)
k— o0

As Ty—> »,w,=2m/T, becomes infinitesimal (w,— 0). Thus, let w,=Aw. Then
Eq. (5.27) becomes

1
xTu(t)ITU_,x—> Z X(kAw)e " Aw (5.28)

k— —
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Therefore,

1 = ‘
x(t)= lim xp(r)= lim ~— ¥ X(kAw)e** So (5.29)

Ty—>> Aw—0 Tre

The sum on the right-hand side of Eq. (5.29) can be viewed as the area under the function
X(w) e’, as shown in Fig. 5-2. Therefore, we obtain

x(t)= z—lq;fme(w)e"“”dw (5.30)

which is the Fourier representation of a nonperiodic x(t).

X(w)er

Area = X(kAw)e *0w! Ay

X(k Aw)e/m““ ________ =

ey

0 k Amr
Fig. 5-2 Graphical interpretation of Eq. (5.29).

B. Fourier Transform Pair:

The function X(w) defined by Eq. (5.25) is called the Fourier transform of x(t), and
Eq. (5.30) defines the inverse Fourier transform of X(w). Symbolically they are denoted by

©

X(w) = F{x(1)} =f x(t)e i dt (5.31)

1 = :
x(t)=.7"l{X(w)}=§—1; _mX(w)e"‘”dw (5.32)

and we say that x(¢) and X(w) form a Fourier transform pair denoted by
x(t) > X(w) (5.33)

C. Fourier Spectra:
The Fourier transform X(w) of x(¢) is, in general, complex, and it can be expressed as
X(w) =1X(w)le/* (5.34)

By analogy with the terminology used for the complex Fourier coefficients of a periodic
signal x(t), the Fourier transform X(w) of a nonperiodic signal x(t¢) is the frequency-
domain specification of x(z) and is referred to as the spectrum (or Fourier spectrum) of
x(t). The quantity |X(w)| is called the magnitude spectrum of x(t), and ¢(w) is called the
phase spectrum of x(t).
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If x(¢) is a real signal, then from Eq. (5.31) we get

o

X(-w)=[ x(t)e™ di (5.35)

Then it follows that
X(-—w)=X*(w) (5.36a)
and I X(—w)l=1X(w) (—w)=-¢(w) (5.36b)

Hence, as in the case of periodic signals, the amplitude spectrum |X(w)| is an even
function and the phase spectrum ¢(w) is an odd function of w.

D. Convergence of Fourier Transforms:

Just as in the case of periodic signals, the sufficient conditions for the convergence of
X(w) are the following (again referred to as the Dirichlet conditions):

1. x(¢) is absolutely integrable, that is,

o

[ Ix@)ldr < (5.37)

2. x(1) has a finite number of maxima and minima within any finite interval.

3.  x(¢) has a finite number of discontinuities within any finite interval, and each of these
discontinuities is finite.

Although the above Dirichlet conditions guarantee the existence of the Fourier transform for
a signal, if impulse functions are permitted in the transform, signals which do not satisfy
these conditions can have Fourier transforms (Prob. 5.23).

E. Connection between the Fourier Transform and the Laplace Transform:

Equation (5.37) defines the Fourier transform of x(t¢) as

X(0)=[ x(r)edr (5.38)

The bilateral Laplace transform of x(¢), as defined in Eq. (4.3), is given by

X(s)= [ x(t)edi (5.39)

- 00

Comparing Eqgs. (5.38) and (5.39), we see that the Fourier transform is a special case of
the Laplace transform in which s = jw, that is,

X($)lomjo = F{x(1)) (5.40)
Setting s = o + jw in Eq. (5.39), we have

X(o+jw)= fw x(t)e @t g = fm [x(t)e "] e~/ dt

or X(o+jw)= F{x(t)e '} (5.41)
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which indicates that the bilateral Laplace transform of x(¢) can be interpreted as the
Fourier transform of x(¢)e 7"

Since the Laplace transform may be considered a generalization of the Fourier
transform in which the frequency is generalized from jw to s =0 +jw, the complex
variable s is often referred to as the complex frequency.

Note that since the integral in Eq. (5.39) is denoted by X(s), the integral in Eq. (5.38)
may be denoted as X(jw). Thus, in the remainder of this book both X(w) and X(jw)
mean the same thing whenever we connect the Fourier transform with the Laplace
transform. Because the Fourier transform is the Laplace transform with s =jw, it should
not be assumed automatically that the Fourier transform of a signal x(r) is the Laplace
transform with s replaced by jw. If x(¢) is absolutely integrable, that is, if x(¢) satisfies
condition (5.37), the Fourier transform of x(t) can be obtained from the Laplace
transform of x(¢) with s =jw. This is not generally true of signals which are not absolutely
integrable. The following examples illustrate the above statements.

EXAMPLE 5.1. Consider the unit impulse function 5(¢).
From Eq. (3.13) the Laplace transform of 6(¢) is

Z{8(1)} =1 all s (5.42)
By definitions (5.37) and (/.20) the Fourier transform of 8(r) is

37{5(:)}=f 8(t) e dr =1 (5.43)
Thus, the Laplace transform and the Fourier transform of 8(¢) are the same.

EXAMPLE 5.2. Consider the exponential signal
x(t)=e"u(?) a>0
From Eq. (3.8) the Laplace transform of x(t) is given by
1
Lx()) =X(s)=—— Re(s) > —a (5.44)

s+a

By definition (5.37) the Fourier transform of x(¢) is
Flx(1)} = X(w) = jx e~ u(t) e i di

— 0

1

= [Te@rion gy o (5.45)
0 a+jw
Thus, comparing Egs. (5.44) and (5.45), we have
X(w) =X(5)sju (5.46)

Note that x(z) is absolutely integrable.

EXAMPLE 5.3. Consider the unit step function u(¢).
From Eq. (3.74) the Laplace transform of w(z) is

Z{u(t)) =% Re(s) >0 (5.47)
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The Fourier transform of u(t) is given by (Prob. 5.30)
1
Flu(t)) =7mé(w) + — (5.48)
jw

Thus, the Fourier transform of u(¢) cannot be obtained from its Laplace transform. Note that the unit
step function u(r) is not absolutely integrable.

54 PROPERTIES OF THE CONTINUOUS-TIME FOURIER TRANSFORM

Basic properties of the Fourier transform are presented in the following. Many of these
properties are similar to those of the Laplace transform (see Sec. 3.4).

A. Linearity:
ax(t) +ayx,(t) = a, X (w)+a,Xy(w) (5.49)

B. Time Shifting:

x(t—ty) > e X(w) (5.50)

Equation (5.50) shows that the effect of a shift in the time domain is simply to add a linear
term —wt, to the original phase spectrum 6(w). This is known as a linear phase shift of the
Fourier transform X(w).

C. Frequency Shifting:

e’ x(t) e X(w — w,) (5.51)

The multiplication of x(¢) by a complex exponential signal e/“*’ is sometimes called
complex modulation. Thus, Eq. (5.51) shows that complex modulation in the time domain
corresponds to a shift of X(w) in the frequency domain. Note that the frequency-shifting
property Eq. (5.51) is the dual of the time-shifting property Eq. (5.50).

D. Time Scaling:

( ! X( w) 5.52
x(at) e — — .
) X |+ (5.52)
where a is a real constant. This property follows directly from the definition of the Fourier
transform. Equation (5.52) indicates that scaling the time variable ¢ by the factor a causes
an inverse scaling of the frequency variable @ by 1/a, as well as an amplitude scaling of
X(w/a) by 1/lal. Thus, the scaling property (5.52) implies that time compression of a
signal (@ > 1) results in its spectral expansion and that time expansion of the signal (a < 1)
results in its spectral compression.
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E. Time Reversal:

x(—t) o> X(-w) (5.53)

Thus, time reversal of x(¢) produces a like reversal of the frequency axis for X(w).
Equation (5.53) is readily obtained by setting a = —1 in Eq. (5.52).

F. Duality (or Symmetry):

X(t) o 2mx(~w) (5.54)

The duality property of the Fourier transform has significant implications. This property
allows us to obtain both of these dual Fourier transform pairs from one evaluation of
Eq. (5.3D) (Probs. 5.20 and 5.22).

G. Differentiation in the Time Domain:

dx(t)
dt

Equation (5.55) shows that the effect of differentiation in the time domain is the
multiplication of X(w) by jw in the frequency domain (Prob. 5.28).

—joX(w) (5.55)

H. Differentiation in the Frequency Domain:

dX(w)
(—jt)x(1) & (5.56)
Equation (5.56) is the dual property of Eq. (5.55).
I. Integration in the Time Domain:
t 1
f x(7)dr — 7X(0)8(w) + — X (o) (5.57)
—oo Jw

Since integration is the inverse of differentiation, Eq. (5.57) shows that the frequency-
domain operation corresponding to time-domain integration is multiplication by 1/jw, but
an additional term is needed to account for a possible dc component in the integrator
output. Hence, unless X(0) = 0, a dc component is produced by the integrator (Prob. 5.33).

J. Convolution:

x,(1)* x,5(1) > Xy(w) Xy(w) (5.58)
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Equation (5.58) is referred to as the time convolution theorem, and it states that convolu-
tion in the time domain becomes multiplication in the frequency domain (Prob. 5.31). As
in the case of the Laplace transform, this convolution property plays an important role in
the study of continuous-time LTI systems (Sec. 5.5) and also forms the basis for our
discussion of filtering (Sec. 5.6).

K. Multiplication:

1
£(1)x:(1) = 3= X,(w) = X) (5.59)

The multiplication property (5.59) is the dual property of Eq. (5.58) and is often referred
to as the frequency convolution theorem. Thus, multiplication in the time domain becomes
convolution in the frequency domain (Prob. 5.35).

L. Additional Properties:
If x(¢) is real, let

x(t)=x,(t) +x,(1) (5.60)
where x (¢) and x (1) are the even and odd components of x(¢), respectively. Let

x(t) > X(w)=A(w) +jB(w)

Then X(—w)=X*(w) (5.61a)
x,(1) > Re{X(w)} =A(w) (5.61b)
x,(1) j Im{X(w)) = jB(w) (5.61¢)

Equation (5.61a) is the necessary and sufficient condition for x(¢) to be real (Prob. 5.39).
Equations (5.61b) and (5.61c) show that the Fourier transform of an even signal is a real
function of w and that the Fourier transform of an odd signal is a pure imaginary function
of w.

M. Parseval’s Relations:

o

fixn(f\)Xz(A)d/\ =[ X (A)x,(A)dA (5.62)

— 0

o

@ 1
fmx](t)xz(t)dt=gf Xy(0)X,(—w)dw (5.63)

- — 00

IO L7 X () do (5.64)

27 —
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Equation (5.64) is called Parseval’s identity (or Parseval’s theorem) for the Fourier
transform. Note that the quantity on the left-hand side of Eq. (5.64) is the normalized
energy content E of x(¢) [Eq. (1.14)). Parseval’s identity says that this energy content E
can be computed by integrating | X(w)|* over all frequencies w. For this reason | X(w)|? is
often referred to as the energy-density spectrum of x(t), and Eq. (5.64) is also known as

the energy theorem.

Table 5-1 contains a summary of the properties of the Fourier transform presented in
this section. Some common signals and their Fourier transforms are given in Table 5-2.

Table 5-1. Properties of the Fourier Transform
Property Signal Fourier transform
x(1) X(w)
x,(8) X(w)
x,5(1) Xy w)
Linearity ax (1) +a,x,(t) a X (w)+a,Xy(w)
Time shifting x(t —1,) e M X(w)
Frequency shifting e x(¢) X(w - wy)
1 ®
Time scaling x(at) —-X(—)
lal \a
Time reversal x(=1) X(-w)
Duality X(1) 27x(—w)
. dx(t) .
Time differentiation = joX(w)
. - . dX(w)
Frequency differentiation (—j)x(t) o
1
Integration f’ x(r)dr 7X(0)8(w) + j—X(w)
— w

Convolution

Multiplication
Real signal
Even component

Odd component
Parseval’s relations

—ac

x(1)* x,(t)

x()x, (1)

x(8) =x (1) +x,(t)

x (1)
x,(t)

X (@) X(w)

—l—X,(w)* X(w)

27

X(w) = A(w) + jB(w)
X(—w)=X*w)
Re{X(w)} = A(w)

7 Im{X(w)} =jB(w)

[ xx,Wdh = [~ X (Dxy()da
x 1 0
j x(Dx,(1)dt = E[_@X,(w)Xz(—w)dw

2 1 -
/ lx(t)|2d1=§f 1 X(w))? dw
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Table 5-2. Common Fourier Transforms Pairs

x(t) X(w)
8(t) 1
8(t —ty) e /et
1 276(w)
eloo! 278(w — wg)
oS wyt m[6(w — wy) + 8w + wy)]
sin w? —jrl8(w — wy) — 8(w + wy)]
1
u(t) T (w)+ —
jow
1
u(—1) 76(w) — —
jw
1
e "u(t),a>0 -
Jo +a
1
te “u(t),a>0 5
(Jow +a)
" 0 2a
—a S
¢ 4 a’+ w?
—1 —alw|
a’+1t? ¢
e—arz’ a>0 z e—w2/4a
V a
1 It| < a sin wa
t)=
p.(t) {0 > a 2a —
sin at (©) = 1 lw| <a
Tt Piwr= 0 |w|>a
sgn ¢ —
jw
i > 2T
Y. 8(t—kT) w, 3. 8w-kwy),w,= T
k= —o k= —

5.5 THE FREQUENCY RESPONSE OF CONTINUOUS-TIME LTI SYSTEMS

A. Frequency Response:
In Sec. 2.2 we showed that the output y(¢) of a continuous-time LTI system equals the
convolution of the input x(¢) with the impulse response h(t); that is,

y(1) =x(t)* h(1) (5.65)

Applying the convolution property (5.58), we obtain
Y(w)=X(w)H(w) (5.66)
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where Y(w), X(w), and H(w) are the Fourier transforms of y(¢), x(¢), and h(¢),
respectively. From Eq. (5.66) we have

_ Y(w)
X(w)

H(w (5.67)

The function H(w) is called the frequency response of the system. Relationships repre-
sented by Egs. (5.65) and (5.66) are depicted in Fig. 5-3. Let
H(w) =|H(w)| e« (5.68)

Then |H(w)| is called the magnitude response of the system, and 6,,(w) the phase response
of the system.

I H(w)
&(t) LTI h(1)
\ﬁ
x(1) system Y()=x(t) » h(1)
X(w) Y(w)=X(w)H(w)

Fig. 5-3 Relationships between inputs and outputs in an LTI system.

Consider the complex exponential signal

x(1) = e/ (5.69)
with Fourier transform (Prob. 5.23)
X(w)=276(w —w,) (5.70)
Then from Egs. (5.66) and (1.26) we have
Y(w)=27H(w,)8(w — w,) (5.71)

Taking the inverse Fourier transform of Y(w), we obtain
y(1)=H(w,) e’ (5.72)

which indicates that the complex exponential signal e’ is an eigenfunction of the LTI
system with corresponding eigenvalue H(w,), as previously observed in Chap. 2 (Sec. 2.4
and Prob. 2.17]. Furthermore, by the linearity property (5.49), if the input x(z) is periodic
with the Fourier series

x(t)= Y c,e* (5.73)

k=—

then the corresponding output y(¢) is also periodic with the Fourier series

x

y(t)= Y, c,H(kw,)e* (5.74)

k= ~mo
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If x(¢) is not periodic, then from Eq. (5.30)
= ——l ) X(w)e™' dw 5.75
x(t) 2 f ( ) € ( * )

Ty -

and using Eq. (5.66), the corresponding output y(¢) can be expressed as
y(t) = %;f:H(w)X(w) e’ dw (5.76)
Thus, the behavior of a continuous-time LTI system in the frequency domain is completely
characterized by its frequency response H(w). Let
X(w)=X(w)lex Y(w) =Y (w)le (5.77)
Then from Eq. (5.66) we have
Y (o)l =|X(«)l|H(w)l (5.78a)
0y(w)=0y(w)+6,(w) (5.78b)

Hence, the magnitude spectrum |X(w)| of the input is multiplied by the magnitude
response |H(w)| of the system to determine the magnitude spectrum |Y(w)| of the output,
and the phase response 6,(w) is added to the phase spectrum 6,(w) of the input to
produce the phase spectrum 6,(w) of the output. The magnitude response |H(w)| is
sometimes referred to as the gain of the system.

B. Distortionless Transmission:

For distortionless transmission through an LTI system we require that the exact input
signal shape be reproduced at the output although its amplitude may be different and it
may be delayed in time. Therefore, if x(¢) is the input signal, the required output is

y(t)=Kx(t—1t,) (5.79)

where ¢, is the time delay and K (> 0) is a gain constant. This is illustrated in Figs. 5-4(a)
and (b). Taking the Fourier transform of both sides of Eq. (5.79), we get

Y(w)=Ke*"X(w) (5.80)
Thus, from Eq. (5.66) we see that for distortionless transmission the system must have
H(w) =|H(w)le/“) = Ke~ivta (5.81)
Thus,
|H(w)l=K (5.82a)
0y(w) = —jot, (5.82b)

That is, the amplitude of H(w) must be constant over the entire frequency range, and the
phase of H(w) must be linear with the frequency. This is illustrated in Figs. 5-4(c) and (d).

Amplitude Distortion and Phase Distortion:

When the amplitude spectrum |H(w)| of the system is not constant within the
frequency band of interest, the frequency components of the input signal are transmitted
with a different amount of gain or attenuation. This effect is called amplitude distortion.
When the phase spectrum 6,,(w) of the system is not linear with the frequency, the output
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x(1) 1H(w)!

L e e e =

i /
ey

(a) (c)

M)

6,(w)

\w

Slope = -1,
(b) (d)

Fig. 5-4 Distortionless transmission.

-~y

signal has a different waveform than the input signal because of different delays in passing
through the system for different frequency components of the input signal. This form of
distortion is called phase distortion.

C. LTI Systems Characterized by Differential Equations:
As discussed in Sec. 2.5, many continuous-time LTI systems of practical interest are
described by linear constant-coefficient differential equations of the form

d"y(t) d"x(t)

N M
Y ay =X b (5.83)
k=0 k=0

with M < N. Taking the Fourier transform of both sides of Eq. (5.83) and using the
linearity property (5.49) and the time-differentiation property (5.55), we have

5_: (jo) Y(w)—kzob jw) X(w)
N M
or Y(w) L a,(jo) =X(0) L by(jw)" (5.84)

k=0 k=0
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Thus, from Eq. (5.67)

M
Y bi(jw)"
B Y(w) _ k=0
H(w)—X(w) f:ak(jw)* (5.85)
k=0

which is a rational function of w. The result (5.85) is the same as the Laplace transform
counterpart H(s) =Y(s)/X(s) with s =jw [Eq. (3.40)], that is,

H(w)=H(s)ls=jo =H(jo)

5.6 FILTERING

One of the most basic operations in any signal processing system is filtering. Filtering is
the process by which the relative amplitudes of the frequency components in a signal are
changed or perhaps some frequency components are suppressed. As we saw in the
preceding section, for continuous-time LTI systems, the spectrum of the output is that of
the input multiplied by the frequency response of the system. Therefore, an LTI system
acts as a filter on the input signal. Here the word “filter” is used to denote a system that
exhibits some sort of frequency-selective behavior.

A. Ideal Frequency-Selective Filters:

An ideal frequency-selective filter is one that exactly passes signals at one set of
frequencies and completely rejects the rest. The band of frequencies passed by the filter is
referred to as the pass band, and the band of frequencies rejected by the filter is called the
stop band.

The most common types of ideal frequency-selective filters are the following.

1. Ideal Low-Pass Filter:
An ideal low-pass filter (LPF) is specified by

H(w)| 1 lol < w, 5 86
(@l=1o ol > o, (3.86)
which is shown in Fig. 5-5(a). The frequency w, is called the cutoff frequency.
2. Ideal High-Pass Filter:
An ideal high-pass filter (HPF) is specified by
H(o)| 0 lo| < @, 5 g7
(@l=1, ol > o, (3.:87)

which is shown in Fig. 5-5(b).
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IH(w)! IH(w)!
|
- ] ——————————————
™ 0 w, ; w, 0 w To
(@) (b)
|H(w)! 1H(w)!
1
- |
W, -, 0 w, w, : W, -, 0 o, w, i
(c) (d)
Fig. 5-5§ Magnitude responses of ideal frequency-selective filters.
3. [Ideal Bandpass Filter:
An ideal bandpass filter (BPF) is specified by
1 <lw| <
|H(w) = { o <ol <a, (5.88)
0 otherwise
which is shown in Fig. 5-5(¢).
4. Ideal Bandstop Filter:
An ideal bandstop filter (BSF) is specified by
0 < <
|H(w)l = @ <lol<w, (5.89)
1 otherwise

which is shown in Fig. 5-5(d).

In the above discussion, we said nothing regarding the phase response of the filters. To
avoid phase distortion in the filtering process, a filter should have a linear phase

characteristic over the pass band of the filter, that is [Eq. (5.82b)),
Op(w) = —wt,

where ¢, is a constant.
Note that all ideal frequency-selective filters are noncausal systems.

(5.90)
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B. Nonideal Frequency-Selective Filters:

As an example of a simple continuous-time causal frequency-selective filter, we
consider the RC filter shown in Fig. 5-6(a). The output y(¢) and the input x(t) are related
by (Prob. 1.32)

d
RCLd(t—t—)- +y(t)=x(t)

Taking the Fourier transforms of both sides of the above equation, the frequency response
H(w) of the RC filter is given by

Y(w) 1 1
X(w) 1+joRC 1+jw/w,

H(w) = (5.91)

where w,=1/RC. Thus, the amplitude response |H(w)| and phase response 6,(w) are
given by
1

|H(w)|= . = > (5.92)
ll +jw/w0| [1 + (w/wo)z]l/
w
0y(w)=—tan"'— (5.93)
wg
IH(w)l
1112
!
]
]
]
R -w, 0 P T:
T AM— ke
+ +
x(r) i(n) C Y 0(w)

(@)

)
Fig. 5-6 RC filter and its frequency response.
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which are plotted in Fig. 5-6(b). From Fig. 5-6(b) we see that the RC network in
Fig. 5-6(a) performs as a low-pass filter.

5.7 BANDWIDTH
A. Filter (or System) Bandwidth:

One important concept in system analysis is the bandwidth of an LTI system. There are
many different definitions of system bandwidth.

1. Absolute Bandwidth:

The bandwidth Wy of an ideal low-pass filter equals its cutoff frequency; that is,
Wy = w, [Fig. 5-5(a)]. In this case Wy is called the absolute bandwidth. The absolute
bandwidth of an ideal bandpass filter is given by Wy = w, — w, [Fig. 5-5(c)]. A bandpass
filter is called narrowband if Wy < w,, where w,= 1(w, + w,) is the center frequency of
the filter. No bandwidth is defined for a high-pass or a bandstop filter.

2. 3-dB (or Half-Power) Bandwidth:

For causal or practical filters, a common definition of filter (or system) bandwidth is
the 3-dB bandwidth W, ;5. In the case of a low-pass filter, such as the RC filter described
by Eq. (5.92) or in Fig. 5-6(b), W; 4 is defined as the positive frequency at which
the amplitude spectrum |H(w)| drops to a value equal to |H(0)| /vV2, as illustrated in
Fig. 5-7(a). Note that |H(0)| is the peak value of H(w) for the low-pass RC filter. The
3-dB bandwidth is also known as the half-power bandwidth because a voltage or current
attenuation of 3 dB is equivalent to a power attenuation by a factor of 2. In the case of a
bandpass filter, W, 45 is defined as the difference between the frequencies at which | H(w)|
drops to a value equal to 1/V2 times the peak value |H(w,,)| as illustrated in Fig. 5-7(b).
This definition of W, ,5 is useful for systems with unimodal amplitude response (in the
positive frequency range) and is a widely accepted criterion for measuring a system’s
bandwidth, but it may become ambiguous and nonunique with systems having multiple
peak amplitude responses.

Note that each of the preceding bandwidth definitions is defined along the positive
frequency axis only and always defines positive frequency, or one-sided, bandwidth only.

IH(w)! IH(w)l

Fig. 5-7 Filter bandwidth.
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B. Signal Bandwidth:

The bandwidth of a signal can be defined as the range of positive frequencies in which
“most” of the energy or power lies. This definition is rather ambiguous and is subject to
various conventions (Probs. 5.57 and 5.76).

3-dB Bandwidth:

The bandwidth of a signal x(¢) can also be defined on a similar basis as a filter
bandwidth such as the 3-dB bandwidth, using the magnitude spectrum |X(w)| of the signal.
Indeed, if we replace |H(w)| by | X(w)| in Figs. 5-5(a) to (c), we have frequency-domain
plots of low-pass, high-pass, and bandpass signals.

Band-Limited Signal:
A signal x(1) is called a band-limited signal if

| X(w)l=0 lw| > w,, (5.94)

Thus, for a band-limited signal, it is natural to define w,, as the bandwidth.

Solved Problems

FOURIER SERIES

S.1.  We call a set of signals {¥, (1)} orthogonal on an interval (a, b) if any two signals ¥, (1)
and V,(1) in the set satisfy the condition

SOV ()W) di = {g m # k (5.95)

m=k

where * denotes the complex conjugate and « # 0. Show that the set of complex
exponentials {e/*“': k =0, +1,+2,...} is orthogonal on any interval over a period T,,,
where Ty =27 /w,.

For any ¢, we have

1w+ Ty 1
Hh+T, | i i
e;mw(,t dl = ejnlw”l — (ejmw(,(r(,w\T[,) _ e}mw(,l(,)
Ly Jmawg 1 Jmw,
= - efmwn’()(ef’"z‘"' - 1) =0 m#0 (596)
jmaw,
since ¢/™*™ = 1. When m =0, we have ¢/”“v|,,_, =1 and

fl(,+T0ej'nwul di = f’1)+T|)dt — T() (597)

Ly ty
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Thus, from Egs. (5.96) and (5.97) we conclude that

0 m#k

j"u+ TUejmwul(ejkwol)* dt = /'0+ Toei(m Kot dy =
T, m=k

1 to

(5.98)

which shows that the set {e’*“®: k =0,+ 1,+ 2,...} is orthogonal on any interval over a period
T,.

Using the orthogonality condition (5.98), derive Eq. (5.5) for the complex Fourier

coeflicients.
From Eq. (5.4)
> ) 2
x(t)y= Y ¢ Wo= 7
TO

k=—oo

Multiplying both sides of this equation by e™“o* and integrating the result from t, to
(ty+ T,), we obtain

f{u+ Tox(t)e—jrnwul dt _ [10+T0( Z Ckejkwol)e—jmwol dt
t t

0 0 k= —o
= . i ckj;I°+T°e’(*‘m)“°‘ dt (5.99)
-—w 'l
Then by Eq. (5.98) Eq. (5.99) reduces to
[ (et dr = ¢, T, (5.100)

o
Changing index m to k, we obtain Eq. (5.5), that is,
1

Ck=_
T,
0

[ x(ye ket ar (5.101)

Iy

We shall mostly use the following two special cases for Eq. (5.101): ty=0 and t,= ~T,/2,
respectively. That is,

1 .1, _
=— t)e kot gy 5.102
c= 7 [ (e (5.102a)

1 ,
== [ x(t)e ket ar (5.102b)
TO -To/2

Derive the trigonometric Fourier series Eq. (5.8) from the complex exponential
Fourier series Eq. (5.4).

Rearranging the summation in Eq. (5.4) as
Q0 o0
x(t)y= Y et =co+ Y (cp e +c_jekeor)
= - k=1
and using Euler’s formulas

e t/kwo = cos kwyt + jsin kwyt
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we have
x(t)=co+ Y [(cx+c_g)coskwyt +j(c, —c_;)sinkwgt] (5.103)
k=1
Setting
ag .
c0=7 Cptc_p=a, J(cx —c_y) = by (5.104)

54.

Eq. (5.103) becomes

a, it .
x(t) = -+ Y (a; cos kwgt + b, sinkwyt)
k=1

Determine the complex exponential Fourier series representation for each of the
following signals:

(a)
(b)

(¢)

(d)
(e)
(a)

(b)

(c)

x(t) = cos wyt
x(t) = sin w,t

x(t) = cos(Zt + %)

x(t) = cos4t + sin 6¢
x(t) =sin?¢

Rather than using Eq. (5.5) to evaluate the complex Fourier coefficients ¢, using Euler’s
formula, we get

1 Jwot —jwo! 1 —Jjwy! 1 Jwgt Jkwot
c05w0t=5(e o + e °)=5e Yt e = Y, cpeffwo
Thus, the complex Fourier coefficients for cos w,¢ are
=3 c_,=3 c,=0,lkl#1
In a similar fashion we have

sin = i Jwol _ p=jwo!) = — _—_ p—Jwo! i Jogt Jkwt
wyt = 2j(e e o) = 2 + T Y ce
k= —o

Thus, the complex Fourier coefficients for sin w,t are

1 1

Cl=2_j = 2]

The fundamental angular frequency w, of x(t) is 2. Thus,

T hd _ * )
x(t)=cos(2t+-z)= Y ettt =¥ ¢, el

k= —o k= —o
T | .
Now x(t) = cos(Zt + —-) = —(/AHT/N g gmI@IHT /)
4 2
1 1 4 i2 1 i 4 52 l 2k
= Ee""/ e 4 —eim/ei2 = N ¢, etk

k= —o
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Thus, the complex Fourier coefficients for cos(2¢ + m/4) are

1 11+ V2
=—e/mt = — = —(1+
“a=3¢ 22 g )

) 11—
= —jm/4 —_— =1 -
c_) 26 \/f 4( J)
¢, =0 lkl# 1

[CHAP. 5

(d) By the result from Prob. 1.14 the fundamental period T;, of x(¢) is 7 and w, =27 /T, = 2.

(e)

Thus,
* o
x(t) =cosdt +sinbr= Y. cpekent =Y ¢, e/2k
k=—o k= —o

Again using Euler’s formula, we have

| , 1 '
x(t) =COS4[ + Sin6l = 5(814’ +e']4’) + T(eJGI _e—jsr)
J

_ 1 ) 1 s
- __.e‘j()l+_e—j4l+__ej4l+__e)61= c ejZkl
2j 2 2 2j L <

k= —o
Thus, the complex Fourier coefficients for cos 4¢ + sin6¢ are

1 1

C_3="E]T C__z 2

and all other ¢, = 0.

From Prob. 1.16(e) the fundamental period T, of x(¢) is = and w,=2m/T, = 2. Thus,

o e <
x(t)=sin®t= Y cpett= Y ¢, el

k= —o0 k= -

Again using Euler’s formula, we get

2
el —e™ | ,
x(t) =sin’t = (———) = - Z(e’z’— 2+e7/%)

2j
1 1 1 s ,
- Ze—m + E _ Ze;Zr — k=2_wckejlkt

Thus, the complex Fourier coefficients for sin® ¢ are

FNT

c=-

=

Cop=

PN

C71=—

and all other ¢, = 0.

5.5. Consider the periodic square wave x(¢) shown in Fig. 5-8.

(a) Determine the complex exponential Fourier series of x(¢).

(b) Determine the trigonometric Fourier series of x(¢).
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x(n)
A
To To 0 71) T() 2To !—
2 2
Fig. 5-8
(a) Let
e ) 2
x(1)= YL cpeke Wo= 7
k= — TO

Using Eq. (5.102a), we have

1 .1, , 1
c,=— | "x(t)e ke dt = —
=7 [0 T

[ ek ay
0

y To/2
o T ke = L (ekmimos2_qy
A
= _(1-e#my=—_[1- (-1
a1 e = g 121 ]
since w,Ty =27 and e *™ = (— 1), Thus,
¢, =0 k=2m#0
A k=2 1
= e— = +
11, 1 1,2 A
=— tydt=— Adt = —
Co To](‘) x(t) Toj; >
Hence,
4 0 4 1
€= 3 Com = it = S Gm T ) (5.105)
and we obtain
A A =
)= — + — J2m+ Dyt 1
x(1) =7 jwm§_®2m+le (5.106)
(b) From Egs. (5.105), (5.10), and (5.12) we have
a, A
7 ~C=7 ayn=b,,=0,m+0
2A
a2m+l=2Re[CZm+l]=O b2m+1= _ZIm[C2m+1]=

2m+ )7
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Substituting these values in Eq. (5.8), we get
A P 1

)=—+— in(2m + 1
x(t) >t "g“ 2m+lsm( m+ Vw,yt
A 24 . [ 1
=?+ . sin woz+-3—sm3w(,t+gsm5wﬂt+ (5.107)

5.6. Consider the periodic square wave x(¢) shown in Fig. 5-9.

(a) Determine the complex exponential Fourier series of x(r).
(b) Determine the trigonometric Fourier series of x(r).

x(1)
A
L ] ] >
-Ty o0 To To 2Ty !
4 4
Fig. 5-9
(a) Let
= , 2
x(t)= Y ¢ elkeu wy = —
k= —o T()

Using Eq. (5.102b), we have

To/2 » U ora
YT x(r) e ke dt=—f 7 Qe ket
~Ty/2 Ty’ -1,/4
A
— _____(e~j/\‘wo'r”/4 — el'k‘”o'rn/“)

—ka()Tn

_ A (6,\//\-”/2*6,/“/2)=isin(k—7r
ko kw12

1
“TT,

Thus,
¢, =0 k=2m=#0

I"A
Ck=(~l) k_‘r; k=2m+1
b, boer2 A
o= x(t)dt=— Adt=—
0 T“f“ (1) Tf( .

Hence,

m

o =0, m # 0 = (=)
Com m CZm I ( ) (2m+ I)TT

(5.108)

Cy=

(YIRS
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and we obtain
A A = (-1)"
x(N=7+7 L —";mjl""z“"“"" (5.109)

(b) From Egs. (5.108), (5.10), and (5.12) we have

a, A
a,,=2Re[c,,]=0,m#0

a2m+]=2Re[C2m+l]=(_1)mm by=—2Im[c,]=0

Substituting these values into Eq. (5.8), we obtain

x(t)=f-+2—A i (_13 cos(2m + 1)wt

2 T oo 2

A 24 1 3 1 s
-+ — t— = t+— t— -
> - (cos ol = 7008 3wyt + £ 08 Swg )

(5.110)

Note that x(¢) is even; thus, x(¢) contains only a dc term and cosine terms. Note also that
x(¢) in Fig. 5-9 can be obtained by shifting x(¢) in Fig. 5-8 to the left by 7,/4.

5.7.  Consider the periodic square wave x(¢) shown in Fig. 5-10.

(a) Determine the complex exponential Fourier series of x(t).
(b) Determine the trigonometric Fourier series of x(t).

Note that x(z) can be expressed as
x(t)=x,(t)—A

where x,(¢) is shown in Fig. 5-11. Now comparing Fig. 5-11 and Fig. 5-8 in Prob. 5.5, we
see that x,(¢) is the same square wave of x(¢) in Fig. 5-8 except that 4 becomes 2 A4.

x(1)

~y

n | 27,

Fig. 5-10
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238
x (D)
2A
-Ty _T_O 0 E) Ty 2T, T
2 2
Fig. 5-11
(a) Replacing A by 2A4 in Eq. (5.106), we have
2A = 1
t =A 4+ — J2Zm+ Dayt
xi(1) jr mzz’_w 2m+le
Thus,
24 =
ty=x,(t)—-A=— J@m+ Doyt 5.111
W =x() =A== T e (s.111)
(b) Similarly, replacing A by 24 in Eq. (5.107), we have
44 1
x(1)=A+ 7,,20 Zy— lsm(2m + Dwyt
Thus,
44 =
x(t)=— ): sin(2m + 1)wqt
44 1 1
= sin wyt + 3sin 3wyt + gSiﬂSwot + - (5.112)

T

Note that x(¢) is odd; thus, x(¢) contains only sine terms

Consider the periodic impulse train §7(¢) shown in Fig. 5-12 and defined by
(5.113)

5.8. i i
8(1)= X 8(t—kTo)
k= —c
8Ta(')
8-
5(1)4
-To 0 Ty iro ;>

Fig. 5-12
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5.9.

(a) Determine the complex exponential Fourier series of 670(1).
(b) Determine the trigonometric Fourier series of §7(¢).
(a) Let

27

5To(‘) = Z Ckejkw"‘ “’0=T
k=—c 0

Since 8(t) is involved, we use Eq. (5.102b) to determine the Fourier coefficients and we

obtain
c =—1—f7°/2 6(t)e‘”‘“‘“’dt=l (5.114)
) Ty’ -1,/2 Ty .
Hence, we get
i 1T = 2
Sr(t)= Y &8(t—kT)=— Y ek wy=— (5.115)
° k= —x T() k= —o TO
(b) Let
a, had . 27
Sr(t) ==+ (a; cos kwyt + b, sin kwyt) wy= T
2 4 T,

Since 8Tu(t) is even, b, =0, and by Eq. (5.9a), a, are given by

2 Ty/2 2
a,=—| """ 8(t)coskwytdt = — 5.116
« T, f-To/Z () ’ T, ( )
Thus, we get
1 2 = 2
STU(I) =F0+?0k§1005 ka)of wy= —77 (5117)

Consider the triangular wave x(f) shown in Fig. 5-13(a). Using the differentiation
technique, find (a) the complex exponential Fourier series of x(¢), and (b) the
trigonometric Fourier series of x(¢).

The derivative x'(¢) of the triangular wave x(¢) is a square wave as shown in Fig. 5-13(b).
(a) Let

> ) 2T
x()= T e o= (5.118)
k=~ To
Differentiating Eq. (5.118), we obtain
x'(t)y= Y jkwyc, e (5.119)

k= -~

Equation (5.119) shows that the complex Fourier coefficients of x'(r) equal jkw,c,. Thus, we
can find ¢, (k #0) if the Fourier coefficients of x'(¢) are known. The term ¢, cannot be
determined by Eq. (5.//9) and must be evaluated directly in terms of x(¢) with Eq. (5.6).
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~y

'TQ _ZO 0 Tl) To 2T0
2 2
(a)
x(n)
24
Ty
o ln Jo [o |n 2T, r
2 2
.
To
(b)
Fig. 5-13

Comparing Fig. 5-13(b) and Fig. 5-10, we see that x'(¢) in Fig. 5-13(b) is the same as x(¢) in
Fig. 5-10 with A replaced by 2.4 /T,. Hence, from Eq. (5.111), replacing A by 2 A4 /T,, we have

x'(t) = s f: L piem o (5.120)
jarT, 2m + 1

Om=—o

Equating Egs. (5.119) and (5.120), we have

=0 k=2m=#0
. 44 24
]kaCk=m or Ck=——;5k—2' k=2m+1
From Fig. 5-13(a) and Eq. (5.6) we have
1,1, A
= — Hdr=—
=T [ w0y dr =3
Substituting these values into Eq. (5.118), we obtain
A 24 = 1 )
x(ty=%w-— Y, —————se/@mthuu (5.121)

2w L 2m+1)?
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5.10.

(b) In a similar fashion, differentiating Eq. (5.8), we obtain

x'(t) = Y kwy(b, cos kwyt —a, sin kwyt) (5.122)
k=1
Equation (5.122) shows that the Fourier cosine coefficients of x'(t) equal nwyb, and that the
sine coefficients equal —nwga,. Hence, from Eq. (5.112), replacing A by 2A4 /T, we have
84 =

1
"(t) = in(2m+1 t 5.12
x'(1) ey m2=0 2m+lsm( m+ 1w, (5.123)

Equating Eqgs. (5.122) and (5.123), we have

b, =0 a,=0 k=2m=+0
84 4A4
—kw(,ak=m or ak=—m k=2m+1
From Eqgs. (5.6) and (5.10) and Fig. 5-13(a) we have
ag 1 7, A
—=Cy= = 1)dr=—
2 C() T(]j; x( ) 2
Substituting these values into Eq. (5.8), we get
A 44 = 1
x(1)=5—-— Y ———cos(2m + 1wyt (5.124)

2w o (2m+1)

Consider the triangular wave x(7) shown in Fig. 5-14(a). Using the differentiation
technique, find the triangular Fourier series of x(¢).

From Fig. 5-14(a) the derivative x'(¢+) of the triangular wave x(¢r) is, as shown in
Fig. 5-14(b),

A o
x'(ty=—=—=—+A Y &(t-kTy) (5.125)
TO k= —x
Using Eq. (5.117), Eq. (5.125) becomes
= 2A 2
x'(1) =Y —coskwyt wy=— (5.126)
k=1 TO TO

Equating Eqs. (5.126) and (5.122), we have

0, k#0 kwyb 24 b 4
a, =0, =— or = —
k Wo0y T, -
From Fig. 5-14(a) and Eq. (5.9a) we have

ag 1 T, A

—=— t)dt=—

2 =7 ), Hdi=5
Thus, substituting these values into Eq. (5.8), we get

A A = 1 2
x(t) ==+ — Y —sinkwyt wy = —— (5.127)

2w Tk
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x(1)

—

- TD 0 To 2 Tg t

(@)

x'()

Ad(r-Ty)

Ad(1) 4

~y

- Tl) 0 To 2 To

-AIT,

®
Fig. 5-14

S.11. Find and sketch the magnitude spectra for the periodic square pulse train signal x(¢)
shown in Fig. 5-15(a) for (a) d =T,/4, and (b) d =T, /8.

Using Eq. (5.102a), we have

1 .1, ‘ A a4 .
¢, =— [ "x(t) e koot dt = — [ eIkwut gy
T [ x () T [
A 1 a4 1
_— - e—jkwul = — - l __e—jkwud)
A

= jkw T e-jkwud/2(ejkwud/2 _e—jkwud/z)
040
d sin(kwyd/2)
—fe —— 0,

- ~jkwod /2 5.
T, kwyd/2 (3.128)

Note that ¢, = 0 whenever kw,d /2 = mr; that is,

m2mr

Ry = —— m=0,+1,+£2,...
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x()
A
T 0 d T 2T r
(a)
le,!
x(1)
¢4
| |-| |—| d%
0d T ) T 0 w, m w
d
b)
le,l
x(1)
A |
d=% 7;11
- 1 . QJIIII[] IIIIIITQ .
0d T ! 0 wy r
d

(c)
Fig. 5-15

(a) d=T0/4,kw0d/2=k7rd/TD=k7T/4y

legl 2
Ck"-4

sin( k/4)
k/4

The magnitude spectrum for this case is shown in Fig. 5-15(b).
(b) d=T,/8, kwyd/2=kwd/Ty=km/8,
A

Ickl =

8

sin(kw/8)
kmw/8

The magnitude spectrum for this case is shown in Fig. 5-15(¢).
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If x,(¢) and x,(t) are periodic signals with fundamental period 7, and their complex
Fourier series expressions are

) ' oo . 2,”_
()= X de* xy(t)= ) et Wy = T
k= —co k= —c TO
show that the signal x(¢) =x(t)x,(¢) is periodic with the same fundamental period 7,
and can be expressed as

. 2
Z Ckelk“’o’ wy=—
k=—o Wy
where ¢, is given by
= Y dnex_n (5.129)
m= —o
Now x(t+To) =x(t + Tx,(t + Ty) = x ()x,(t) = x(1)
Thus, x(t) is periodic with fundamental period T,. Let
o ) 2
x(t)= YL cgehe Wy = 7=
k= — Ty
1 1,02 11,2 y
Then Cp = T f OT//z (t)e""“’“' dt = T f ‘; x,()x,(t)e koot 4y
0" 1y 0" -1/
1 © . ,
_ _f'ﬂ)/z Z d, g™t | x (1) e ket gy
7-‘() —Tu/z m= —o
_ Z lT fTU/z J(1) o ~itk—m)wyt dl} Z d, e,
m=— 0 _TU/Z m= —x
since T f7°/2 L(1) e ket gy

Ty/2

and the term in brackets is equal to ¢, _,,.

Let x(t) and x,(¢) be the two periodic signals in Prob. 5.12. Show that
T,
f"/ (D) di= Y dee_, (5.130)
T T0/2 k= —o
Equation (5.130) is known as Parseval’s relation for periodic signals.
From Prob. 5.12 and Eq. (5.129) we have

To/2 ke l
€= Tf (D) vt di= Y dpei_
To/2 me —w
Setting k = 0 in the above expression, we obtain

1 ® e ]
=" xxnd= T de = T dee,
0" -Ty/2

m=—om k=~
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5.14.

5.15.

Verify Parseval’s identity (5.21) for the Fourier series, that is,

o]

1 2 2
FofTolx(t)l d= Y lcl

k= —o
If x()= Y cekeo
®© l _—w o0
then x*(t)=( Y ckef"“’f") = Y cle ket = Y ¥, elked (5.131)
k= —o k=—o k=—

where * denotes the complex conjugate. Equation (5.131) indicates that if the Fourier
coefficients of x(¢) are c,, then the Fourier coefficients of x*(¢) are c*,. Setting x,(¢) = x(¢)
and x,(¢) =x*(¢) in Eq. (5.130), we have d, =c, and ¢, =c*, or (e_, =c}), and we obtain

l - -]
— [ x()x*(1ydi= T cpct (5.132)
Ty/-1,/2 P
1 ,7,,2 ) d
or — [x(¢)|°dt = lc, |?
Tof—TD/Z () k=2_°o ,

(a) The periodic convolution f(r) =x (1) ® x,(¢t) was defined in Prob. 2.8. If d, and
e, are the complex Fourier coefficients of x,(¢) and x,(¢), respectively, then show that
the complex Fourier coefficients ¢, of f(¢) are given by

¢, =Tyd,e, (5.133)
where T is the fundamental period common to x,(¢), x,(¢), and f(¢).

(b) Find the complex exponential Fourier series of f(¢) defined in Prob. 2.8(c).
(a) From Eq. (2.70) (Prob. 2.8)

(1) =x,(t) ®x,(1) =fo"’x1(v)xz(t—r)dr

Let x(t)= ) djekeo x(t)= Y e ekeo
k= - k= —a
Ty - ikwg(t—1)
Then f(t)=f x(r)( Y e elked )df
0 k= -
= ) eke""“’ﬂ’fTOx(T)e""“"ofd‘r
k=—o 0
. 1 /7, .
Since di= = [ k() ek dr
070
we get
f(1)= Y Tyd,e e (5.134)
k= —mo

which shows that the complex Fourier coefficients ¢, of f(¢) equal Tyd,e,.
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(b)
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In Prob. 2.8(c), x,(¢) =x,(t) =x(¢), as shown in Fig. 2-12, which is the same as Fig. 5-8
(Prob. 5.5). From Eq. (5.105) we have

d = _/_4_ d.=e. = 0 k=2m,m+0
W= =5 KTET\ Ajkm k=2m+1

Thus, by Eq. (5.133) the complex Fourier coefficients ¢, of f(¢) are
AZ
cg=Tydyey= T()T

o Tod B 0 k=2m,m+#0
= Lo%kC T\ —T, 42 k2 k=2m+1
Note that in Prob. 2.8(c), f(1)=x (1) ®x,(¢), shown in Fig. 2-13(b), is proportional to

x(¢), shown in Fig. 5-13(a). Thus, replacing 4 by AT, /2 in the results from Prob. 5.9,
we get

c,=T,

A? 0 k=2m, m#0
UT Cx =

~T, Ak 2 k=2m+1

which are the same results obtained by using Eq. (5.133).

FOURIER TRANSFORM

5.16. (a) Verify the time-shifting property (5.50), that is,

x(t—ty) e X(w)

By definition (5.31)

Flx(1—1,)}) = j’x x(t—ty) e dt

By the change of variable 7 =t —t,, we obtain

y{x(’ —’())} = fx x("')eﬁw(”'")dT

= e‘"‘”“fx x(7)e ' Tdr=e " X(w)
oC

Hence,

x(t—1,) e X(w)

5.17. Verify the frequency-shifting property (5.5/7), that is,

x(t) e’ > X(w—w,)

By definition (5.31)

Fx(1) e} = fx x(1) e’ e I dy

= [ x(e)e 1T dr = X(w - wy)
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Hence,

x(1) e/ > X(w - w)

5.18. Verify the duality property (5.54), that is,
X(1) e 2mx(~w)

From the inverse Fourier transform definition (5.32), we have

fm X(w)el dw = 27x(1)

Changing ¢t to —t, we obtain
[ X(w)e 7 do=2mx(~1)
Now interchanging ¢ and w, we get

|7 Xty e dt =2mx( ~w)

Since FX() = [ X(ryede

we conclude that

X(t) > 2mx(~w)

5.19. Find the Fourier transform of the rectangular pulse signal x(¢) [Fig. 5-16(a)] defined
by

it} <a
[t|>a

x(r)=p,,(z)={(1, (5.135)

By definition (5.31)

X(w) =f_°° pa(z)e—fw'd:=f_" el dt

) ) sin wa sin wa
= — (e - =2 =2a
jw w wa

x() X(w)

-a 0 a 1 .7 0 us
a a

(a@) ()
Fig. 5-16 Rectangular pulse and its Fourier transform.
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Hence, we obtain

sin wa sin wa
p,(1) 2 =2a (5.136)
w

wa

The Fourier transform X(w) of x(¢) is sketched in Fig. 5-16(b).

5.20. Find the Fourier transform of the signal [Fig. 5-17(a)]

sin at
x(1) =
!
From Eq. (5.136) we have

sin wa

p,(1) 2
Now by the duality property (5.54), we have
sin at
—27p,(~w)

Dividing both sides by 27 (and by the linearity property), we obtain
sin at

Tt
where p,(w) is defined by [see Eq. (5.135) and Fig. 5-17(b)]

—p(-w)=p,(w) (5.137)

(0) = 1 lw] < a
Pa 0 lwl>a
x(1) X(w)
{
<
;I 0 E ! -a 0 a :
(@) (b)

Fig. 5-17 sin at /¢ and its Fourier transform.

5.21. Find the Fourier transform of the signal [Fig. 5-18(a)]
x(t)y=e a>0
Signal x(¢) can be rewritten as

_ —at >
Wn=em=itt 0
e t<0
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x(1) X(w)

-

0 t 0
Fig. 5-18 ¢7'%" and its Fourier transform.

ey

Then X(w) =f0 eale—}'mldt+f e~ate—jw!dt
x® 1}

.

1 1 2a
= — + S B
a—jw a+jw a“+w

o«
e“"”""dt+f e*(ﬂﬂ'“’)rdl
0

Hence, we get
2a

a’+ w?

(5.138)

e—altl )

The Fourier transform X(w) of x(¢) is shown in Fig. 5-18(b).

5.22. Find the Fourier transform of the signal [Fig. 5-19(a)]

=7
From Eq. (5.138) we have
el oy 2a
aZ +w2

Now by the duality property (5.54) we have

2a

«— 2e el = 2qre~alel
a’+1?

x(t) X(w)

1/a?

e

-

0 t 0
Fig. 5-19 1/(a” + t?) and its Fourier transform.

ey
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Dividing both sides by 2a, we obtain
1 T
112_4-? «—> ;e“”‘"' (5.139)

The Fourier transform X(w) of x(t) is shown in Fig. 5-19(b).

5.23. Find the Fourier transforms of the following signals:
(@) x(t)=1 (b) x(t)=elo!
(c) x(t)=e I (d) x(t) = cos wyt
(e) x(t) = sin wyt
(a) By Eq. (5.43) we have
5(1) 1 (5.140)

Thus, by the duality property (5.54) we get
1o 278(~w) =278 (w) (5.141)

Figures 5-20(a) and (b) illustrate the relationships in Egs. (5./40) and (5.141), respec-
tively.
(b) Applying the frequency-shifting property (5.51) to Eq. (5.141), we get

e/ «—2m8(w — wy) (5.142)
x(1) X(w)
A 8() i
-
0 I' 0 T
(a)
x(1) X(w)
1 A 2md(w)
-
0 . 0 Cw
b)

Fig. 5-20 (a) Unit impulse and its Fourier transform; (b) constant (dc) signal and its Fourier
transform.
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(¢) From Eq. (5.142) it follows that
e = 278 (w + w,) (5.143)
(d) From Euler’s formula we have
cos wyt = (/0" + e~/*0")
Thus, using Eqgs. (5.7142) and (5.143) and the linearity property (5.49), we get
cos wyt <= T[ 8w — wy) + (@ + wy)] (5.144)

Figure 5-21 illustrates the relationship in Eq. (5.144).
(e) Similarly, we have

1 .
sin wyt = T(e""”’ —e /v
J

and again using Eqgs. (5.7142) and (5.143), we get

sin wot > — jr[8(® — wy) = 8(w + wy)] (5.145)
x(1) X(w)
— ]
0 i -, 0 @, f
(@ ®

Fig. 5-21 Cosine signal and its Fourier transform.

5.24. Find the Fourier transform of a periodic signal x(¢) with period T,,.

We express x(t) as

> , 2m
D
k=—-m TO
Taking the Fourier transform of both sides and using Eq. (5./42) and the linearity property
(5.49), we get

0

X(w) =27 Y c,8(w~kaw,) (5.146)

k= -

which indicates that the Fourier transform of a periodic signal consists of a sequence of
equidistant impulses located at the harmonic frequencies of the signal.
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5.25. Find the Fourier transform of the periodic impulse train [Fig. 5-22(a)]

sp(1)= ¥ 8(1~kT,)

k= —o

From Eq. (5.115) in Prob. 5.8, the complex exponential Fourier series of 87 (1) is given by

1 = 2m
S+(t) = — Jkwyt - —
TU( ) T, kgme W T,
Using Eq. (5.146), we get
27 =
*7[51(,(’)] = T E O(w —kawy)
0 k=—-o
=Wy Z 5(m—kw0)=m05wu(w)
k=—m»
or Y 8(t-kT) —>w, Y 6(w-kw,) (5.147)
k= - k= —x

Thus, the Fourier transform of a unit impulse train is also a similar impulse train [Fig. 5-22(b)].

x(f) X(w)

-, 0 T, 2T, t

(@) b
Fig. 5-22 Unit impulse train and its Fourier transform.

5.26. Show that

x(t)cos wyt > 3X(w —wy) + 3X (0 + wy) (5.148)
and x(t)sin wyt «> — [ X(w— wy) — X (0 + wo)] (5.149)
Equation (5.148) is known as the modulation theorem.

From Euler’s formula we have
oS wy! = 3( €/ + e Iw0t)
Then by the frequency-shifting property (5.57) and the linearity property (5.49), we obtain
Flx(t)coswyt] = F5x(t) e + 3x(t) e o]
= %X(w —wy) + %X(“’ +w)

Hence,

x(t)cos wyt e 1 X(w — wp) + 3X(w + w,)
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In a similar manner we have

1 H .
sin wyt = z—j(el‘"()' - e—)wut)
1 . 1 .
and .?[x(t)sinwot] =% Tx(’)em"'—?x(t)e"‘"u'
J J

1
-27X(w—wo) - 2—}_X(w+wo)

Hence,

x(t)sin wyt < —j[%X(“’_wo) - 31X (w +"’0)]

5.27. The Fourier transform of a signal x(¢) is given by [Fig. 5-23(a)]

X(w) = %pa(w - wO) + %pa(w + wO)
Find and sketch x(¢).
From Eq. (5.137) and the modulation theorem (5.748) it follows that

sin at
x(t) = COS wy!
which is sketched in Fig. 5-23(b).
X(w)
'
I 1 l I ] l -
W 0 wy-a W, wy+a ®
(@

(b)
Fig. 5-23
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5.28. Verify the differentiation property (5.55), that is,

From Eq. (5.32) the inverse Fourier transform of X(w) is

1 ® Jwt
x(1) = —zwfw)((w)e dw
Then

dx(t) 1 dj = .
- X Jwt
Y [fw (w)e dw]

1 a .
- o yiwt
P ‘wX(w)at(e )dw

L X jwt d
= wa_mjw (w)e )

[CHAP. 5

(5.150)

(5.151)

Comparing Eq. (5.151) with Eq. (5.150), we conclude that dx(t)/dt is the inverse Fourier

transform of jwX(w). Thus,

e ()

5.29. Find the Fourier transform of the signum function, sgn(¢) (Fig. 5-24), which is defined

as

m(={_} 12
The signum function, sgn(¢), can be expressed as
sgn(t) =2u(t) -1
Using Eq. (1.30), we have

d
Esgn(r) =26(t)

sgn(t)

Fig. 5-24 Signum function.

(5.152)
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5.30.

Let
sgn(t) e» X(w)
Then applying the differentiation property (5.55), we have

2
joX(w)=F[26(1)] =2—>X(w) = ]—;
Hence,

2
sgn(t)<—>fa—, (5.153)

Note that sgn(¢) is an odd function, and therefore its Fourier transform is a pure imaginary
function of @ (Prob. 5.41).

Verify Eq. (5.48), that is,
u(t) > mé(w) + jiw (5.154)
As shown in Fig. 5-25, u(t) can be expressed as
u(t) =3+ ysen(t)
Note that 1 is the even component of u(¢) and ; sgn(¢) is the odd component of u(t). Thus, by

Eqs. (5.141) and (5.153) and the linearity property (5.49) we obtain

u(t) e mé(w) + ]—L—

u(r) Lsgn(r)

5.31.

Fig. 5-25 Unit step function and its even and odd components.

Prove the time convolution theorem (5.58), that is,
xy(1)x x,(t) & X () X,(w)
By definitions (2.6) and (5.31), we have

y—[xl(t)*xz(t)] =/jw[fmwxl(1’)xz(t—T)df]e'f“"dz

Changing the order of integration gives

Flx(1)*xy(0)] = fijl(f)[/jmxz(l - -r)e""‘"dt] dr
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By the time-shifting property (5.50)
jm x,(t—1)e 7 dt = X,(w)e "

Thus, we have

'?[xl(t) * xz(l)] = fj;xl(")Xz(w)E“j“" dr

- | a@eman | xo) = X (@) Xoto)

Hence,

x,(1) * x3(1) = X (@) Xp(@)

5.32. Using the time convolution theorem (5.58), find the inverse Fourier transform of
X(w)=1/(a +jw).

From Eq. (5.45) we have

e~ u(1) — (5.155)

a+jw

Now

¥ N 1 _ 1 1 )
() = (a+jw)2_(a+jw)(a+jw

Thus, by the time convolution theorem (5.58) we have

x(t)=e “u(t)y*e "u(t)

= [" e u(r)e " Du(t - 1) dr

t
= e"“f dr=te""u(t)
0
Hence,

te ™ u(t) (5.156)

(a+jow)

5.33. Verify the integration property (5.57), that is,

t 1
J x(r)dr o 7X(0)5(w) + j:X(w)

From Eq. (2.60) we have

f:wx(‘r)d‘r=x(t)*u(t)
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Thus, by the time convolution theorem (5.58) and Eq. (5.154) we obtain

1 1
Fx(t)*u(1)] =X(w)['n'5(a)) + ]Z] =7X(w)é(w) + EX(w)
1
=7X(0)8(w) + j_wX(w)
since X(w)8(w) = X(0)6(w) by Eq. (1.25). Thus,

f’

1
mx('r) dT] —7X(0)é(w) + j—wX(w)

5.34. Using the integration property (5.57) and Eq. (1.31), find the Fourier transform of
u(t).

From Eq. (1.31) we have

u(t) =f_’w3(f) dr

Now from Eq. (5.140) we have
8(t) 1
Setting x(7) = 8(7) in Eq. (5.57), we have
x(t)=68(1) = X(w) =1 and X(0)=1

and

. 1
u(1) =/_w3(1')d7'<—>175(w) o

5.35. Prove the frequency convolution theorem (5.59), that is,
1
xy(1)xy(t) & 'Z—Xl(‘") * Xp(w)
m
By definitions (5.37) and (5.32) we have

Fx,(1)xy(1)] =fjmx1(t)x2(t)e—jmdt
=f—m [%f_x XI(A)eWdA]Xz(t)e""‘"dr
= -2—];/’:” X,(/\)[fj xz(t)e—j(w—/\),dt] dA

1 Lo 1
== X(A) X0 =2)dA = >—X,(0)* X(w)
27/ 21
Hence,

1
xy(1)xy(¢) ‘_’EXK“’)* Xy(w)
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5.36. Using the frequency convolution theorem (5.59), derive the modulation theorem
(5.148).

From Eq. (5.144) we have
cos wyt = md(w — wy) + mé(w + wy)

By the frequency convolution theorem (5.59) we have

x(t)cos wyt «— -;;X(w)* [78(w — wg) + T8 (w + wy)]

=%X(w—w0) + %X(w+w0)

The last equality follows from Eq. (2.59).

5.37. Verify Parseval’s relation (5.63), that is,

® 1 =
/ xy(0)x(e) dt = ﬁf_mX,(w)Xz(—w)dw

From the frequency convolution theorem (5.59) we have
Fxd()x,(1)] = %f:ch(/\)Xz(w —2A)dA
that is,
© : 1 e
[ Ix0xa(0]e? dt= 5= [~ X,() Xy(w = 4) dA
Setting w = 0, we get

oo 1 -]
[ xinx(nydi=—— [ X,() Xy(=A) dA

By changing the dummy variable of integration, we obtain

-} l o
f_mx,(t)xz(t)dt = Z—;f_mx,(w)xz(—w)dw

5.38. Prove Parseval’s identity [Eq. (5.64)] or Parseval’s theorem for the Fourier transform,
that is,

[+ ] 1 o
2 2
f_mlx(t)l dt = EI_JX(“’)’ dw
By definition (5.31) we have

Flar(1)) = [ x*(ye e

- {f:x(t)ef“”dt]* - X*(~)

where * denotes the complex conjugate. Thus,

X*(1) > X*(~w) (5.157)
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5.39.

5.40.

Setting x,(¢) = x(¢) and x,(¢t) =x*(¢) in Parseval’s relation (5.63), we get

=3 1 ®©
[ Oox(t)x"‘(t) dt = E/_mX(w)X*(w) do

or

hd 2 1 © 2
[ Ix(Fdi=——[ X(w)] do

Show that Eq. (5.61a), that is,
X*(w)=X(—-w)
is the necessary and sufficient condition for x(¢) to be real.

By definition (5.31)

X(w)= [ x(t)e " at
If x(¢) is real, then x*(¢) =x(¢) and

X*(w) = [/_m x(z)e-fw'dr]* = /_°° x*(1) e dt

= [ x(tyei dt =X(-w)

259

Thus, X*(w)=X(—w) is the necessary condition for x(¢) to be real. Next assume that

X*(w) = X(—w). From the inverse Fourier transform definition (5.32)
1 o )
x(1) = —2—7_‘—_f_mX(w)e""’dw
Then

1 o I LI ,
x*(t)=[gf_ X(w)e"‘"dw] =5 f X*(w)e " do

- 2
which indicates that x(¢) is real. Thus, we conclude that
X*(w)=X(-w)

is the necessary and sufficient condition for x(t) to be real.

Find the Fourier transforms of the following signals:

(a) x(t)=u(—1)
(b) x(t)=e"u(—1t),a>0

1 = | 1 e ,
—f X(—w)e"“"dw=—f X(A)e™dA =x(1)
— 277' —
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5.41.
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From Eq. (5.53) we have
x(=1) = X(~w)
Thus, if x(¢) is real, then by Eq. (5.61a) we have
x(=1) = X(-w) = X*(w) (5.158)
(a) From Eq. (5.154)

1
u(t) —mé(w)+ —
jo
Thus, by Eq. (5.158) we obtain
1
u(—t) > md(w) - — (5.159)
jw

(b) From Eq. (5.155)

e (1) e
(1) a+tjw

Thus, by Eq. (5.158) we get

evu(—1) e (5.160)

a—jw
Consider a real signal x(¢) and let
X(w)=F[x(1)] =A(0) +jB(w)
and
x(1) =x,(1) +x,(1)

where x () and x, (1) are the even and odd components of x(¢), respectively. Show
that

x,(t) = A(w) (5.161a)
x,(t) e jB(w) (5.161b)
From Egs. (1.5) and (1.6) we have
x(1) = 3 x(1) +x(~1)]
x,(1) = 4x(1) =x(~1)]
Now if x(t) is real, then by Eq. (5.158) we have
x(t) > X(w) =A(w) +jB(w)
x(=1) > X(~w) = X*() =A(w) —jB(o)
Thus, we conclude that
x(1) = 1X(0) + X (0) = A(w)
x,(1) = LX(@) = X% () = jB(w)

Equations (5./61a) and (5.161b) show that the Fourier transform of a real even signal is a real
function of w, and that of a real odd signal is an imaginary function of w, respectively.
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5.42. Using Eqgs. (5.161a) and (5.155), find the Fourier transform of e~ (a > 0).

From Eq. (5.155) we have

a L w

e "u(t) e — = —J
() a+jo a’+ w® a’+ w?

By Eq. (1.5) the even component of e ~*'u(t) is given by
ze %u(t) + 3e%u(—t) = 3¢~

Thus, by Eq. (5.161a) we have

1 Can R 1 a
_ e -
2 ¢ - a+jow a’ + w®

or
2a
at + w?

which is the same result obtained in Prob. 5.21 [Eq. (5.138)].

e e

5.43. Find the Fourier transform of a gaussian pulse signal
x(t)y=e"*" a>0
By definition (5.31)
X(w) = fm e~ eI df
Taking the derivative of both sides of Eq. (5.162) with respect to w, we have
dX(w)
dw

= —jf te~'e =it gy
Now, using the integration by parts formula

fﬂudv = uvlf — fﬂvdu

a a

and letting

u=e i and dv=te "’ dt
we have
) 1
du= —jwe " dt and = ——e 9’
2a
and
w 1 ® ®
/ te= eI dt = — — p—argTIwr —jif e eI dy
—® 2a . 2a 7 _

LW 2
= —]2—/ e WeTIwl dy
a’_»

261

(5.162)
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since a > 0. Thus, we get

Solving the above separable differential equation for X(w), we obtain
X(w)=Ae v /4 (5.163)

where A is an arbitrary constant. To evaluate A we proceed as follows. Setting w =0 in
Eq. (5.162) and by a change of variable, we have

*® o 2 2 » [ra
X(()):A—_—f_ e—atzdt=2];e—ardt:T;_j(')e—,\sz: ';

Substituting this value of 4 into Eq. (5.163), we get

X(w) = ‘/;e—wzm (5.164)

s
e“”z,a>0f—>‘/;e—w’/““ (5.165)

Note that the Fourier transform of a gaussian pulse signal is also a gaussian pulse in the
frequency domain. Figure 5-26 shows the relationship in Eq. (5.165).

Hence, we have

X(w)

x(1)

P

0 !
Fig. 5-26 Gaussian pulse and its Fourier transform.

FREQUENCY RESPONSE

5.44. Using the Fourier transform, redo Prob. 2.25.

The system is described by
y'(t)y +2y(t) =x(t) +x'(t)
Taking the Fourier transforms of the above equation, we get

joY(w) +2Y(w) =X (w) +joX(w)
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5.45.

or
(jo +2)Y(w) = (1+jw) X(o)
Hence, by Eq. (5.67) the frequency response H(w) is

Y(o) 14jo 2+jw-1 1

X(w)—2+jw_ 2+ jw _2+ja)

H(w) =

Taking the inverse Fourier transform of H(w), the impulse response A(t) is
h(t) =68(t) —e *'u(t)

Note that the procedure is identical to that of the Laplace transform method with s replaced
by jo (Prob. 3.29).

Consider a continuous-time LTI system described by

dy(t)
— () =x(1) (5.166)

Using the Fourier transform, find the output y(r) to each of the following input
signals:

(@) x(t)=e""u(t)
(b) x(t)=u(t)

(a) Taking the Fourier transforms of Eq. (5.166), we have
JoY(w) +2Y(w) = X(w)
Hence,

Y(w) 1
()= XY@ = 247w

From Eq. (5.155)

X)) =17,
and
V() = X(@) H(w) = e L
(1+jo)2+jw) 1+4+jo 2+jo
Therefore,

y(1) = (e —e *)u(r)
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(b) From Eq. (5.154)
1
X(0)=78(w) + —
jo

Thus, by Eq. (5.66) and using the partial-fraction expansion technique, we have

1
2+jw

Y(w)=X(w)H(w) = [ﬂ'&(w) + }—};

1 1
+
2+jo  jo2+jw)

=7wé(w)

where we used the fact that f(w)8(w) = f(0)8(w) [Eq. (1.25)). Thus,
V(1) = 3u(1) = he~2u(r) = §(1 = e )u(1)

We observe that the Laplace transform method is easier in this case because of the
Fourier transform of u(t).

5.46. Consider the LTI system in Prob. 5.45. If the input x(¢) is the periodic square
waveform shown in Fig. 5-27, find the amplitude of the first and third harmonics in the

output y(¢).

Note that x(¢) is the same x(¢) shown in Fig. 5-8 [Prob. 5.5]. Thus, setting A = 10, T, = 2,
and wy,=27/T, = in Eq. (5.106), we have

10 = 1
X(l)=5+_— E
jr

ej(2m+l)1rt
me —w 2m+1

Next, from Prob. 5.45

1
H(w) = m —>H(kw0) =H(k7r) = 2+jk7T

x(8)
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5.47.

Thus, by Eq. (5.74) we obtain

S5H(0 0 Y
t) = + —
y(O)=SHO+ 2 L 5

0 i : /eme e (5.167)
Cm+1D)[2+j2m+ 1)7] ’

H[(2m + 1)m]e/@m+mt

5
= — 4 —
2 jm Tl

y(t)= X dyel

k=~
The harmonic form of y(¢) is given by [Eq. (5.15)]
y(t) =Dy+ Y. D, cos(kwyt — d;)
k=1

where D, is the amplitude of the kth harmonic component of y(¢). By Eqs. (5.11) and (5.16),
D, and d, are related by

D, =2d,] (5.168)
Thus, from Eq. (5.167), with m =0, we obtain
D, =2d,| =2|———|=1.71
1= 2] J(2+jm)
With m = 1, we obtain
D,=2|d,| =2|————— 1 =0.22
3= 2ld3| Jm(3)(2 +j37)

The most widely used graphical representation of the frequency response H(w) is the
Bode plot in which the quantities 20log,,/H(w)| and 6,(w) are plotted versus w, with
o plotted on a logarithmic scale. The quantity 20log,,|H(w)| is referred to as the
magnitude expressed in decibels (dB), denoted by |[H(w)| 5. Sketch the Bode plots for
the following frequency responses:

Jjw
(a) Hw)=1+ —

10
1
b) Hlw)= —————
(6) Hlw) 1+ jw /100
104(1 + jw)
H =
(c) Hlw) (10 + jw)(100 + j)
_w
(a) IH(w)ldB=2OIOg10IH(w)I=2010glO1+}E}
For w <« 10,

,H(‘U) IdB =20log,,

w
1+jE,—->2010g,01=0 as w —0



'sjold apog  87-S "3i4
@

(s/pe3)™
0001 001 01 1
-
pyu-
>
“ - O W.mr/
i ~
b
H uqi\ (O1/®), ue)
s
(p)
(s/pra)m
0001 001 01 1
0z
01-
0
4
o
\‘ _
A =
01 E
! =
o
\‘\‘ l+1|0'30107
4
0t
\ 0€
A
ov

S "dVHDI] SIWALSAS ANV STVNDIS dINIL 40 SISATVYNV dd1d104 99¢



CHAP. 5]

(b)

FOURIER ANALYSIS OF TIME SIGNALS AND SYSTEMS 267

For w > 10,

w
—aZOlog,O(E) as w — ®©

14—
+_
10

|H(w) IdB =20log,,

On a log frequency scale, 20log,,(w /10) is a straight line with a slope of 20 dB /decade
(a decade is a 10-to-1 change in frequency). This straight line intersects the 0-dB axis at
w = 10 [Fig. 5-28(a)]. (This value of w is called the corner frequency.) At the corner
frequency w = 10

H(10)|45 = 20log 4|1 +j1| = 20l0g,,V2 = 3 dB
The plot of |[H(w)|4p is sketched in Fig. 5-28(a). Next,

w
8,(w) =tan"' —

10
Then
8,(0) =tan~' — —0  asw—0
w T
0H(a))=tan_176—>5 as w — ©

At w =10, 6,(10)=tan"'1=m/4 radian (rad). The plot of 6,(w) is sketched in
Fig. 5-28(b). Note that the dotted lines represent the straight-line approximation of the
Bode plots.

1 w
H = 20log | ——————| = —201 1+'—‘
| H(w)]ap = 20l0g 1+jw/100’ 810" 700
For w < 100,
w
lH(w)(dB=~2010g,01+jﬁl—>—2010g,01=0 as w — 0

For w > 100,

as w — ®©

IH(w)ldB=_2010g10 Eﬁ)

On a log frequency scale —20log,(w/100) is a straight line with a slope of
—20 dB/decade. This straight line intersects the 0-dB axis at the corner frequency
o = 100 [Fig. 5-29(a)]. At the corner frequency w = 100

H(100)|4p = —20log,,V2 = —3 dB
The plot of |H(w)|4g is sketched in Fig. 5-29(a). Next

W w
1+j—10—0’~—) —ZOlogm(

6,(w) = —tan™! 100
Then
w
0,,(w)=—tan"17.—6—>0 as w —0
w m
0H(w)=—tan"‘1—06—>—3 as @ —

At » =100, 6,(100)= —tan~'1= —7/4 rad. The plot of 8,(w) is sketched in
Fig. 5-29(b).
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(c) First, we rewrite H(w) in standard form as
10(1 + jo)
(1+jo/10)(1 +jw/100)

H(w) =

Then
| H(w)|4p = 20l0g,, 10 + 201l0g |1 + jwl

1 .w
+—_
7100

Note that there are three corner frequencies, w =1, w = 10, and « = 100. At corner
frequency w =1

H(1)|4s = 20 + 20l0g,, V2 — 20log,,V1.01 — 20log,,v1.0001 =23 dB
At corner frequency w = 10
H(10)|4p = 20 + 20log,, V101 — 20log,,v2 — 20log,,v1.01 = 37 dB
At corner frequency w = 100
H(100)]45 = 20 + 20log,, V10,001 — 20log,, V101 — 20log,,v2 = 37 dB

The Bode amplitude plot is sketched in Fig. 5-30(a). Each term contributing to the
overall amplitude is also indicated. Next,

- 20 lOg 10

LW
1+}E‘—20l0g10

w w
0y (w) =tan"w—tan"]6—tan"ﬁa
Then
0y(w)y=—0-0-0=0 as w — 0
T T w m
BH(w)=—>E—E—E=—E as w —
and

6,(1) =tan"'(1) — tan"'(0.1) — tan"'(0.01) = 0.676 rad
6,(10) = tan"!(10) — tan"!(1) ~ tan~'(0.1) = 0.586 rad
6,,(100) = tan~!(100) — tan~!(10) — tan"'(1) = —0.696 rad
The plot of 8,(w) is sketched in Fig. 5-30(b).

5.48. An ideal (—m/2) radian (or —90°) phase shifter (Fig. 5-31) is defined by the frequency

response

_ e i/ w>0
H(w) = {e/'(‘n'/Z) w <0 (5.169)

(a) Find the impulse response A(¢) of this phase shifter.
(b) Find the output y(¢) of this phase shifter due to an arbitrary input x(t).
(¢) Find the output y(¢) when x(¢) = cos wyt.
(a) Since e7’™/?= —j and e’"/? =, H(w) can be rewritten as
H(w)= —jsgn(w) (5.170)
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o
s
40 y _/
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<
IH(m)IdB P ) A" J d' \~ ‘
1 ad ! R
30 \ S ] |
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T, . . e 20 log,, 10 -\*\
20 -
)
L4
3 »TN
3 10 -
X L4 . .
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Fig. 5-30 Bode plots.
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x(1) Phase shifter ¥(N=%(0)
— | -
-m/2 rad

Fig. 5-31 — /2 rad phase shifter.

where
sgn(w)={_i Zig (5.171)
Now from Eq. (5.153)
2
sgn(t) e —
jw
and by the duality property (5.54) we have
PR 2msgn(—w) = —2msgn(w)
J
or
1
— > —jsgn(w) (5.172)
Tt
since sgn(w) is an odd function of w. Thus, the impulse response A(t) is given by
1
h(r)=.9’“[H(w)]=9’“[—jsgn(a))]=——t (5.173)
™

(b) By Eq. (2.6)

1 = x(7)

1
y(1) =x(t)x — = —
Tt T/l —7T

dr (5.174)

The signal y(t) defined by Eq. (5.174) is called the Hilbert transform of x(¢) and is
usually denoted by £(¢).
(¢) From Eq. (5.144)
cos wyt «—= T[§(w — wy) +8(w + wy)]
Then
Y(w) =X(w)H(w) = 17'[3((1) —wy) +6(w+ wo)][—jsgn(w)]

= —jmsgn(w;)d(w —wy) — jmsgn( —w,)§(w + w,)

i

—Jjmd(w —wy) +jmd(w + w,)
since sgn(w,) = 1 and sgn(—w,) = — 1. Thus, from Eq. (5.145) we get
y(t) = sin wgyt

Note that cos(wyt — m/2) = sin wyt.

5.49. Consider a causal continuous-time LTI system with frequency response
H(w)=A(w) +jB(w)
Show that the impulse response h(¢) of the system can be obtained in terms of A(w)
or B(w) alone.
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Since the system is causal, by definition
h(t)=0 t<0
Accordingly,
h(—-t)=0 t>0
Let
h(t) =h(t) +h,(1)

where A (t) and h(t) are the even and odd components of Ah(t), respectively. Then from
Egs. (1.5) and (1.6) we can write

h(t) =2h,(t) = 2h (1) (5.175)
From Egs. (5.61b) and (5.61c) we have
h(t) —A(w) and h,(t) «—jB(w)
Thus, by Eq. (5.175)
h(t) =2h,(t) =2F [ A(w)] t>0 (5.176a)
h(t) =2h,(t) =25 jB(w)] t>0 (5.176b)

Equations (5.176a) and (5.176b) indicate that A(t) can be obtained in terms of A(w) or B(w)
alone.

Consider a causal continuous-time LTI system with frequency response
H(w)=A(w) +jB(w)

If the impulse response A(t) of the system contains no impulses at the origin, then
show that A(w) and B(w) satisfy the following equations:

1 .= B(A)
A(w)=;f_ww_A dA (5.177a)
1 = A(A)
B(w)= —— dA (5.177b)
T/ _ew—A
As in Prob. 5.49, let
h(t) =h,(t) +h,(t)
Since h(t) is causal, that is, h(¢) =0 for ¢ <0, we have
h(t)y=—h,(1) t<0
Also from Eq. (5.175) we have
h,(t)=h,(t) t>0
Thus, using Eq. (5.152), we can write
h,(t)=h,(t)segn(t) (5.178a)
h,(t) =h,(t)sen(t) (5.178b)

Now, from Egs. (5.61b), (5.61c), and (5.153) we have

2
h(t) —A(w) h,(1) «<>jB(w) sgn(f) — -=
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5.51.

Thus, by the frequency convolution theorem (5.59) we obtain

4 1 - 2 ]B 1 1 .= B(A)
= — —_ = — R p—
(@) 27r} (w)*jw T (@) w T/ oxw—A

and
1 1

: 1 2 .
jB(w) = E;A(w)*j: = J-Alw)x—

or

1 1 1 .= A(A)
B(w)= -;A(a))*'a‘)= - —

T/ -xw—A

Note that A(w) is the Hilbert transform of B(w) [Eq. (5./74)] and that B(w) is the negative of
the Hilbert transform of A(w).

The real part of the frequency response H(w) of a causal LTI system is known to be
m8(w). Find the frequency response H(w) and the impulse function A(r) of the
system.
Let
H(w) =A(w) +jB(w)
Using Eq. (5.177b), with A(w) = m8(w), we obtain
1 = w8(A)

o 1 1
B = — — /\:-— _— = — —
(@) T/ w—A d f_ma(A)w—A da ®

Hence,
1 1
H(w)=m8(w) —j— =7d(w) + —
w Jjw
and by Eq. (5.154)
h(t) = u(t)

FILTERING

5.52.

Consider an ideal low-pass filter with frequency response
1 o] < w,

H(w)= 0 lwl >,

The input to this filter is
sin at

)=
x( ) Tt

(a) Find the output y(¢) for a < w,.

(b) Find the output y(¢) for a > w,.

(¢) In which case does the output suffer distortion?
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(a) From Eq. (5.137) (Prob. 5.20) we have

sin at

x(t) =

Tt 0 lw] > a

RO PN
Then when a < w_, we have

Y(w)=X(w)H(w) =X(w)
Thus,

sin at

y(r)=x(t) =

mt
(b) When a > w,_, we have
Y(w) =X(w)H(w) =H(w)
Thus,

Sinw ¢

y(t) =h(t) =

mt

(¢) In case (a), that is, when w,>a, y(¢t)=x(t) and the filter does not produce any
distortion. In case (), that is, when . <a, y(¢) = h(¢) and the filter produces distortion.

Consider an ideal low-pass filter with frequency response

1 lw] < 477
H —
() {0 lw| > 47

The input to this filter is the periodic square wave shown in Fig. 5-27. Find the output
y(e).
Setting A =10, Ty, =2, and w,=27/T, =7 in Eq. (5.107) (Prob. 5.5), we get

1 1

20
x(t)y=5+ —\sinmt + = sin37wt + - sinSwr + - --
T 3 5

Since the cutoff frequency w, of the filter is 47 rad, the filter passes all harmonic components
of x(t) whose angular frequencies are less than 47 rad and rejects all harmonic components of
x(t) whose angular frequencies are greater than 47 rad. Therefore,

20 20
y(t) =5+ —sinmt + — sin3w¢
T 3

Consider an ideal low-pass filter with frequency response

o 1 lw| < w,
(0) = 0 lw| > w,

The input to this filter is
x(t)=e Yu(r)

Find the value of w, such that this filter passes exactly one-half of the normalized
energy of the input signal x(¢).
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From Eq. (5.155)

X(w) =

2+jw
Then
1

Y(w)=X(0)H(w)={2+jo
0 lw| > w,

lwl < w,

The normalized energy of x(t) is

=] o< ]
- 2= —4r gy =
Ex—f_mlx(t)l dt——f0 e "dt 4

Using Parseval’s identity (5.64), the normalized energy of y(¢) is

o 2 1 @ 2 1 w, dw
E,=[ lyvFat=o—[ |¥Y(0) dw=7- T
1 w, dw 1 lwc 1 1
R Ao vl Sl T
from which we obtain
w, T
—2—=tan—z=1 and w.=2rad/s

5.55. The equivalent bandwidth of a filter with frequency response H(w) is defined by

W, = w)| dw 5.179
ARl e

where |H(w)|,,,, denotes the maximum value of the magnitude spectrum. Consider the
low-pass RC filter shown in Fig. 5-6(a).
(a) Find its 3-dB bandwidth W, .
(b) Find its equivalent bandwidth W,
(a) From Eq. (5.91) the frequency response H(w) of the RC filter is given by
1
1+jwRC 1+ j(w/wy)

H(w) =
where w, =1/RC. Now

|H(w)|=

[1+ (0/00)]]”

The amplitude spectrum |H(w)| is plotted in Fig. 5-6(b). When o =w,=1/RC,
|[H(wy)l = 1/V2 . Thus, the 3-dB bandwidth of the RC filter is given by

1
Wigp=wo= E
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(b) From Fig. 5-6(b) we see that |[H(0)| =1 is the maximum of the magnitude spectrum.
Rewriting H(w) as

1 1 1
1+jwRC RC 1/RC + jo
and using Eq. (5.179), the equivalent bandwidth of the RC filter is given by (Fig. 5-32)
1 ® dw 1 T T

W, = - -
o (RC)2£)(1/RC)2+w2 (RC)* 2/RC  2RC

H(w) =

4 H)?

Fig. 5-32 Filter bandwidth.

5.56. The risetime ¢, of the low-pass RC filter in Fig. 5-6(a) is defined as the time required

for a unit step response to go from 10 to 90 percent of its final value. Show that
0.35

a f3 dB
where fy 5 = W3 4s/2m = 1/27RC is the 3-dB bandwidth (in hertz) of the filter.

From the frequency response H(w) of the RC filter, the impulse response is

t

1 :
h(t) = R—CC’"/RLu(I)

Then, from Eq. (2.12) the unit step response s(¢) is found to be
1
—e /RCdr=(1—e"""RYu(1)

s(1) =f0h(1)d7= N

which is sketched in Fig. 5-33. By definition of the risetime

t

t,=t,—t,
where
s(t))=1—-eW/RC=01—e 1/RC=09
s(t,)=1-e 2/RC=09— e 2/RC =01

Dividing the first equation by the second equation on the right-hand side, we obtain
e“z"n)/RC =9
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-~
N
~

i e T T S

\

Fig. 5-33

and
2.197 0.35

27f348 - f3dB

which indicates the inverse relationship between bandwidth and risetime.

t,=t,—t;,=RCIn(9) =2.197RC =

5.57. Another definition of bandwidth for a signal x(¢) is the 90 percent energy containment
bandwidth W,, defined by

1 Woo 2 1 Weo 2
2—,;f_W%|X(w)l dw=;f0 | X(0)|" dw =0.9E, (5.180)

where E, is the normalized energy content of signal x(¢z). Find the Wy, for the
following signals:

(@) x(t)=e"u(t),a>0
sin at
(h) x(t)=
Tl

(a) From Eq. (5.155)

x(t)=e*u(t) > X(w) =

a+tjw

From Eq. (1.14)

- - 1
_ 2 = -2at =
Ex—/-m|x(t)| dt /Oe dr = —

Now, by Eq. (5.180)

1 Woo 2 1 Woo
— X do=—
—J X (@) do=— [

" 2a

= —tan~
a’+w? am

do 1 I(Ww) 1
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from which we get

Woo

tan"( ) =0.457
a

Thus,
Wy =atan(0.457) = 6.31la rad/s

From Eq. (5.137)

sin at 1
x(t)=—1T—t¢—+X(a))=pa(w)={0 :Z:iz

Using Parseval’s identity (5.64), we have
E 1 % 1 a a

2 2
27 —x' (@) ‘n'jo' () dw -rrL -

Then, by Eq. (5.180)

1wy, 1wy, 74 a
—[TIX(0) [ do = = [Mdo = — =09~
0 70 m

™ s
from which we get
Wy, =09a rad/s

Note that the absolute bandwidth of x(¢) is a (radians /second).

5.58. Let x(t) be a real-valued band-limited signal specified by [Fig. 5-34(b)]

X(w)=0 lw| > @y,

Let x () be defined by

(a)
(b)

(a)

xX

x (1) =x(), (1) =x(1) Y. 8(t—kT) (5.181)

k= —x

Sketch x (¢) for T, <w/w,, and for T, > 7 /w,,.

Find and sketch the Fourier spectrum X(w) of x(¢) for T, <w/w, and for
T.>1m/wy.

Using Eq. (1.26), we have

x(1) =x(1)8:(1) =x(1) ¥ 8(i~KT))

k=—=x
= Y x()6(t—kT,)= Y x(kT,)8(t—kT,) (5.182)
k= —2 k= -
The sampled signal x (1) is sketched in Fig. 5-34(¢) for T, < 7 /w,,, and in Fig. 5-34(i) for
T,>m/wy.
The signal x(¢) is called the ideal sampled signal, T, is referred to as the sampling
interval (or period), and f, = 1/T, is referred to as the sampling rate (or frequency).
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x(1) X(w)
f\
0 t ~Wyy 0 Wy w
(@ (b)
87,(1) FBT,0]
I, 0 T, 2T ! -, 0 "% ;
(©) (d)
x{1) X(w)
- P ~ N .
‘\ g 7 ¢ A
R ’f /_\ /_ -\ /__\
{4 | . . AW
T, O T, 2T t -y -wy 0 Wy R ®
(e) )
d7,(1) F B0
-T, 0 T, 27, t 2w -y 0 w 2w, (:
(8 (h)
x(1) X {(w)
_ P U <
g N\
‘\ d “ - A
S~ ?’ - : i : : E
-T 0 T, 2T, IV 2w, - * 0 f w, 2, w
® ey

Fig. 5-34 Ideal sampling.
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(b) From Eq. (5.147) (Prob. 5.25) we have

ad 21
81-!({)‘_’(1)5 Z S(w—kw\) wc=?

k=-o

Let
x (1) =X ()
Then, according to the frequency convolution theorem (5.59), we have

] ]
X,(0) = F[x()8 ()] = 3| X(@) 0, T 3(w—ko,)

k= —o

- T X(0)+d(0-ka,)

s k= —

Using Eq. (/.26), we obtain

1 x
X(w)=— L X(w-ka,) (5.183)

s k=~—x

which shows that X (w) consists of periodically repeated replicas of X(w) centered about
kw, for all k. The Fourier spectrum X(w) is shown in Fig. 5-34(f) for T, < w/w,, (or
w,; > 2w,,), and in Fig. 5-34(j) for T, > m/w), (or w, <2w,,), where w,=2m/T,. It is
seen that no overlap of the replicas X(w — kw,) occurs in X (w) for w, > 2w,, and that
overlap of the spectral replicas is produced for w, <2w,,. This effect is known as
aliasing .

Let x(1) be a real-valued band-limited signal specified by
X(w)=0 lwl > w,y,

Show that x(¢) can be expressed as

* sin wy, (t — kT,)
x(t)=k§wx(kTS) o ((—KT) (5.184)
where T, =7 /w,,.
Let
x(1) > X(w)

x (1) =x(1)87(t) — X (w)
From Eq. (5.183) we have

T X(w)= i X(w-kw)) (5.185)

k= —m

Then, under the following two conditions,

T
(1) X(w) =0, ol >ao, and (2) T,=—
Wy

we see from Eq. (5.185) that

X(w) = wl;:X:(a)) ol <wy, (5.186)
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Next, taking the Fourier transform of Eq. (5.182), we have
X(w)= X x(kT,)e "
k= —x
Substituting Eq. (5.187) into Eq. (5.186), we obtain

o

T )
X(w)=— Y, x(kT,)e 7T lw| < @y
w
Taking the inverse Fourier transform of Eq. (5.188), we get
1 * jwt
x(t) = ﬁf_mX(w)e dw

1 ® i .
= [ T (kT T de

207 —op ki w

S r(kT)

k= —o

"YVE _
f e =KD d gy
2wp 7~y

* sin wy, (¢t — kT,)
L x(kT) ==

k= -

281

(5.187)

(5.188)

From Probs. 5.58 and 5.59 we conclude that a band-limited signal which has no frequency
components higher that f,, hertz can be recovered completely from a set of samples taken at
the rate of f, (= 2f,,) samples per second. This is known as the uniform sampling theorem for
low-pass signals. We refer to T,=7/wy=1/2f,, (w, =27f),) as the Nyquist sampling

interval and f,=1/T,=2f,, as the Nyquist sampling rate.

5.60. Consider the system shown in Fig. 5-35(a). The frequency response H(w) of the ideal

low-pass filter is given by [Fig. 5-35(b)]

H(w)=T T lw] < w,
w) - spwr(w) - 0 le > w,

Show that if w,.=w,/2, then for any choice of T,

y(mT,) =x(mT,) m=0,+1, +£2,...

x(1) x(1) ¥

X B H0)  [——

H(w)

%
5, (0=2 8- kT -, 0
* k=- «

(a) (b)
Fig. 5-35

ey
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From Eq. (5.137) the impulse response A(t) of the ideal low-pass filter is given by

sinw.t Tw, sinw.t
h(t) =T, = (5.189)

it ™ w.t

From Eq. (5.182) we have

®

x,(1) =x(1)d7(t) = XL x(kT,)8(t—kT,)

k= —o

By Eq. (2.6) and using Egs. (2.7) and (1.26), the output y(¢) is given by

o

y(t) =x,()xh(t) =| YL x(KT,)8(t—kT,)|*h(1)

k= —w

«©

L x(KT)[h(t)*8(t —kT,)]

k= -

i x(kT)h(t ~ KkT,)
k= —o

Using Eq. (5.189), we get

> T.w, sinw.(t— kT,
y(t)= X x(kTy) ;_( Sl: (t(ikT))

k= —x>

If w,=w,/2, then T,w_/m =1 and we have

i infw/(t—kT,)/2
)= X x(kTs)Sma[) (St(t_kT)/);]

k= —oc

Setting ¢t = mT, (m = integer) and using the fact that w,7, = 27, we get

Ty = T athry SO
Since
sinw(m —k) _{0 m+k
m(m—k) 1 m=k
we have
y(mT,) = x(mT) m=0,+1,+2,...

which shows that without any restriction on x(¢), y(mT,) = x(mT,) for any integer value of m.

Note from the sampling theorem (Probs. 5.58 and 5.59) that if w, =27 /T, is greater than
twice the highest frequency present in x(¢) and w, = w,/2, then y(¢) = x(¢). If this condition
on the bandwidth of x(¢) is not satisfied, then y(¢)# x(t). However, if w.=w, /2, then
y(mT,) = x(mT,) for any integer value of m.
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Supplementary Problems

5.61. Consider a rectified sine wave signal x(¢) defined by
x(t) = |Asinmt|

(a) Sketch x(¢) and find its fundamental period.
(b) Find the complex exponential Fourier series of x(t).
(¢) Find the trigonometric Fourier series of x(t).

Ans. (a) X(t) is sketched in Fig. 5-36 and 7, = 1.

24 2 1
b = — — jk2mt
®) x0=-== T e
(c) x(1) A My ! k2
t)= — — — —— C t
@ T T k=]4k2—-1 osfem
x(1)
A
1 0 1 2 r
Fig. 5-36

5.62. Find the trigonometric Fourier series of a periodic signal x(¢) defined by

x(t) =t} —w<t<m and  x(t+2m) =x(t)

2 —
Ans. x(t)=— +4 Z (1" cos kt
3 T k2
5.63. Using the result from Prob. 5.10, find the trigonometric Fourier series of the signal x(¢) shown
in Fig. 5-37.
A A2 ) 2m
Ans. x(t)=—2——; g ;smkwot w0=TO
x(r)
A
T, 0 T, 2T, o

Fig. 5-37
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5.64. Derive the harmonic form Fourier series representation (5.15) from the trigonometric Fourier
series representation (5.8).

Hint:  Rewrite a, cos kwt + b, sin kwt as

2 2

by
ai + bg cos kwgyt +

(a2 +b2)" (a2 +b3)"

and use the trigonometric formula cos( A4 — B) = cos A cos B + sin A sin B.

sin kwgt

5.65. Show that the mean-square value of a real periodic signal x(¢) is the sum of the mean-square
values of its harmonics.

Hi:zt: Use Parseval’s identity (5.21) for the Fourier series and Eq. (5.168).

5.66. Show that if
x(t) > X(w)
then

d"x(t)
dr"

x™M(t) = — (jo)" X(w)
Hint: Repeat the time-differentiation property (5.55).

5.67. Using the differentiation technique, find the Fourier transform of the triangular pulse signal
shown in Fig. 5-38.

sin(wd /2) |?
Ans. Ad -—(——/—)
wd/2
x(1)
A
d 0 d :
Fig. 5-38
5.68. Find the inverse Fourier transform of
X(w) :
w)= —
(a+jw)"

Hint: Differentiate Eq. (5.155) N times with respect to (a).
tN—l

Ans. Wc’—mu(l’)
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5.69. Find the inverse Fourier transform of

5.70.

5.71.

5.72.

X = —_——
(@) =3T3

Hint: Note that
2- 0 +3w=2+(jo) +j3w=(1+j0)2+jo)
and apply the technique of partial-fraction expansion.

Ans. x(t)=(e " —e 2)u(t)

Verify the frequency differentiation property (5.56), that is,
dX(w)
dw

(=jt)x(t) —
Hint:  Use definition (5.37) and proceed in a manner similar to Prob. 5.28.

Find the Fourier transform of each of the following signals:
(a) x(t)=cos wytu(t)

(b) x(1) =sin wytu(t)

(¢) x(1)=e " cos wytu(t), a>0

(d) x(t)=e “sinwytu(t), a>0

Hint:  Use multiplication property (5.59).

T ™ jw
Ans. (@) X(0)= 8w = wg) + 8w+ wg) + GaYral
-5 )— & -l
(b) X(w)—z—j (0 — w, ~ 3 w+wo)+m
a+tjw
© X(w)=—"7F—
(a+jw) +w}d
@o
(d) X(w)=

(a +ja))2 + w]
Let x(¢) be a signal with Fourier transform X(w) given by

1 lw] < 1
X(w)={0 lw! > 1

Consider the signal
d*x(1)
dt?

y(t) =

Find the value of
f [y(¢) |2 dt

Hint: Use Parseval’s identity (5.64) for the Fourier transform.
Ans. 1/3m

285
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5.73.

5.74.

§.78.

5.76.

5.77.
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Let x(¢+) be a real signal with the Fourier transform X(w). The analytical signal x,(t)
associated with x(r) is a complex signal defined by

x, (1) =x(1) + (1)
where £(¢) is the Hilbert transform of x(¢).

(a) Find the Fourier transform X ,(w) of x (¢).
(b) Find the analytical signal x (r) associated with cos w,¢ and its Fourier transform X, (w).

w>0

Ans. (a) X+(w)=2X(w)u(w)={2X(w)
0 w<0

b)) x,()=e"" X (0)=27 8w —w,)

Consider a continuous-time LTI system with frequency response H(w). Find the Fourier
transform S(w) of the unit step response s(¢) of the system.

Hint:  Use Eq. (2.12) and the integration property (5.57).
Ans. S(w)=m7H0)8w)+ (1 /jo)H(w)

Consider the RC filter shown in Fig. 5-39. Find the frequency response H(w) of this filter and
discuss the type of filter.

Jw
Ans. H = ———— | high- filte
ns (w) (1/RC) + 7w igh-pass r
c
L
I

x(1) R § ¥

s 4

Fig. 5-39

Determine the 99 percent energy containment bandwidth for the signal

x(t) = 5
(1) t2+a?

Ans. Wy =2.3/a radians /second or fy, = 0.366/a hertz

The sampling theorem in the frequency domain states that if a real signal x(¢) is a duration-
limited signal, that is,

x(t)=0 el > 1,
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then its Fourier transform X(w) can be uniquely determined from its values X(nw/t,,) at a
series of equidistant points spaced 7 /t,, apart. In fact, X(w) is given by
= (m'r) sin(wt,, —nm)

X(o)= Y X

n=—ow

_t-; wly —nm
Verify the above sampling theorem in the frequency domain.

Hint: Expand x(¢) in a complex Fourier series and proceed in a manner similar to that for
Prob. 5.59.



Chapter 6

Fourier Analysis of Discrete-Time
Signals and Systems

6.1 INTRODUCTION

In this chapter we present the Fourier analysis in the context of discrete-time signals
(sequences) and systems. The Fourier analysis plays the same fundamental role in discrete
time as in continuous time. As we will see, there are many similarities between the
techniques of discrete-time Fourier analysis and their continuous-time counterparts, but
there are also some important differences.

6.2 DISCRETE FOURIER SERIES
A. Periodic Sequences:

In Chap. 1 we defined a discrete-time signal (or sequence) x[n] to be periodic if there
is a positive integer N for which

x[n+ N] =x[n] all n (6.1)

The fundamental period N, of x[n] is the smallest positive integer N for which Eq. (6.1) is
satisfied.
As we saw in Sec. 1.4, the complex exponential sequence

x[n] = efn/om = grtn (6.2)

where Q,=27/N,, is a periodic sequence with fundamental period N;. As we discussed
in Sec. 1.4C, one very important distinction between the discrete-time and the continuous-
time complex exponential is that the signals e’“*' are distinct for distinct values of w,, but
the sequences e’®" which differ in frequency by a multiple of 27, are identical. That is,

ej(()”+211-k)n — ejﬂon ejZ‘n'kn — ej.().(,n (63)
Let
. 2w
Y, [n] = ekt Q)= — k=0,+1,+2,... (6.4)
Ny
Then by Eq. (6.3) we have
V[ n] =‘['N,,["] W [n] =q’~,,+1["] Ve [n] =\VN(,+/<[”]
(6.5)
and more generally,
Vi [n] =¥, [7] m = integer (6.6)

Thus, the sequences W,[n] are distinct only over a range of N, successive values of k.

288
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B. Discrete Fourier Series Representation:

The discrete Fourier series representation of a periodic sequence x[n] with fundamen-
tal period N, is given by

No—1 . 21r
x[n] = Y c, ek Oy=— (6.7)
k=0 Ny
where c, are the Fourier coefficients and are given by (Prob. 6.2)
No-1
co=— 3, x[n]e*n (6.8)
NO n=0
Because of Eq. (6.5) [or Eq. (6.6)], Egs. (6.7) and (6.8) can be rewritten as
. 21
x[n]= Y ¢, ektn Oy=— (6.9)
k= (No No
1 .
C=— Y, x[n]e i (6.10)
No 5"ty

where ¥L,_ ,, denotes that the summation is on k as k varies over a range of N,
successive integers. Setting k =0 in Eq. (6.10), we have

co=— Y x[n] (6.11)

which indicates that ¢, equals the average value of x[n] over a period.
The Fourier coefficients ¢, are often referred to as the spectral coefficients of x[n].

C. Convergence of Discrete Fourier Series:

Since the discrete Fourier series is a finite series, in contrast to the continuous-time
case, there are no convergence issues with discrete Fourier series.

D. Properties of Discrete Fourier Series:
1. Periodicity of Fourier Coefficients:
From Egs. (6.5) and (6.7) [or (6.9)], we see that
Cr+Ny = Ck (6.12)
which indicates that the Fourier series coefficients ¢, are periodic with fundamental
period N,.
2. Duality:

From Eq. (6.12) we see that the Fourier coefficients ¢, form a periodic sequence with
fundamental period N,. Thus, writing c, as c[k], Eq. (6.10) can be rewritten as

1 ,
clk]= ) Fx[n] e Ik on (6.13)
n=(_(Ny) 0
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Let n = —m in Eq. (6.13). Then

Akl = £ qoal-m]ernr

m=_(Nyy 0
Letting k =n and m = k in the above expression, we get
1 _
cn] = Y —x[-k]ekn (6.14)
k=(Npy 70

Comparing Eq. (6.14) with Eq. (6.9), we see that (1/N,)x[ —k] are the Fourier coefficients
of c[n]. If we adopt the notation

x[n] &5 ¢, =c[k] (6.15)
to denote the discrete Fourier series pair, then by Eq. (6.14) we have

prs 1
c[n] & Nox[ k] (6.16)

Equation (6.16) is known as the duality property of the discrete Fourier series.
3. Other Properties:
When x[n] is real, then from Eq. (6.8) or [Eq. (6.10)] and Eq. (6.12) it follows that
C_p=Cpy—x =Ck (6.17)
where * denotes the complex conjugate.
Even and Odd Sequences:
When x[n] is real, let
x[n] =x.[n] +x,[n]
where x,[n] and x_[n] are the even and odd components of x[n], respectively. Let

x["]‘P‘F_S"Ck

Then
x.[n] &5 Re[c,] (6.18a)
x,[n] &5 ) Im[c,] (6.18b)

Thus, we see that if x[n] is real and even, then its Fourier coefficients are real, while if
x[n] is real and odd, its Fourier coefficients are imaginary.

E. Parseval’s Theorem:

If x[n] is represented by the discrete Fourier series in Eq. (6.9), then it can be shown
that (Prob. 6.10)

1
7 L = T el (6.19)
0 n=(Ny> k={(Ny)

Equation (6.19) is called Parseval’s identity (or Parseval’s theorem) for the discrete
Fourier series.
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6.3 THE FOURIER TRANSFORM
A. From Discrete Fourier Series to Fourier Transform:

Let x[n] be a nonperiodic sequence of finite duration. That is, for some positive
integer N,,

x[n] =0 Inl> N,

Such a sequence is shown in Fig. 6-1(a). Let x No[n] be a periodic sequence formed by
repeating x[n] with fundamental period N, as shown in Fig. 6-1(b). If we let N, - «, we
have

J;anx’vﬂ[n] =x[n] (6.20)

The discrete Fourier series of x No[n] is given by

. 2
xy[n]= X cettr Q=+~ (6.21)
k={(Ng) 0
where
1 .
=N Y xy[n] e (6.22a)
0 n={(Ny>
x[n]
NI O N| n>
(a)
XNO["]
N, 0 N, N, n

(b)
Fig. 6-1 (a) Nonperiodic finite sequence x[n]; (b) periodic sequence formed by periodic extension of
x[n].
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Since xM)[n] =x[n] for |n| <N, and also since x[n]=0 outside this interval, Eq. (6.22a)
can be rewritten as
1 M , 1 2 ,
== 2, x[n]e k= N Y. x[n] e kon (6.22b)

NO n=-N; On=—-=

Let us define X((}) as
X(Q)= Y x[n]e (6.23)

n=—ow

Then, from Eq. (6.22b) the Fourier coefficients ¢, can be expressed as

1
ex = X (k) (6.24)

0

Substituting Eq. (6.24) into Eq. (6.21), we have

1 .
sl = T o X(kQg) e
k=<N(]> 0

1 .
or xNu[n]=5— Y X(kQ,) e, (6.25)

™ k={Ny)

From Eq. (6.23), X(Q) is periodic with period 27 and so is e’?". Thus, the product
X(0)e’™ will also be periodic with period 2. As shown in Fig. 6-2, each term in the
summation in Eq. (6.25) represents the area of a rectangle of height X(kQ,)e’*®" and
width Q,. As N, = »,Q,=2m/N, becomes infinitesimal (Q, — 0) and Eq. (6.25) passes
to an integral. Furthermore, since the summation in Eq. (6.25) is over N, consecutive
intervals of width Q,=2m/N,, the total interval of integration will always have a width
2. Thus, as N, — = and in view of Eq. (6.20), Eq. (6.25) becomes

1 .
x[n] = [ X(Q)e M dQ (6.26)

2 2

Since X()e " is periodic with period 2, the interval of integration in Eq. (6.26) can be
taken as any interval of length 2.

X(n)e}nn

X(kQ)etSom

1 1 ! 1

2w - 0 Ky, 27
Fig. 6-2 Graphical interpretation of Eq. (6.25).

=y
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B. Fourier Transform Pair:

The function X() defined by Eq. (6.23) is called the Fourier transform of x[n], and
Eq. (6.26) defines the inverse Fourier transform of X({). Symbolically they are denoted by

oo

X(Q)=Flx[n]}= X x[n]e (6.27)

n=—o

1
x[n] = F H{Xx(Q)} = Ej; X(Q) e dQ (6.28)

and we say that x[n] and X() form a Fourier transform pair denoted by
x[n] & X(Q) (6.29)
Equations (6.27) and (6.28) are the discrete-time counterparts of Egs. (5.37) and (5.32).

C. Fourier Spectra:
The Fourier transform X({)) of x[n] is, in general, complex and can be expressed as
X(Q)=1Xx(Q)le/*V (6.30)

As in continuous time, the Fourier transform X({)) of a nonperiodic sequence x[n] is the
frequency-domain specification of x[n] and is referred to as the spectrum (or Fourier
spectrum) of x[n). The quantity | X(Q)| is called the magnitude spectrum of x[n], and ¢(Q)
is called the phase spectrum of x[n]. Furthermore, if x[n] is real, the amplitude spectrum
| X(Q)] is an even function and the phase spectrum ¢({2) is an odd function of (.

D. Convergence of X(Q):

Just as in the case of continuous time, the sufficient condition for the convergence of
X(Q) is that x[n] is absolutely summable, that is,

Y lx[n]l<o (6.31)

n=—wo

E. Connection between the Fourier Transform and the z-Transform:

Equation (6.27) defines the Fourier transform of x[n] as

X(Q)= f‘, x[n] e~ (6.32)

The z-transform of x[n], as defined in Eq. (4.3), is given by

o<

X(z)= Y x[n]z™" (6.33)

n=—ow

Comparing Egs. (6.32) and (6.33), we see that if the ROC of X(z) contains the unit circle,
then the Fourier transform X(Q) of x[n] equals X(z) evaluated on the unit circle, that is,

X(Q) = X(2)lsmen (6.34)

Note that since the summation in Eq. (6.33) is denoted by X(z), then the summation
in Eq. (6.32) may be denoted as X(e’?). Thus, in the remainder of this book, both X(Q)
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and X(e’"') mean the same thing whenever we connect the Fourier transform with the
z-transform. Because the Fourier transform is the z-transform with z = ¢’®, it should not
be assumed automatically that the Fourier transform of a sequence x[n] is the z-transform
with z replaced by e’ If x[n] is absolutely summable, that is, if x[n] satisfies condition
(6.31), the Fourier transform of x[n] can be obtained from the z-transform of x[n] with
z=¢’"* since the ROC of X(z) will contain the unit circle; that is, |e’*| = 1. This is not
generally true of sequences which are not absolutely summable. The following examples
illustrate the above statements.

EXAMPLE 6.1. Consider the unit impulse sequence 8[(n].
From Eq. (4.14) the z-transform of 8[n] is

3{8[n]} =1 all z (6.35)
By definitions (6.27) and (1.45) the Fourier transform of §[n] is

F(8[n]} = i d[nle =1 (6.36)

n= -

Thus, the z-transform and the Fourier transform of 8[n] are the same. Note that 8[n] is absolutely
summable and that the ROC of the z-transform of 8[n] contains the unit circle.

EXAMPLE 6.2. Consider the causal exponential sequence
x[n]=a"u[n] a real

From Eq. (4.9) the z-transform of x[n] is given by

X(z) = |z] > |al

1~-az"!
Thus, X(e/?) exists for la] < 1 because the ROC of X(z) then contains the unit circle. That is,
) 1
X(e'?) = PR lal < 1 (6.37)

Next, by definition (6.27) and Eq. (1.91) the Fourier transform of x[n] is

]

X(Q)= Z anu[n]e—jﬂnz Zane—j!!n= Z (ae—jﬂ)"
n=0

ne=—ox n=0
1 :
="M lae /% =lal < 1 (6.38)

Thus, comparing Egs. (6.37) and (6.38), we have
X(Q)=X(2)|,-en

Note that x[n] is absolutely summable.

EXAMPLE 6.3. Consider the unit step sequence ul[n].
From Eq. (4.16) the z-transform of u[n] is

8{uln]} = 1—_—12_—1 lz]>1 (6.39)

The Fourier transform of u[n] cannot be obtained from its z-transform because the ROC of the



CHAP. 6] FOURIER ANALYSIS OF DISCRETE-TIME SIGNALS AND SYSTEMS 295

z-transform of u[n] does not include the unit circle. Note that the unit step sequence u[n] is not
absolutely summable. The Fourier transform of u[n] is given by (Prob. 6.28)

?{u[n]}=#8(0)+1—_]ﬁ Q<7 (6.40)

6.4 PROPERTIES OF THE FOURIER TRANSFORM

Basic properties of the Fourier transform are presented in the following. There are
many similarities to and several differences from the continuous-time case. Many of these
properties are also similar to those of the z-transform when the ROC of X(z) includes the
unit circle.

A. Periodicity:

X(Q+27) =X(Q) (6.41)

As a consequence of Eq. (6.41), in the discrete-time case we have to consider values of Q
(radians) only over the range 0 < Q) <27 or —7 < <7, while in the continuous-time
case we have to consider values of w (radians/second) over the entire range —* <w <.

B. Linearity:

ax,[n] +a,x,[n] —=a, X, (2) +a,X,(Q) (6.42)
C. Time Shifting:
x[n—ny) e e MMX(Q) (6.43)
D. Frequency Shifting:
e’Mx[n] > X(Q - Q) (6.44)
E. Conjugation:
x*[n] > X*(-Q) (6.45)

where * denotes the complex conjugate.
F. Time Reversal:

x[-n] > X(~0) (6.46)
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G. Time Scaling:

In Sec. 5.4D the scaling property of a continuous-time Fourier transform is expressed
as [Eq. (5.52)]

x(at)H%‘lX(g) (6.47)

However, in the discrete-time case, x[an] is not a sequence if a is not an integer. On the
other hand, if a is an integer, say a =2, then x[2n] consists of only the even samples
of x[n). Thus, time scaling in discrete time takes on a form somewhat different from
Eq. (6.47).

Let m be a positive integer and define the sequence

x|n/m|=x|k if n =km, k = integer
Xem[n] = [n/m} =x[k] . (6.48)
0 if n # km
Then we have
Xmln] > X(mQ) (6.49)

Equation (6.49) is the discrete-time counterpart of Eq. (6.47). It states again the inverse
relationship between time and frequency. That is, as the signal spreads in time (m > 1), its
Fourier transform is compressed (Prob. 6.22). Note that X(mQ) is periodic with period
27 /m since X() is periodic with period 2.

H. Duality:

In Sec. 5.4F the duality property of a continuous-time Fourier transform is expressed
as [Eq. (5.54)]

X(t) o 2mx(-w) (6.50)

There is no discrete-time counterpart of this property. However, there is a duality between
the discrete-time Fourier transform and the continuous-time Fourier series. Let

x[n] > X(Q)
From Egs. (6.27) and (6.41)
X(Q)= Y x[n]e /0 (6.51)
X(Q+27)=X(Q) (6.52)
Since () is a continuous variable, letting ! =¢ and n = —k in Eq. (6.51), we have
X(t)= Y x[—k]eH (6.53)

k= —o
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Since X(¢) is periodic with period T, = 27 and the fundamental frequency w, =27 /T, =1,
Eq. (6.53) indicates that the Fourier series coefficients of X(¢) will be x[—k]. This duality
relationship is denoted by

X()E e, =x[—k] (6.54)

where FS denotes the Fourier series and ¢, are its Fourier coefficients.

I. Differentiation in Frequency:

dx(Q)
nx[n] «>j 20 (6.55)
J. Differencing:
x[n] —=x[n—1] & (1 - X(Q) (6.56)

The sequence x[n]—x[n — 1] is called the first difference sequence. Equation (6.56) is
easily obtained from the linearity property (6.42) and the time-shifting property (6.43).

K. Accumulation:

i x[k]<—>‘er(0)5(Q)+l—_1;_]—.nX(Q) Q<7 (6.57)

k= —»

Note that accumulation is the discrete-time counterpart of integration. The impulse term
on the right-hand side of Eq. (6.57) reflects the dc or average value that can result from
the accumulation.

L. Convolution:

xi[n]* x,[n] &> X,(Q) X,(Q) (6.58)
As in the case of the z-transform, this convolution property plays an important role in the

study of discrete-time LTI systems.

M. Multiplication:

1
xl["]le’l]“”?;Xl(Q)®Xz(Q) (6.59)
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where ® denotes the periodic convolution defined by [Eq. (2.70)]
X,(Q) ®X,(Q) =f2 X,(0)X,(Q—0)do (6.60)
The multiplication property (6.59) is the dual property of Eq. (6.58).

N. Additional Properties:

If x[n] is real, let
x[n] =x.[n] +x,[n]

where x [n] and x [n] are the even and odd components of x[n], respectively. Let

x[n] e X(Q) =A(Q) +jB(Q) = | X ()l (6.61)
Then
X(-Q)=X*) (6.62)
x,[n] & Re{X(Q)) = A(Q) (6.63a)
x,[n] </ Im{X(Q)} = /B(%) (6.63b)

Equation (6.62) is the necessary and sufficient condition for x[n] to be real. From
Egs. (6.62) and (6.61) we have

A(-Q) =A(Q) B(-Q)=-B(Q) (6.64a)
1X(-Q)l=1X(Q) 8(—Q) = —6(Q) (6.64b)

From Egs. (6.63a), (6.63b), and (6.64a) we see that if x[n] is real and even, then X(Q) is
real and even, while if x[n] is real and odd, X(Q) is imaginary and odd.

0. Parseval’s Relations:

0

1
L xfnlxg(n] = 5= [ X,(Q)Xy(-0)d0 (6.65)

n=—o T

ol 2 1 2
Y Ix[n]l =Ef2,,'x(m' dQ (6.66)

n=—o

Equation (6.66) is known as Parseval’s identity (or Parseval’s theorem) for the discrete-time
Fourier transform.

Table 6-1 contains a summary of the properties of the Fourier transform presented in
this section. Some common sequences and their Fourier transforms are given in Table 6-2.
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Table 6-1. Properties of the Fourier Transform
Property Sequence Fourier transform
x[n] X(Q)
x,[n] X, (Q)
x,[n] X,(Q)
Periodicity x[n] X(Q+2m)=X(Q)
Linearity a,x,[n]+a,x,[n] a, X,(Q) +a, X,(Q)
Time shifting x[n = ny) e X (Q)
Frequency shifting e’ x(n] X(Q-Qp)
Conjugation x*[n] X*(-Q)
Time reversal x[—n] X(-Q)
Time scaling xmlnl= {x[n/m] ?fn = km X(mQ)
0 if n#km
N dx(Q)
Frequency differentiation nx[n] j 70
First difference x[n]—=x[n—1] 1 -e"MHX(Q)
Accumulation ) i x[k] mX(0)8(Q) + :—_;HX(Q)
Q<7
Convolution x[n]* x,[n] X, (Q)X,(Q)
Multiplication x,[nlx,[n] T;;X,(Q) ® X,(Q)

Real sequence

Even component
Odd component

Parseval’s relations

)y

n= -

x[n]=x[n]+x[n]

x[n]

x,[n]

o«

n=-—ow

bt 1
Y |x[n1|2=2—;[2 IX(Q)2dO

X(Q) = A(Q) + jB(Q)
X(=Q)=X*(Q)
Re{X(Q)} = A(Q)

j Im{X(Q)} =jB(Q)

1
x,[nlx,(n] = ﬁfz X,()X,(-0)dQ
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Table 6-2. Common Fourier Transform Pairs
x[n] X(Q)
8[n] 1
8ln—n,l e
x[n]l=1 2780, Q] <7
o/tton 278(0 - Q) 10,10 <7
cos Qyn m8(Q - Q) +8(Q+ Q)L I0LIQ, <7
sin Qn —jm[8(Q - Q) - 5(Q+Q)LIQLIA <7
uln} wo(Q) + W,KNS‘N
1
—u[-n—1] -md(Q) + W.KNSW
1
a"uln).lal < 1 Tz
1
—a"ul—n~ 1} ]al> 1 T
. 1
(n+ Da"uln)lal <1 m
| —a’

a” lal < 1

1 [n| <N,

xlnl = 0 fnl> N,

sin Wn

O< W<
mH

: dln — kN,)

k- —x

1 —2acos Q +a?
sin[ (N, +1)]

sin(Q/2)
1 0<IQl<Ww
X(Q)—{O W<Ql<m

x 21
Q, Y 8(Q-kQ),Q,= A
k=-x 0

6.5 THE FREQUENCY RESPONSE OF DISCRETE-TIME LTI SYSTEMS

A. Frequency Response:

[CHAP.

In Sec. 2.6 we showed that the output y[n] of a discrete-time LTI system equals the
convolution of the input x[n] with the impulse response A[n]; that is,

y[n) =x[n]*h[n]

Applying the convolution property (6.58), we obtain

Y(Q)=X(Q)H(Q)

(6.67)

(6.68)
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where Y(Q), X(Q), and H() are the Fourier transforms of y[n), x[n], and h[n],
respectively. From Eq. (6.68) we have

H(Q) = nw) (6.69)

Relationships represented by Eqgs. (6.67) and (6.68) are depicted in Fig. 6-3. Let
H(Q) =|H(Q)|e/ D (6.70)

As in the continuous-time case, the function H(Q) is called the frequency response of the
system, | H(Q)| the magnitude response of the system, and 6,(() the phase response of the
system.

3[n] hin) hln|

xn) H@) Vinl=x{n] « h(n]

| !

() YQ)=X(Q)H(Q)
Fig. 6-3 Relationships between inputs and outputs in an LTI discrete-time system.

Consider the complex exponential sequence
x[n] = e/ton (6.71)
Then, setting z = e’ in Eq. (4.1), we obtain
y[n] = H(e’™) /%" = H(Q,) e'%" (6.72)

which indicates that the complex exponential sequence e’?” is an eigenfunction of the
LTI system with corresponding eigenvalue H(},), as previously observed in Chap. 2
(Sec. 2.8). Furthermore, by the linearity property (6.42), if the input x[n] is periodic with
the discrete Fourier series

. 21
x[n]= Y ¢, ekt Qy=— (6.73)
k={Ny> No
then the corresponding output y[n] is also periodic with the discrete Fourier series

y[n] = <E e H(kQy) e*on (6.74)
k={Ngy)

If x[n] is not periodic, then from Egs. (6.68) and (6.28) the corresponding output y[n] can
be expressed as

1 A
y[n] = E;faﬁ)H(Q)X(Q)e’“" dQ (6.75)
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B. LTI Systems Characterized by Difference Equations:

As discussed in Sec. 2.9, many discrete-time LTI systems of practical interest are
described by linear constant-coefficient difference equations of the form

Y agy[n~kl = ¥ byx[n k| (6.76)
k=0 k=0

with M < N. Taking the Fourier transform of both sides of Eq. (6.76) and using the
linearity property (6.42) and the time-shifting property (6.43), we have

N M
Z a, e""‘“Y(Q) = Z b, e""‘”X(Q)
k=0 k=0

or, equivalently,

M
Z by e
H(Q) = = £0 (6.77)

N
Z a, e—jkﬂ
k=0

The result (6.77) is the same as the z-transform counterpart H(z)=Y(z)/X(z) with
z =¢ [Eq. (4.44)]; that is,

H(Q) = H(2)l;-em = H(e'®)

C. Periodic Nature of the Frequency Response:
From Eq. (6.41) we have
H(Q)=H(Q+2m) (6.78)

Thus, unlike the frequency response of continuous-time systems, that of all discrete-time
LTI systems is periodic with period 2w. Therefore, we need observe the frequency
response of a system only over the frequency range 0 < Q1 <27 or —m < <.

6.6 SYSTEM RESPONSE TO SAMPLED CONTINUOUS-TIME SINUSOIDS

A. System Responses:
We denote by y[n], y[n], and y[n] the system responses to cos Qn, sin (n, and e/,
respectively (Fig. 6-4). Since e’ = cos Qn + jsin Qn, it follows from Eq. (6.72) and the

linearity property of the system that

y[n] =y.[n] +iy,[n] = H(Q) e (6.79a)
v.[n] = Re{y[n]} = Re{H(Q) "} (6.79b)
y[n] =Im{y[n]} = Im{H(Q) '} (6.79¢)
e yn|=H(Q)e/tn

cos {n y[n]=Re[H()estin)

sin Qn y,[nl=1m{H(Q)es )

Fig. 6-4 System responses to e’*", cos Qn, and sin Qn.
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When a sinusoid cos Qn is obtained by sampling a continuous-time sinusoid cos wt
with sampling interval T, that is,

cos dn = cos wtl,— 7, = cos wT;n (6.80)

all the results developed in this section apply if we substitute w7, for ):
O =owT, (6.81)

For a continuous-time sinusoid cos w¢ there is a unique waveform for every value of w in
the range 0 to «. Increasing w results in a sinusoid of ever-increasing frequency. On the
other hand, the discrete-time sinusoid cos n has a unique waveform only for values of ()
in the range 0 to 27 because

cos[(Q + 2mm)n] = cos(Qn + 2wmn) = cos Qn m = integer (6.82)
This range is further restricted by the fact that
cos(m + )n = cos wn cos {dn + sin wnsin Qn
=(-1)"cos Qn (6.83)
Therefore,
cos(m + Q)n =cos(m — Q)n (6.84)

Equation (6.84) shows that a sinusoid of frequency (7 + Q) has the same waveform as one
with frequency (7 — Q). Therefore, a sinusoid with any value of () outside the range 0 to
7 is identical to a sinusoid with () in the range 0 to 7. Thus, we conclude that every
discrete-time sinusoid with a frequency in the range 0 < () <7 has a distinct waveform,
and we need observe only the frequency response of a system over the frequency range
0<Q <.

B. Sampling Rate:

Let w, (=2mf,) be the highest frequency of the continuous-time sinusoid. Then
from Eq. (6.81) the condition for a sampled discrete-time sinusoid to have a unique

waveform is -
wyT,<T->T,<— or f,>2f), (6.85)
Wy

where f,=1/T, is the sampling rate (or frequency). Equation (6.85) indicates that to
process a continuous-time sinusoid by a discrete-time system, the sampling rate must not
be less than twice the frequency (in hertz) of the sinusoid. This result is a special case of
the sampling theorem we discussed in Prob. 5.59.

6.7 SIMULATION

Consider a continuous-time LTI system with input x(¢) and output y(r). We wish to
find a discrete-time LTI system with input x[n] and output y[n] such that

if x[n] =x(nT,) then y[n] =y(nT,) (6.86)

where T, is the sampling interval.



304 FOURIER ANALYSIS OF DISCRETE-TIME SIGNALS AND SYSTEMS [CHAP. 6

Let H.(s) and H,(z) be the system functions of the continuous-time and discrete-time
systems, respectively (Fig. 6-5). Let

x(t) =e*! x[n] =x(nT,) = eT (6.87)
Then from Egqs. (3.1) and (4.1) we have
Y1) =H(jo)e™  y[n] =Hy(e"T)emeT (6.88)
Thus, the requirement y[n]=y(nT,) leads to the condition
H,(jw) " = H(e/T) o

from which it follows that

H_ (jw)=H,(e™*") (6.89)
In terms of the Fourier transform, Eq. (6.89) can be expressed as
H (w)=H,(Q) Q= wT, (6.90)

Note that the frequency response H,((1) of the discrete-time system is a periodic function
of w (with period 27 /T,), but that the frequency response H_(w) of the continuous-time
system is not. Therefore, Eq. (6.90) or Eq. (6.89) cannot, in general, be true for every w. If
the input x(¢) is band-limited [Eq. (5.94)], then it is possible, in principle, to satisfy
Eq. (6.89) for every w in the frequency range (—m/T,,w/T,) (Fig. 6-6). However, from
Eqgs. (5.85) and (6.77), we see that H (w) is a rational function of w, whereas H () is a
rational function of e/? (Q = wT,). Therefore, Eq. (6.89) is impossible to satisfy. However,
there are methods for determining a discrete-time system so as to satisfy Eq. (6.89) with
reasonable accuracy for every w in the band of the input (Probs. 6.43 to 6.47).

x(1) y(1)
H(s) ,
e Juwt Hc(j(l) ) ejot

x(1)

b Hd(Z) Pr———r-—

x[n)=x(nTy) yln]

ejnol; Hd(ef“’T;)ef"‘”Tf

Fig. 6-5 Digital simulation of analog systems.

H(w) Hy(ereTy)
e, — A'_ A "R L — >
. 0 Ll w il il 0 s m
T, T T, T, T, T,
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6.8 THE DISCRETE FOURIER TRANSFORM

In this section we introduce the technique known as the discrete Fourier transform
(DFT) for finite-length sequences. It should be noted that the DFT should not be confused
with the Fourier transform.

A. Definition:
Let x[n] be a finite-length sequence of length N, that is,

x[n] =0 outside the range 0 <n <N — 1 (6.91)
The DFT of x[n], denoted as X[k], is defined by
N-1
X[k] = Y x[n]Wwi k=0,1,...,N—1 (6.92)
n=0

where W, is the Nth root of unity given by

W, =e /2m/N) (6.93)
The inverse DFT (IDFT) is given by
1 N-1
x[n]=ﬁ > X[k]Wkn n=0,1,...,N—1 (6.94)
n=0
The DFT pair is denoted by
x[n] — X[k] (6.95)

Important features of the DFT are the following:

1. There is a one-to-one correspondence between x{n] and X[k].

2. There is an extremely fast algorithm, called the fast Fourier transform (FFT) for its
calculation.

3. The DFT is closely related to the discrete Fourier series and the Fourier transform.

4. The DFT is the appropriate Fourier representation for digital computer realization
because it is discrete and of finite length in both the time and frequency domains.

Note that the choice of N in Eq. (6.92) is not fixed. If x[n] has length N, <N, we want to
assume that x[n] has length N by simply adding (N — N,) samples with a value of 0. This
addition of dummy samples is known as zero padding. Then the resultant x[n] is often
referred to as an N-point sequence, and X[k] defined in Eq. (6.92) is referred to as an
N-point DFT. By a judicious choice of N, such as choosing it to be a power of 2,
computational efficiencies can be gained.

B. Relationship between the DFT and the Discrete Fourier Series:

Comparing Egs. (6.94) and (6.92) with Egs. (6.7) and (6.8), we see that X[k] of finite
sequence x[n] can be interpreted as the coefficients ¢, in the discrete Fourier series
representation of its periodic extension multiplied by the period N, and N, = N. That is,

X[k] =Ne, (6.96)

Actually, the two can be made identical by including the factor 1/N with the DFT
rather than with the IDFT.
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C. Relationship between the DFT and the Fourier Transform:

By definition (6.27) the Fourier transform of x[n] defined by Eq. (6.91) can be
expressed as

N-1
X(Q)= Y x[n]e (6.97)
n={(
Comparing Eq. (6.97) with Eq. (6.92), we see that
k2
X[k] =X(Q)|n=k2,,/N=X(—N——) (6.98)

Thus, X[k] corresponds to the sampled X(Q) at the uniformly spaced frequencies
Q= k2w /N for integer k.

D. Properties of the DFT:

Because of the relationship (6.98) between the DFT and the Fourier transform, we
would expect their properties to be quite similar, except that the DFT X[k] is a function
of a discrete variable while the Fourier transform X({) is a function of a continuous
variable. Note that the DFT variables n and k must be restricted to the range 0 <n,
k <N, the DFT shifts x[n —n,] or X[k —k,] imply x[n —nglocan OF X[k —kolooans
where the modulo notation [m] 4y means that

[m] oan=m +iN (6.99)
for some integer i such that
0 < [m]pean <N (6.100)
For example, if x[n]=6[n — 3], then
x[n = 4] node =8[7 = Tmoas =81 — 7+ 6] =8[n—1]

The DFT shift is also known as a circular shift. Basic properties of the DFT are the
following:

1. Linearity:
a,x,[n] +a,x,[n] e>a X [k] +a,X,[k] (6.101)
2. Time Shifting:
x[n—=ngloqn < WamX|[k] Wy =e /@ /N) (6.102)
3. Frequency Shifting:
Wykrox(n] e X[k — ko] moa n (6.103)
4. Conjugation:
x*[n] S X*[ ~k]moan (6.104)

where * denotes the complex conjugate.
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5. Time Reversal:

X[ =] moa v > X[k ] moa w (6.105)
6. Duality:
X[n] e Nx[—k]noa v (6.106)
7. Circular Convolution:
x,(n] ®x,[n] & X, [k] X,[k] (6.107)
where x[n] ®x,[n] = Niolxl[i]xz[n — ] mod ¥ (6.108)

The convolution sum in Eq. (6.108) is known as the circular convolution of x,[n] and
x,ln).

8.  Multiplication:
1
x,[n]xz[n]HNXl[k] ® X,[k] (6.109)
where X\[K] ® X,(k] = % X[ Xalk ~ 1 pua
i=1

9. Additional Properties:
When x[n] is real, let
x[n] =x,[n] +x,[n]
where x [n] and x [n] are the even and odd components of x[n], respectively. Let
x[n] > X[k]| =Alk] +jB[k] = | X[ k]le®k]

Then X[~k g n = X*[ ] (6.110)
x.[n] > Re{X[k]} =A[k] (6.111a)
x,[n] «>jIm{X[k]) =jB[k] (6.111b)

From Eq. (6.110) we have
Al~Klpon=A[K] B[~k poyn= ~BIK] (6.112a)
| X[ ~k]lmoaw =1X[k]l O —k]moa v = —0[K] (6.112b)

10. Parseval’s Relation:

N—-1 1 N-1
;le[nllz= m Z_jOIX[k]l2 (6.113)

Equation (6.113) is known as Parseval’s identity (or Parseval’s theorem) for the DFT.
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Solved Problems

DISCRETE FOURIER SERIES

6.1.

We call a set of sequences {¥,[n]} orthogonal on an interval [ N,, N,] if any two signals
¥ [n] and ¥,[n] in the set satisfy the condition

& « 0 #k
n:Z.NI‘l’,,,[n}‘Vk [n] = {a T (6.114)

where * denotes the complex conjugate and a # 0. Show that the set of complex
exponential sequences

Y, [n] = ek /Non k=0,1,...,N—-1 (6.115)

is orthogonal on any interval of length M.

From Eq. (1.90) we note that

Yar={1-a" (6.116)

l-a

Applying Eq. (6.116), with a = e*?™/N) we obtain

N N k=0,+N,+£2N,...
Z elk@m/Nom | ] — gik@m/N)N (6.117)

n=0 T k@NY 0 otherwise

since e/X@m/NW = o/k2m — 1 Since each of the complex exponentials in the summation in
Eq. (6.117) is periodic with period N, Eq. (6.1/7) remains valid with a summation carried over
any interval of length N. That is,

Z e!'k(ZTT/N)n= N k=0,iN,i2N,.>. (6118)

ne (N> 0 otherwise

Now, using Eq. (6.118), we have
Z ‘l’m[n]\l’,:"[n] = Z ejm(Z‘rr/N)ne—jk(Z'rr/N)n
n=(N) n=(N>
im — N m=k

= m—k)Y2m/Nyn _

nEN)e {0 o (6.119)

where m, k < N. Equation (6.119) shows that the set {¢/*?7/N): k =(,1,..., N — 1} is orthog-
onal over any interval of length N. Equation (6.7/14) is the discrete-time counterpart of
Eq. (5.95) introduced in Prob. 5.1.
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6.2. Using the orthogonality condition Eq. (6.119), derive Eq. (6.8) for the Fourier

coefficients.
Replacing the summation variable k by m in Eq. (6.7), we have

N-1
x[n] = Z Cm ejm(er/No)n
m=0

Using Eq. (6.115) with N = N,, Eq. (6.120) can be rewritten as

No—1

x[n]= ¥ c,¥,[n]

m=0

(6.120)

(6.121)

Multiplying both sides of Eq. (6.121) by ¥;*[n] and summing over n = 0 to (N, — 1), we obtain

£ stalwiinl= £ T eotalnl [ ¥50)

Interchanging the order of the summation and using Eq. (6.119), we get

Ny—1 Ny—1 No-1
£ stnl¥iin)= £ o T Valal¥ilnl| -,
n=0 m=0 n=0
Thus,
No—l 1 No—l
eo= L x[n]¥in)=— ¥ x[n]e-ikan/mm
NO n=0 NO n=0

(6.122)

6.3. Determine the Fourier coefficients for the periodic sequence x[#n] shown in Fig. 6-7.

From Fig. 6-7 we see that x[n] is the periodic extension of {0, 1, 2,3} with fundamental

period N, = 4. Thus,

27 A _ 4 .
T and e_1n0=e“12“’/ =e“17/2= —J

By Eq. (6.8) the discrete-time Fourier coefficients ¢, are

Ly Losr1+243) -2
Co 4,,=0x[n]—z( +1+2+ )—5

12 . 1 11
_! iy e o e L
¢ 4n§0x{"]( )= 7(0=1-2+j3) = =5 +j3

13 1 1
==Y x[n)(=)"==(0-1+2-3)= — =
2 4n=0 4 2

LS Al =2+ —2 -3y = — L]
€353 & Xnlt=y) =7 tjl—2-J =575
n=0

Note that ¢; =c,_, =c¥ [Eq. (6.17)].
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x(n]
-4 -3-2-10 1 2 34 5 67 n
Fig. 6-7

6.4. Consider the periodic sequence x[n] shown in Fig. 6-8(a). Determine the Fourier
coefficients ¢, and sketch the magnitude spectrum [c,|.

From Fig. 6-8(a) we see that the fundamental period of x[n] is N,
2m/N,=m/5. By Eq. (6.8) and using Eq. (1.90), we get

=10 and Q,=

1 - e—jkﬂ'

| 1
_ —/k(n’/ﬁ)n -
“=1p ;

10 1 —e k7D

1 e—/kv/Z(e/kn/Z_e-;'kv/Z)

= 00 S =jkn /10, kw10 _  —jkm /10
10 e (e e )

=Lef/k<2v/5)w k=0,1,2,...,9

10 sin( k/10)

The magnitude spectrum |c,| is plotted in Fig. 6-8(b).

xn)

HHLL....]

0 12345 67 829 n
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6.5. Consider a sequence

x[n] = Y &[n-—4k]
k=—x
(a) Sketch x[n].
(b) Find the Fourier coefficients c, of x[n].

(a) The sequence x[n] is sketched in Fig. 6-9(a). It is seen that x[n] is the periodic extension
of the sequence {1,0,0,0} with period N, = 4.

x(n)

1

-4-3-2-1012345¢6 738 n

=~y

(b) From Egs. (6.7) and (6.8) and Fig. 6-9(a) we have

3 3
x[n] = Z Cy efk(277/4)" — Z Cr ejk('rr/Z)n
k=0 k=0

13 ) 1 1
and cp = anox[n]e""‘z"/“’" = Zx[O] =2 all k
since x[1] =x[2] = x[3] = 0. The Fourier coefficients of x[n] are sketched in Fig. 6-9(b).

6.6. Determine the discrete Fourier series representation for each of the following se-
quences:

(@) x[n]=cos—
a Xn—COSzn

T T
(b) x[n]= cosEn + sin 2"

(¢) x[nl= cosz( %n)
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6.7.

(a)

(b)

(c)
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The fundamental period of x[n]is Ny =38, and Q,=27/N,= m/4. Rather than using
Eq. (6.8) to evaluate the Fourier coefficients c,, we use Euler’s formula and get

T L i jmsamy = Lo Lo
cos—n = —(e\T/N 4 TNy = —/M0M 4 —g /TN

4 2 ( ) 2 2
Thus, the Fourier coefficients for x[n] are ¢, =1, c_,=c_,,4=c, =1, and all other
¢, = 0. Hence, the discrete Fourier series of x[n] is

™ 1 1 ™

x[n] = cosn = Ee’““” + Ee"mﬂ" Q,=—

From Prob. 1.16(;) the fundamental period of x[n]is N, =24, and Q,=27/N,=m/12.

Again by Euler’s formula we have

1 ) 1 ‘ ,
xlnl= —(el7/3n 4 p=im/dny 4 — el(m/dn _ o =ilm/dn
[n) = 3¢ )+ 55 )
— %e—jdﬂ(,n +j%e—j3non __j%ej.?(l“n + %ejzlﬂon
Thus, ¢y = —j(3),c,=3,c_4= €_a424=Cp= 32C_3=C_3,24=Cy =j(3), and all other
¢, = 0. Hence, the discrete Fourier series of x[n] is
1 1 1 1 T
x[n] = __j__ejl!()”n + _81-4{)0" + _ejzoﬂ(,n +j_ejllﬂon QO= _
2 2 2 2 12

From Prob. 1.16( ;) the fundamental period of x[n]is Ny=8, and Q,=27/N,=m/4.
Again by Euler’s formula we have

. _ 2 . .
x[n] = (%eJ(W/B)n + %e J(-rr/ﬂ)n) = %ej(v/‘i)n + % + %e j(m /4)n
= leifon 4 1y Lo-iftn

Thus, cy=3,¢,=3,c_,=c_,,y=c,=14%, and all other ¢, =0. Hence, the discrete
Fourier series of x[n] is

1 1 1
x[n] = 7t Ze’”"" + Ze’m"" Q=

03

Let x[n] be a real periodic sequence with fundamental period N, and Fourier
coefficients ¢, = a, + jb,, where a, and b, are both real.

(a)
(b)
(¢)

Show that a _, =a, and b_, = —b,.
Show that ¢y ,, is real if N, is even.
0/ -

Show that x{n] can also be expressed as a discrete trigonometric Fourier series of
the form

(Ny—1/2 2
x[n] =co+2 Y, (a,coskQqn—b,sinkQn) Q,= N (6.123)
k=1 0
if N, is odd or
(Ny—-2)/2
x{n] =co+(=1)"cy,,n+2 XL (a,cos kQon — b, sin kQon) (6.124)
k=1

if N, is even.
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(a) If x[n] is real, then from Eq. (6.8) we have

*

1 No—1 No—1 .
c_o=— Y, x[n]e o= — Y x[n]e *Pom| =c}
No w=o No no

Thus,
c_x=a_,tjb_,=(a,+jb)* =a,—jb,
and we have

a_,=a, and b_,=-b,

(b) If N, is even, then from Eq. (6.8)

1 No—! _ 1 No-1 _
“Nos2 T N Y. x[n] e No/D2m/Noim A Y x[n]e ™
0 n=0 0 n=0
1 No—1
=— Y (=1)"x[n] =real
NO n=0
(¢) Rewrite Eq. (6.7) as

No"] ND—] )

x[nl= Y e =co+ Y ¢ e
k=0 k=1

If N, is odd, then (N, — 1) is even and we can write x[n] as

(Ny-1/2
x[n)=co+ L (cxe " +cy,_ye/Nom W)
k=1
Now, from Eq. (6.17)
CNy—k =cj
and ej(N(,—k)Qun — ejNgﬂone~jkﬂun = ejZfrne—ijun — e—jkﬂun
Thus,
(Ny=1)/2
x[n]=co+ Y (cre’ 0" + cre /K om)
k=1
(Ng—1)/2
=co+ Y, 2Re(c e*Mm)
k=1
(No~1)/2

=co+2 Y, Re(a,+jb,)(coskQqn +jsin kQyn)
k=1

(No=1)/2
=co+2 Y, (aycoskQyn—b,sinkQyn)
k=1
If Ny is even, we can write x[n] as
No-1
x[n]=co+ Y c e
k=1
(Ng—2)/2

=cy+ Z (Ckeikﬂo" + CNu_kej(No—k)ﬂoﬂ) + CNo/zeJ(N0/2)ﬂo"

k=1

313

(6.125)
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Again from Eq. (6.17)

Cryr = CF and eI No=K)Qn _ =ik g
and ej(NU/Z)n(]n — e}'(NU/Z)(Z‘n'/Nn)n — ejﬂn — (_ l)n
(Ny=2)/2
n A
Then x[n]=co+ (=1 "cy 2+ L 2Re(c,e’*)
k=1
(Ny=2)/2

=co+(=1)"cn2+2 L (a,cos kQyn — b, sin kQyn)

k=1

[CHAP. 6

Let x,[n] and x,[n] be periodic sequences with fundamental period N, and their

discrete Fourier series given by

No-1 No- 1
x,[n] = X die*tn xy(n] = ¥ egeito 0, -
k=0 k=0

Show that the sequence x[n]=x,[nlx,[n] is periodic with the same fundamental

period N, and can be expressed as

No—1 2
= jkQqyn =
x[n] = Y c e Q,=—
k=0 N()
where ¢, is given by
No-—1
Cp = Z dmek—m
m=0

Now note that
x[n+ Nyl =x,[n+Ny]x,[n+Ny]=x\[n]x,[n] =x[n]

Thus, x[n] is periodic with fundamental period N,. Let

No—1 _ 2
x[n]= ¥ cpe Q= —
k=0 N()
Ny—1 1 Ny—1
Then c= L alnle = T [n]x,[n] e ko0r
NO n=0 NO n=0
1 No—1 [ Ny—1
= -1\70 ( Z dmej’"ﬂ("’)xz[n] e Tk Qon
n=0 \ m=0
Np—1 1 No~i Np—1
= X dm(_ ) xz[nle—j(k_'")""") = Y d,e_,
m=0 N() n=0 m=0
1 Ny—1
since e, = — Y. x,[n]e K
NO n=0

and the term in parentheses is equal to ¢, _,,,.

(6.126)
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6.9.

6.10.

Let x,[n] and x,[n] be the two periodic signals in Prob. 6.8. Show that

315

1 Mol N1
A Y. x\[n]xy[n] = X die_, (6.127)
0 n=0 k=0

Equation (6.127) is known as Parseval’s relation for periodic sequences.
From Eq. (6.126) we have

Ny—1 Np—1
== X x[nlx[n]e =¥ de,_,,
NO n=0 m=0
Setting k = 0 in the above expression, we get
1 M-l No—1 No—1
N Y x[nlx,[n] = Z dye_,= )» dee_y
0 n=0 m=0 k=0

(a) Verify Parseval’s identity [Eq. (6.19)] for the discrete Fourier series, that is,

1 N[)—l No—l
M W
0 n=0 k=0

(b) Using x[n] in Prob. 6.3, verify Parseval’s identity [Eq. (6.19)].
(a) Let

No—1
x[n]= ¥ ciet0o
k=0
Ny—1
and x*[n]= Y d e
k=0
No-1 ' 1 MNo-! -
Then de=+- Y x*[n]e o = A Y x[n]e#ton| =c*, (6.128)
0 n=0 0 n=0

Equation (6.128) indicates that if the Fourier coefficients of x[n] are c,, then the Fourier
coefficients of x*[n] are c¢*,. Setting x,[n] =x[n] and x,[n]=x*[n] in Eq. (6.127), we

have d, =c, and e, =c*, (or e_, =c}) and we obtain
No-1 Ny—1

L Y x[n]x*[n]l= ¥ cpcf (6.129)
k=0

NO n=0
1 Ny—1 Ny—1

T lx[n]P= Xl
k=0

or
NO n=0

(b) From Fig. 6-7 and the results from Prob. 6.3, we have

1 N351| 2 1 04 12422432 14
— =—(0+1°+2°+ = —
N, = x[n] 4( ) 2

Bl (3 [3 0]3 8 ]

and Parseval’s identity is verified.

7
2

N =
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FOURIER TRANSFORM

6.11. Find the Fourier transform of
x[n] = —a"u[—n - 1] a real

From Eq. (4.12) the z-transform of x[n] is given by

1
X(Z)=]_—az_1 |z| < |al
Thus, X(e’*) exists for |a] > 1 because the ROC of X(z) then contains the unit circle. Thus,
. 1
X(Q)=X(e™) = - lal > 1 (6.130)

6.12. Find the Fourier transform of the rectangular pulse sequence (Fig. 6-10)
x[n] =u[n] —u[n - N|
Using Eq. (1.90), the z-transform of x[n] is given by
1-2zV
1-z

N-1
X(z)= Y z"= lz|>0 (6.131)
n=0

Thus, X(e’/®) exists because the ROC of X(z) includes the unit circle. Hence,

— o~ ION e—jﬂN/Z(ejﬂN/Z__ej(lN/Z)
= iy — =
X(Q)=Xx(e") = 1—e i@ ¢ /2072 — e /072y
=e—jn(N—1)/2M (6.132)
sin(Q/2) '
x[n)
1@ [ |
—_— - —0—0- >
01 2 3 N-1 n
Fig. 6-10

6.13. Verify the time-shifting property (6.43), that is,
x[n—ny] > e X (Q)
By definition (6.27)

Flx[n—nyl} = f: x[n—nyle o

n=—mo



CHAP. 6]

FOURIER ANALYSIS OF DISCRETE-TIME SIGNALS AND SYSTEMS 317

By the change of variable m = n — n,, we obtain

=]

Flaln—ngl)= L x[m]emsm

m=—wo

=e M0 Y x[m]e /M=) (Q)

m=—w

Hence,

x[n—ny] o e X (Q)

6.14. (a) Find the Fourier transform X(Q) of the rectangular pulse sequence shown in

Fig. 6-11(a).
x(n] x,[n]

1

9 ® 7 o Q9 ® K} 11 ® 7
—o—Cr C—o—= O ————

-N, 0 N, n 0123 2N, n

(a) (b)

Fig. 6-11

(b) Plot X(Q) for Ny=4 and N, =8.

(a)

(b)

From Fig. 6-11 we see that
x[n]=x,[n+N,]
where x,[n] is shown in Fig. 6-11(b). Setting N = 2N, + 1 in Eq. (6.132), we have
- sin[Q(N, + 3)]
X(Q)=e N —— 2
() =e sin(/2)

Now, from the time-shifting property (6.43) we obtain

sin[ Q(N, + 3)]

X(0) =™ X(0) = — e

(6.133)

Setting N, =4 in Eq. (6.133), we get

sin(4.5Q)

x() = sin(0.5Q)
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which is plotted in Fig. 6-12(a). Similarly, for N, = 8 we get

(0 sin(8.5Q2)
()= sin(0.5Q)
which is plotted in Fig. 6.12(b).
X
17
sk
aan N Apoars.
-ﬂv \Y4 V 0 V V Vv v1'r 5

(@) (b)

Fig. 6-12

6.15. (a) Find the inverse Fourier transform x[n] of the rectangular pulse spectrum X(Q)
defined by [Fig. 6-13(a)]

1 1Ql<W
X() =1, w<|Ql<w
(b) Plot x[n] for W=1m/4.
X()
1
1 1 1 >
2w - W 0 w I 2T QO

-4-3-2-101234

)
Fig. 6-13
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(a) From Egq. (6.28)

1 ) 1 w . sin Wn
- iQn - _ iQn dQ =
x[n) = o= f_ﬂX(Q)e d0=—— f_we —
Thus, we obtain
sin Wn 1 Q< W
mn '_’X(m"{o W<lQlsm

(b) The sequence x[n] is plotted in Fig. 6-13(b) for W = w /4.

6.16. Verify the frequency-shifting property (6.44), that is,
e/Mnx[n] > X(Q - Q)
By Eq. (6.27)

o

Flex[n]}= ¥ e/Px[n]e "

= Y x[n]e /" =x(Q-Q,)
n=—x
Hence,
e/x[n] > X(Q - Q)

6.17. Find the inverse Fourier transform x[n] of
X(Q)=278(0-Q,) 1QL1Q <7

From Egs. (6.28) and (1.22) we have
1 = . '
x["]=—f 2m8(Q — Q) € dQ = e/ Mon
2w/ _,

Thus, we have
ej90"<—»2776(ﬂ-*00) |Q|,|Qo| =7

6.18. Find the Fourier transform of
x{n] =1 all n

Setting 0, =0 in Eq. (6.135), we get
x[n}=1278(Q) Q<7

Equation (6.136) is depicted in Fig. 6-14.

x(n] X\

2md(€)

=

319

(6.134)

(6.135)

(6.136)

l[l*lll e

-1 012 - 0
Fig. 6-14 A constant sequence and its Fourier transform.

=) J
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6.19. Find the Fourier transform of the sinusoidal sequence
x[n] =cos Qyn 1Qol < 7
From Euler’s formula we have
cos Qgn = 3( e/ + ¢~/
Thus, using Eq. (6.135) and the linearity property (6.42), we get
X(Q)=7[8(Q2-Qy) +5(02+ Q)] 1QLIQ <7
which is illustrated in Fig. 6-15. Thus,

cos Qon > m[8(Q - Q) +8(Q+ Q)] 1QLIQyl<7 (6.137)
x[n] X
S+ ﬂo) (- Q)
19
-
] 1 -
0 n n Q9 0 0 Q

Fig. 6-15 A cosine sequence and its Fourier transform.

6.20. Verify the conjugation property (6.45), that is,
x*[n] > X*(-Q)
From Eq. (6.27)

Flx*[n]} = i x*[n]e"m"=( )E x[n]emn)*

n=—o

|

n= -

5 tater o] wxeay

Hence,
x*[n] > X*(-Q)

6.21. Verify the time-scaling property (6.49), that is,
X[ n] = X(mQ)
From Eq. (6.48)

x[n/m] =x[k] if n = km, k = integer

femln) =1 if n # km
Then, by Eq. (6.27)

y{x(m)[n]}= i x(m)[n]e_’n"

n=—o
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Changing the variable n = km on the right-hand side of the above expression, we obtain

f{x(m)[n]}= E: X(mlkm]e™/Hm = i x[k]emPk = X(mQ)

k= —o = -

Hence,

x(m)[n]HX(mQ)

6.22. Consider the sequence x[n] defined by

(a)
(b)
(c)
(a)

x[n]={1 |n|s2.
0 otherwise
Sketch x[n] and its Fourier transform X({).
Sketch the time-scaled sequence x,[n] and its Fourier transform X ().
Sketch the time-scaled sequence x;[n] and its Fourier transform X;((1).
Setting N, =2 in Eq. (6.133), we have
sin(2.54)
X(Q)=——-

The sequence x[n] and its Fourier transform X({}) are sketched in Fig. 6-16(a).

xfn] X

—

321

(6.138)

(@)

X)n} X () = X(2Q))

Xlnl X5,(8) = X(3Q2)

oy
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6.24.
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(b) From Egs. (6.49) and (6.138) we have
sin(5()
X(Z)(Q) =X(12Q) = mﬁ)—

The time-scaled sequence x,[n] and its Fourier transform X, () are sketched in Fig.
6-16(b).

(¢) In a similar manner we get
sin(7.5)
sin(1.5Q)

The time-scaled sequence xa)[n] and its Fourier transform X(3)(Q) are sketched in Fig.
6-16(c).

X3() =X(3Q) =

Verify the differentiation in frequency property (6.55), that is,

From definition (6.27)

X(0)= L xln]e

n=—oo

Differentiating both sides of the above expression with respect to ) and interchanging the
order of differentiation and summation, we obtain
ax(Q d * , * d ,
d(ﬂ ) =Eﬁ( r x["]é’_’n")= L x[n]- s (e

n= —% n=—wo

S e

n=-—o

Multiplying both sides by j, we see that

- o 4X(Q)
Flualnl) = T melnle™™ ==
Hence,
nx(n] dx(Q)
NRERPTY)

Verify the convolution theorem (6.58), that is,
xi[n] * x,[n] & X (2)X,(Q)
By definitions (2.35) and (6.27), we have
Flalaloninl) = T | T xiklaln k1] e

n=-—wo \k= —o

Changing the order of summation, we get

Falrlnla) = T xlk)| £ nln-kle]

k= —o n= —ow
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By the time-shifting property Eq. (6.43)
Z xy[n—k] e = e_kaz(Q)

n=—-w

Thus, we have

oo

y{xll"]* xz["]] = k:\:_ x,[k]e X, (Q)

@

= Z xl[k]e"n")Xz(Q)=Xl(Q)X2(Q)

k= —w
Hence,
xi[n]* x,[n] e X,(Q) X,(Q)

6.25. Using the convolution theorem (6.58), find the inverse Fourier transform x[n] of

X(Q) = m lal < 1
From Eq. (6.37) we have
anu[n]HT_—aF |a|<1
N x(a 1 1 ) 1
ow (@) = (1_(1,',—1‘0)2_(l—ae'jn (l—ae‘m)

Thus, by the convolution theorem Eq. (6.58) we get

=]

x[n]=a"u[n)*xa"u[n)= Y, a*u[k]a" *u[n —k]

k=—o
=a" Y 1=(n+1)a"u[n]
k=0
Hence,

(n+1)a"u[n]<—->——1— lal <1 (6.139)

(1- ae_m)2
6.26. Verify the multiplication property (6.59), that is,
1
xi[n]x,[n] & ZXl(Q) ® X,(Q)
Let x[n] =x,[n]x,[n]. Then by definition (6.27)

@

X(Q)= E xl["]xz["]e_m"

n=—oo

By Eq. (6.28)

1 .
x[n]= E;j; X,(8) e de
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0

Then X(Q)= Y [Z%L"X,(G) e’on d6]x2[n]e'm"

n=-m

Interchanging the order of summation and integration, we get

X(Q)= ;;L”XI(G)( )O:O: xz[n]e_"n‘o)") de

1 1
= a—;fzvxl(e)xz(n = 0) d6 = S—X,() & X;(0)
Hence,

1
xi[n]x,[n] & E_;XI(Q) ® X,()

Verify the properties (6.62), (6.63a), and (6.63b); that is, if x[n] is real and
x[n] =x,[n] +x,[n] &> X(Q) =A(Q) +/B(Q) (6.140)

where x[n] and x [n] are the even and odd components of x[n], respectively, then

X(-0)=x*(Q)
x,[n] & Re{X(Q)} =A4(Q)
x,[n] ) Im{X(Q)) = jB(2)
If x[n]is real, then x*[n]=x[n], and by Eq. (6.45) we have
x*[n] > X*(-Q)
from which we get
X(Q)=X*(-Q) or X(-0Q)=X*Q)
Next, using Eq. (6.46) and Egs. (1.2) and (1.3), we have
x[=n]=x[n] - x,[n] > X(~Q) =X*(Q) =A(Q) —jB(Q)  (6.14])
Adding (subtracting) Eq. (6.141) to (from) Eq. (6.140), we obtain
x,[n] —A(Q) = Re{X(Q))
x,[n] = jB(Q) =jIm{X(Q))

Show that

uln] > md(Q)+ Q<7 (6.142)

1—e /%
Let
uln] > X(Q)
Now, note that

8[n)=u[n] —u[n-1]

Taking the Fourier transform of both sides of the above expression and by Egs. (6.36) and

(6.43), we have
1=(1-e7®)X(Q)
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6.29.

6.30.

Noting that (1 —e/®) =0 for Q =0, X(Q2) must be of the form

QU <w

X(Q) =48(Q) + ——5

where A is a constant. To determine A we proceed as follows. From Eq. (/.5) the even
component of u[n] is given by

u[n] =7+ 38[n]
Then the odd component of u[n] is given by
u,[n] =uln] —u[n]=uln] -3 - 38[n]
1 1
and Y{uo[n]]=A6(Q)+1—_e—:m—-n'6(Q)—5

From Eq. (6.63b) the Fourier transform of an odd real sequence must be purely imaginary.
Thus, we must have 4 =, and

uln] > 78(Q) + e Q<
Verify the accumulation property (6.57), that is,
n 1
Z x[k]*—"lTX(O)(s(Q)'i"i——_be"_?]—X(Q) Q<

k=—->

From Eq. (2.132)

n

k_Z_ x[k]=x[n]*u[n]

Thus, by the convolution theorem (6.58) and Eq. (6.142) we get

n 1
Y x[k]—X(Q)|78(Q) + T—m Q<

k= —
1

since X(Q) 8(Q) = X(0) §(Q) by Eq. (1.25).

Using the accumulation property (6.57) and Eq. (1.50), find the Fourier transform of
ulnl.

From Eq. (1.50)
ul[n]= Y &[k]
k= —o
Now, from Eq. (6.36) we have
8[n]—1
Setting x[k]=8[k] in Eq. (6.57), we have
x[n]=6[n]e=X(Q)=1 and  X(0)=1
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n 1
and u[n]= E 5[k]H7T5(Q)+W Q<w

k= —w

FREQUENCY RESPONSE

6.31. A causal discrete-time LTI system is described by
y[n] = 3y[n—1] + 3y[n = 2] =x[n] (6.143)
where x[n] and y[n] are the input and output of the system, respectively (Prob. 4.32).
(a) Determine the frequency response H({)) of the system.
(b) Find the impulse response h[n] of the system.
(a) Taking the Fourier transform of Eq. (6.143), we obtain
Y(Q) - 3e77Y(Q) + 3¢ 2Y(Q) =X(Q)
or
(1-3e 4 Le2M)Y(Q) = X(Q)
Thus,

Y(Q) 1 1
X(Q) 1-3e®+ie 2 (1-1eM)(1-Lte™®)

H(Q) =

(b) Using partial-fraction expansions, we have

1 2 1

A = - ey " T—fem 1=,

Taking the inverse Fourier transform of H({}), we obtain
hln) = [2(3)" = (5)"]uln)]
which is the same result obtained in Prob. 4.32(b).
6.32. Consider a discrete-time LTI system described by
y[n] = 3y[n = 1] =x[n] + 3x[n - 1] (6.144)

(a) Determine the frequency response H({}) of the system.
(b) Find the impulse response h[n] of the system.
(¢) Determine its response y[n] to the input

s
x[n] = cosin

(a) Taking the Fourier transform of Eq. (6.144), we obtain
Y(Q) - %e"“Y(Q) =X(Q)+ %e"'QX(Q)
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Thus,
Y(Q) 1+3e7®
Q = = -
A= X "1 em
) 1 1 e®
) 1_lem T 3 Tm
Taking the inverse Fourier transform of H({}), we obtain
1\" 11! 1 1 n=0
h[n]—(i) u[n]+i(—2—) uln—1]= (%)n—l n>1

(¢) From Eq. (6.137)

X(Q) =1r[5(9— %) +5(n + ;)] Qi<

Then

V(@) =X H() =7|5(0- T ) +o(a+ Z)]ﬁ_“

21110
1+ L2 - 1+ 1eim/2 -
=1 —__1—%8_j"/2 5(0—5)4‘# _—-_-_1—%6_}”/2 5(Q+E—)
1—ji T 1+j3 T
=7 2 5(Q——)+Tr ~ 5(Q+—)
1+j3 2 1-j5 2

=77-5(Q — Z) e—jZLan*l(l/Z)_l_.n.a(Q + Zr_) ej2mn"(|/2)
2 2

Taking the inverse Fourier transform of Y() and using Eq. (6.135), we get

1 1
y[n] = Ee)'(‘rr/Z)ne—jZlan"(l/2)+ Ee—-/'(ﬂ/Z)ej'Zlan"(l/Z)

N T 5t ‘11
= COS 2n an 3

6.33. Consider a discrete-time LTI system with impulse response

H(n] = sin(wn/4)

m™n

327

Find the output y[n] if the input x[n] is a periodic sequence with fundamental period

Ny =15 as shown in Fig. 6-17.
From Eq. (6.134) we have

1 IQl<m/4
H®) =1, 7/4<|Ql<m

Since Q,=2w/N,=2m/5 and the filter passes only frequencies in the range |Q}| <7 /4, only

the dc term is passed through. From Fig. 6-17 and Eq. (6.11)

1 4 3
co== 2 x[n]==
05 5
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x[n]

i

-1 01 2 3 45
Fig. 6-17

Thus, the output y[n] is given by

y[n]=13 all n

6.34. Consider the discrete-time LTI system shown in Fig. 6-18.
(a) Find the frequency response H(()) of the system.
(b) Find the impulse response A[n] of the system.
(c) Sketch the magnitude response |H(Q)| and the phase response 6(().
(d) Find the 3-dB bandwidth of the system.

(a) From Fig. 6-18 we have

y[n]=x[n] +x[n-1] (6.145)
Taking the Fourier transform of Eq. (6.145) and by Eq. (6.77), we have
H(Q) = )—(((T)) =1+e /0= I/2(I0/2 4 oi01/2)
, Q
=2e"n/zcos(5) Q< (6.146)

(b) By the definition of Aln] [Eq. (2.30)] and Eq. (6.145) we obtain
h[n]=8[n] +68[n—1]

_J1 0<n<l
o hln] = {0 otherwise
(¢c) From Eq. (6.146)
Q
IH(Q)|=2cos(?) Q<
x(n) yln)
p3

Fig. 6-18
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and 8(Q) = -

Q<7
J— <
2 =

which are sketched in Fig. 6-19.

IH(O)I

N;:l -

Fig. 6-19

(d) Let Q44 be the 3-dB bandwidth of the system. Then by definition (Sec. 5.7)
1

|H(Q348)= 2

IH(Q)'max

we obtain

Q3dB 1 m
cos( > )=ﬁ and Qigp=7

We see that the system is a discrete-time wideband low-pass finite impulse response
(FIR) filter (Sec. 2.9C).

[\®)

6.35. Consider the discrete-time LTI system shown in Fig. 6-20, where a is a constant and
O<a<l.

x[n] y[n]

Fig. 6-20
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(a)
(b)
(c)
(a)

(b)

(¢)
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Find the frequency response H({}) of the system.
Find the impulse response A[n] of the system.
Sketch the magnitude response |H(Q)| of the system for a = 0.9 and a = 0.5.
From Fig. 6-20 we have

y[n]—ay[n—1) =x[n] (6.147)
Taking the Fourier transform of Eq. (6.147) and by Eq. (6.77), we have

1
H(Q)=I——a;——jn— la|<1 (6.148)
Using Eq. (6.37), we obtain
h[n]=a"u[n]

From Eq. (6.148)
1

—ae 7™ 1—gqcos Q+jasin Q

HQ-—
and
1 1

- A~ (6.149)
[(1-acos Q)* + (asin 0)7] (1+a%~2acos ()

|[H(Q)| = 1,2

which is sketched in Fig. 6-21 for a = 0.9 and a =0.5.
We see that the system is a discrete-time low-pass infinite impulse response (IIR)

filter (Sec. 2.9C).

IH()I

a=09

Fig. 6-21

6.36. Let h,pe[n] be the impulse response of a discrete-time low-pass filter with frequency
response H | pp({1). Show that a discrete-time filter whose impulse response hl[n] is
given by

h(n] =(=1)"hpe[n] (6.150)

is a high-pass filter with the frequency response

H(Q) = H pe(Q — ) (6.151)
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Since —1 = ¢’/™, we can write
h[n] = (=1)"hype[n] = ""h pe[n) (6.152)

Taking the Fourier transform of Eq. (6.152) and using the frequency-shifting property (6.44),
we obtain

H(Q) =H pp(2—m)

which represents the frequency response of a high-pass filter. This is illustrated in Fig. 6-22.

Hy pp()) H(Q) = H pe(8) - m)

J
_—-_ l —-——-

i
ab---
=]

0 Q. m Q -mo-m+ (), 0 m-{,

Fig. 6-22 Transformation of a low-pass filter to a high-pass filter.

6.37. Show that if a discrete-time low-pass filter is described by the difference equation

y[n] = - Y ayy[n—k]+ X byx[n—k] (6.153)
k=1 k=0

then the discrete-time filter described by
N M
yln] == L (- ay[n—k]+ ¥ (= 1)*bex[n - k] (6.154)
k=1 k=0

is a high-pass filter.

Taking the Fourier transform of Eq. (6.153), we obtain the frequency response H pg({)) of
the low-pass filter as

M
vy B
H\ pe(2) = k=(;v (6.155)
X(Q) k@
1+ Y age™
k=1
If we replace Q) by (Q — ) in Eq. (6.155), then we have
M M
Z bke_jkm_ﬂ k(_l)ke_jkn
Hypp(Q) =Hpp(Q—m) = . == (6.156)

b
=0 -0
N ' N ) ‘
1+ Y ae @™ 14 Y (-1) ae*?
k=1 k=1

which corresponds to the difference equation

N M
yinl=- ¥ (-Dfay[n-k]+ ¥ (-1)*byx[n —k]
k=1 k=0
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6.38. Convert the discrete-time low-pass filter shown in Fig. 6-18 (Prob. 6.34) to a high-pass

6.39.

filter.

From Prob. 6.34 the discrete-time low-pass filter shown in Fig. 6-18 is described by [Eq.
(6.145)]

yln]l=x[n]+x[n-1]
Using Eq. (6.154), the converted high-pass filter is described by
y[n]=x[n]—x[n—-1] (6.157)

which leads to the circuit diagram in Fig. 6-23. Taking the Fourier transform of Eq. (6.157) and
by Eq. (6.77), we have

H(Q) =1 -0 =e-jfl/2(ejﬂ/2 — e—fﬂ/Z)

Q
=j2e”“/zsin5 =2¢/m /2 sinE Q< (6.158)
From Eq. (6.158)
Q
|[H(Q)|=2 sin(?)‘ Q<
B (m—-Q)/2 0<Q<7w
and B(Q)_{(—w—n)/z -T<Q<0

which are sketched in Fig. 6-24. We see that the system is a discrete-time high-pass FIR filter.

x[n) yin]

>

21

<

Fig. 6-23

The system function H(z) of a causal discrete-time LTI system is given by

b+z!

H(z) (6.159)

1 —az™!

where a is real and |a] < 1. Find the value of b so that the frequency response H({})
of the system satisfies the condition
[H(Q)l=1 all Q (6.160)
Such a system is called an all-pass filter.
By Eq. (6.34) the frequency response of the system is

b+e /¢
H(Q) =H(2)l:-m= T (6.161)

—ae
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IH(Q)!
2
| A 1 | —->
- 127 0 g T Q
X))
2
L 1 1 —
] 0 T
3
Fig. 6-24
Then, by Eq. (6.160)
‘ e—iﬂ
IH(Q)l= 1—ae |

which leads to

[b+e™ =1 —ae™
or b+ cos QO —jsin Q=11 —acos Q+jasin ]|
or 1+b%+2bcos Q=1+a*—2acos () (6.162)

and we see that if b= —a, Eq. (6.162) holds for all Q and Eq. (6.160) is satisfied.

6.40. Let A[n] be the impulse response of an FIR filter so that
h[n] =0 n<0,n>N
Assume that A[n] is real and let the frequency response H({)) be expressed as
H(Q) =|H(Q)]e/*D
(a) Find the phase response 8({)) when A[n] satisfies the condition [Fig. 6-25(a)]
h(n) =h[N —1—n] (6.163)
(b) Find the phase response 6({) when h[n] satisfies the condition [Fig. 6-25(b)]
h[n] = —h[N -1 —n] (6.164)
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hin] h{n]
! 1
! |
]
N odd : N even
]
]
%—f L —O—O———————> 4+ L1 o—o— >
0 N1 N n 0 N—_l N "V
2 2
(@)
hin) hin]
! '
! )
! |
: N odd : N even
! '
! '
] ]
* e > ! -~ —— »
0 l 1’1_' N n 0 l‘ N n
#
N‘-l
2
Fig. 6-25
(a) Taking the Fourier transform of Eq. (6.163) and using Egs. (6.43), (6.46), and (6.62), we
obtain
H(Q) =H*(Q) e N-D0
or [H(Q)]e®D =|H(Q)|e 70U g =iN=-DR
Thus,
0(Q)=-0(0)-(N-1)Q
and 8(0) = —LN-1)Q (6.165)
which indicates that the phase response is linear.
(b) Similarly, taking the Fourier transform of Eq. (6.164), we get
H(Q) = ~H*(Q) e N-D2
or [H(Q)[e® =|H(Q)]|e/™ e /0D ¢ 7/N-D
Thus,
H(Q) =7 —6(0) - (N-1)Q
T 1
and 6(Q)=5—5(N—1)Q (6.166)

which indicates that the phase response is also linear.
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6.41. Consider a three-point moving-average discrete-time filter described by the difference
equation

(a)
(b)
(c)

(a)

(b)

y[n] = 3{x[n] +x[n = 1] +x[n - 2]} (6.167)

Find and sketch the impulse response h{n] of the filter.
Find the frequency response H({)) of the filter.
Sketch the magnitude response |H(Q)| and the phase response 6({)) of the filter.

By the definition of h[n] [Eq. (2.30)] we have
h[n]=3{8[n] +8[n—1]+8[n-2]) (6.168)

1
or h[n]={3 0<n<2

0 otherwise

which is sketched in Fig. 6-26(a). Note that A[n] satisfies the condition (6./163) with
N=23.

Taking the Fourier transform of Eq. (6.168), we have

H(Q)=3{1+e 7 +e 79

HH(Q)!

h|n] 1 1 1

wi—

(:1(0))]

[SYE)

01 2 3 n

(a)

=.‘/~
N]:l -
(=]

[SIEN o

(b)
Fig. 6-26
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By Eq. (1.90), with a = e/, we get
11-e730 1 e—j30/2(ei3n/2 — e—j30./2)

H(Q)=§ 1—e @ 3 ¢ T2 (0/2 g0 /)
1 sin(3Q/2) ,
- —p 0 _~_ 7 _ -jQ
3¢ iy~ @ (6.169)
) by - Lsin(30/2)
where ,( = gm (6.]70)
(¢) From Eq. (6.169)
B 1 sin(3Q/2)
[H(Q)|=H,(Q)|= 3 S0/
d () = -Q when H,(Q) >0
an M=\ _g4r when H,(0) <0

which are sketched in Fig. 6-26(b). We see that the system is a low-pass FIR filter with
linear phase.

6.42. Consider a causal discrete-time FIR filter described by the impulse response
h[n] ={2,2,-2,-2}

(a) Sketch the impulse response h[n] of the filter.
(b) Find the frequency response H(Q) of the filter.
(c) Sketch the magnitude response |H(Q)| and the phase response 8({) of the filter.

(a) The impulse response h[n] is sketched in Fig. 6-27(a). Note that h[n] satisfies the
condition (6.164) with N =4,

(b) By definition (6.27)
H(Q)= Y h[n]e n =2+ 2¢7/ —2¢=72% _ 3¢=i30

n=-w
=2(1- e"m) + 2(e"'n - e‘jm)
= 26PN/ PA/2 _ gmIN2) 4 9 iA/2(I0/2 _ gmi0/2)

_ Q 30 .
=je”m/2(sin-2~ + sinT) =H (Q) e/lm/D-60/2)] (6.171)
h H.(9) = sin[ =) + sin[ 22
where ( )—sm(;)w‘sm(—;‘—)
(¢) From Eq. (6.171)
Q 3Q
[H(Q)I=1H.(Q)|= sin(? + sin T)
. 7/2-3Q H(Q)>0
(@) = —m/2-30 H(Q)<0

which are sketched in Fig. 6-27(b). We see that the system is a bandpass FIR filter with
linear phase.
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IHQ)
h|n}
.4
0(Q)
23 T -
01 4 n
2f 1 ] \ ] 1,
0 \ m Q
(a) -
(b)
Fig. 6-27
SIMULATION

6.43. Consider the RC low-pass filter shown in Fig. 6-28(a) with RC = 1.

(a) Construct a discrete-time filter such that

(b)

(a)

hd[n] =hc(t)|l=nT,=hc(nTs) (6']72)

where h(t) is the impulse response of the RC filter, h,[n] is the impulse
response of the discrete-time filter, and 7, is a positive number to be chosen as
part of the design procedures.

Plot the magnitude response | H (w)| of the RC filter and the magnitude response
|H (T of the discrete-time filter for 7, =1 and T, = 0.1.

The system function H_.(s) of the RC filter is given by (Prob. 3.23)

1
=— 6.173
Hi(s) = — (6.173)
and the impulse response 4 () is
h(t) =e""u(t) (6.174)

By Eq. (6.172) the corresponding h[n] is given by

h[nl=e"Tuln]=(e ") u[n] (6.175)
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x(1) :,E C ¥

(a)

x[n] yin]

z7! }4—

)
Fig. 6-28 Simulation of an RC filter by the impulse invariance method.

Then, taking the z-transform of Eq. (6./75), the system function H,(z) of the discrete-
time filter is given by

1
Hal2) =y

from which we obtain the difference equation describing the discrete-time filter as

y[n])—e Ty[n—1]=x[n] (6.176)

from which the discrete-time filter that simulates the RC filter is shown in Fig. 6-28(b).
By Eq. (5.40)

1

Hr(w) =Hc(s)l~“’jw= jw +1

Then |H(w)l= v

wz)
By Egs. (6.34) and (6.81)

Hy(wT)) = Hy(z)l;=pnt = m

From Eq. (6.149)

1

|H(wT,)| =
‘ []+e‘2Tf—2e‘TJcos(auTs)]l/2
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From T, =1,
1

[1+e72-2e7"cos(w)] 12

|H,(oT;)|=

For T,=0.1,
1

[1+e7°2=2¢7% cos(0.1w)]

'Hd(wTs)|= 1/2

The magnitude response |H(w)| of the RC filter and the magnitude response |H (wT))|
of the discrete-time filter for T, = 1 and T, = 0.1 are plotted in Fig. 6-29. Note that the
plots are scaled such that the magnitudes at w = 0 are normalized to 1.

The method utilized in this problem to construct a discrete-time system to simulate
the continuous-time system is known as the impulse-invariance method.

1H ()
IHAwT )

L IH (w)! /'l' \ -
0 5 10 15
Fig. 6-29

6.44. By applying the impulse-invariance method, determine the frequency response H,(Q)
of the discrete-time system to simulate the continuous-time LTI system with the
system function

1
TG+ 1)(s+2)

Using the partial-fraction expansion, we have
1 1

s+1 s+2
Thus, by Table 3-1 the impulse response of the continuous-time system is

h(t)=(e " —e *)u(t) (6.177)
Let h,[n] be the impulse response of the discrete-time system. Then, by Eq. (6.177)

haln]=h(nT,) = (e7"T = e~ >"T)u[n]

H_(s)

[

H(s) =
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and the system function of the discrete-time system is given by

1

1
H,(z) = l—eTiz=1 [—e 2T -1 (6.178)

Thus, the frequency response H,({) of the discrete-time system is

1 1
Hy(Q) = Hy(2)lzmem = ——oa ~ T (6.179)
Note that if the system function of a continuous-time LTI system is given by
NooA,
H(s) = 6.180
(5) ,E:] s+a, ( )

then the impulse-invariance method yields the corresponding discrete-time system with the
system function H,(z) given by

N

Hi2) = L Tyt

A
l (6.181)

A differentiator is a continuous-time LTI system with the system function [Eq. (3.20)]
H.(s)=s (6.182)

A discrete-time LTI system is constructed by replacing s in H.(s) by the following
transformation known as the bilinear transformation:

21-z7"!
s—_T:1+z_l

(6.183)

to simulate the differentiator. Again T, in Eq. (6.183) is a positive number to be

chosen as part of the design procedure.

(a) Draw a diagram for the discrete-time system.

(b) Find the frequency response H,({) of the discrete-time system and plot its
magnitude and phase responses.

(a) Let H,z) be the system function of the discrete-time system. Then, from Egs. (6.182)
and (6.183) we have

2 1-z71
Hd(2)=; 5,00 (6.184)
Writing H,(z) as
2 -1
H2) = 7 | =27

then, from Probs. (6.35) and (6.38) the discrete-time system can be constructed as a
cascade connection of two systems as shown in Fig. 6-30(a). From Fig. 6-30(a) it is seen
that we can replace two unit-delay elements by one unit-delay element as shown in Fig.
6-30(b).
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x(n] yln]

(@)

x[n} yin}
3 3 -
+ + D 5
7,

(b)
Fig. 6-30 Simulation of a differentiator.

(b) By Eq. (6.184) the frequency response H,(Q) of the discrete-time system is given by
21— 2 e_’“/z(efn/z—e"“/z)
T 1+e® _f: e—j(l/Z(ejﬂ/2+e—jﬂ/2)
2 sinQ)/2 2 Q 2 Q
. =j—tan — = —tan—e’™/2 6.185
T s 11,2 71,2 (6.185)
Note that when <« 1, we have

Hy(Q) =

D

2
H Q) =j—tan— =jw (6.186)

K
7, "2 YT,

if Q=wT, (Fig. 6-31).

I
g
[N} e}

Wy

N

P lf=)
1]
€

S
N

=} |

N 1
e R O e

T r.______\

AN
N\

Fig. 6-31
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6.46. Consider designing a discrete-time LTI system with system function H,(z) obtained by

applying the bilinear transformation to a continuous-time LTI system with rational
system function H(s). That is,

Hy(z) =H.(s)s=a/rx1-2 1042 (6.187)

Show that a stable, causal continuous-time system will always lead to a stable, causal
discrete-time system.

Consider the bilinear transformation of Eq. (6.183)

2 1-z7"
=TT (6.188)
Solving Eq. (6.188) for z, we obtain
1+ (T,/2)s
- 189
T (T (@159
Setting s =jw in Eq. (6.189), we get
1+ jw(T,/2
|z| = __(_/_). =1 (6.190)
1 - jo(T,/2)

Thus, we see that the jw-axis of the s-plane is transformed into the unit circle of the z-plane.
Let

z=re’*  and s=0+jw
Then from Eq. (6.188)

2 z-1 2 re’t—1

S=iz+l=frem+1

2 ri—1 ~ 2rsinQ)
— +
T.\1+r%+2rcosQ N+ % 2rcos O

Hence,
2 oo 6.191
0_i1+r2+2rcosﬂ (6.191a)
2 2r sin ()
(6.191b)

w=?s 1+7r%+2rcosQ

From Eq. (6.7191a) we see that if » < 1, then ¢ <0, and if r > 1, then ¢ > 0. Consequently, the
left-hand plane (LHP) in s maps into the inside of the unit circle in the z-plane, and the
right-hand plane (RHP) in s maps into the outside of the unit circle (Fig. 6-32). Thus, we
conclude that a stable, causal continuous-time system will lead to a stable, causal discrete-time
system with a bilinear transformation (see Sec. 3.6B and Sec. 4.6B). When r =1, then o =0
and

2 sin{} 2 Q 6,192
—_il+cosﬂ_7tan7 (6.192)

5

w
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7.

N\

6.47.

jw Im(2)
{l
s-plane z-plane
o /// Re(2)
Unit circle
lzl=1
Fig. 6-32 Bilinear transformation.
wT,
or Q=2tan"'T (6.193)

From Eq. (6.193) we see that the entire range —o < w < is mapped only into the range
-Tm<Q<7.

Consider the low-pass RC filter in Fig. 6-28(a). Design a low-pass discrete-time filter
by the bilinear transformation method such that its 3-dB bandwidth is /4.
Using Eq. (6.192), Q; 43 = w/4 corresponds to
2 Qy4 2 T 0.828
W3 4p = —T:tan ) T, 8 T,

From Prob. 5.55(a), w; 45 = 1/RC. Thus, the system function H_.(s) of the RC filter is given by
0.828 /T,
s+0.828/T,
Let H,(z) be the system function of the desired discrete-time filter. Applying the bilinear

transformation (6.183) to Eq. (6.195), we get

0.828 /T, 0.293(1+2z7")
2 1-z71' 0828 1-0.414z71
T1+z' T,

(6.194)

H.(s) = (6.195)

H,(z)= (6.196)

from which the system in Fig. 6-33 results. The frequency response of the discrete-time filter is
0.293(1 + e"'”)

1-0.414¢7/¢
At Q=0,H 0) =1, and at Q==w/4,|H(7w/4)|=0.707<=1/ V2, which is the desired re-
sponse.

H(Q) = (6.197)
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0.293

x|n] ¥ln)
) ' b3 »D >
+ l +

0414

Fig. 6-33 Simulation of an RC filter by the bilinear transformation method.

6.48. Let h[n] denote the impulse response of a desired IIR filter with frequency response

H(Q) and let & [n] denote the impulse response of an FIR filter of length N with
frequency response H, (). Show that when

h 0< N -1
h,[n] ={ (7] =n= (6.198)
0 otherwise
the mean-square error &2 defined by
1 = 5
e?=—[ [H(Q) - H,(Q)]dQ (6.199)
2w/,
is minimized.
By definition (6.27)
H(Q)= Y h[nle™ and H,(Q)= Y. h[n]e /"
Let E(Q)=H(Q) -H, ()= ¥ (h[n]-h,[n])e
= L e[n]e (6.200)
where e[n] = h[n]— h[n] By Parseval’s theorem (6.66) we have
l T o o
el = 5 E(Q))PdQ="Y le[n)i*= ¥ Ia[n]-h,[n]’
N-1 -1 o«
= Y h[n]-h[n]?+ ¥ Ia[n]?+ ¥ IA[n]? (6.201)
n=00 n=—% n=N
The last two terms in Eq. (6.207) are two positive constants. Thus, €2 is minimized when
h{n)—h,[n]=0 0<n<N-1
that is,
hin] =h,n) 0<n<N-1
Note that Eq. (6.198) can be expressed as
h, n]=h{n]w[n] (6.202)

where w[n] is known as a rectangular window function given by

_J1 O0<n<N-1
win] = {0 otherwise (6.203)
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DISCRETE FOURIER TRANSFORM

6.49. Find the N-point DFT of the following sequences x[n):

(a) x[n]=6[n]
(b) x[nl=uln] —uln—N]

(a) From definitions (6.92) and (1.45), we have

N-1
X[k]1= Y 8[n]wi"=1 k=0,1,...,N—1
=0

n

Figure 6-34 shows x[n] and its N-point DFT X[k].

x[n] X[k]
1 1
—o—o—o —> L1
0 N-1

Fig. 6-34

~y

(b) Again from definitions (6.92) and (1.44) and using Eq. (/.90), we obtain

N-1 1__wwN
X[k]l= L win=—2__9 k+0
n=0 N 1“”%

since WiN = ¢ /Cm/NKN — g=jk2m = 1,
N-1 N-1
X[0]= X Wy= L 1=N
n=0 n=0

Figure 6-35 shows x[n] and its N-point DFT X[k].

x[n]

Xk

-
L

T

=
(=]
2

~y

Fig. 6-35
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6.50. Consider two sequences x[n] and A[n] of length 4 given by

T
x[n]=cos(5n) n=0,1,2,3

n

) n=20,1,2,3

| —

h{n] =(

(a) Calculate y[n]=x[n] ® A[n] by doing the circular convolution directly.
(b) Calculate y[n] by DFT.

(a) The sequences x[n] and h[n] can be expressed as
x[n]=1{1,0,- 1,0} and h[n]={1,%,%,%}
By Eq. (6.108)

3

yln]=x[n]®h[n]= ¥ x[i)h[n = i]moas

i=0

The sequences x[i] and h[n — i), .44 for n =0, 1,2,3 are plotted in Fig. 6-36(a). Thus, by
Eq. (6.108) we get

n=20 y[O]—1(1)+(—1)(%) %
el =)+ (D) =
n=2 y21=1(3) +(-D(1) = -3
n=3 yBl=1(5) +(-D() = ~=
and ylnl={3.5.- 3. %)
which is plotted in Fig. 6-36(b).
(b) By Eq. (6.92)
3
X[k)= X x[n]Win=1-Wp2* k=0,1,2,3
n=1_0
3
H{k)= ¥ h[n]Wkn =1+ sWl+ W25 + g k=0,1,2,3
n=0

Then by Eq. (6.107) the DFT of y[n]is
Y[k)=X[k]H[k] = (1= W2)(1+ W + W2 + W)
R LA L A VA A
Since W,* = (W% = 1% and W* = W@+ D% = Wk, we obtain
Y[k]=3+3wh 3w —3w*  k=0,1,2,3
Thus, by the definition of DFT [Eq. (6.92)] we get

ylnl={3.5.-3.- %)
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l x[i] hl- 1]
1 1

2 . LT]
] 3-2-10

i

l hl’l-i] mod 4 h["'i]mma
I 1 ~r
= =l
ot ® n=0 Y ) "
? L > 'J &
01 2 3 i 012 3 i
AR -] moge h[n i} mod s
1 1
\ l n=2 | l n=3
: b b ]
! I | ¢ . ) T .
01 2 3 i 01 2 3 i
(@)
¥ln)
K
i
2
1 .
01 n
-1
2
-1
(b)
Fig. 6-36

6.51. Consider the finite-length complex exponential sequence

x[n]={em°" 0<n<N-1
0 otherwise

(a) Find the Fourier transform X(Q) of x[n).
(b) Find the N-point DFT X[k] of x[n].
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From Eq. (6.27) and using Eq. (1.90), we have
ad A N-I . N-1
X(Q)= E x[n]e~}(1n= Z e/ Qung—iftn _ Z o =iy
n=-e n=0 n=0
1 — e Q- QN e—j(Q—ﬂo)N/Z(ej(n-no)N/z _ e—f(ﬂ—ﬂo)N/Z)
= l_e—j(ﬂ—ﬂo) = eﬁj(()-ﬂu)/z(ej(ﬂ—ﬂo)/z_e_}'(Q_QO)/Z)
= /(- RXN=1/2 Si"[(ﬂ - ‘QO)N/z]
sin[(Q - Q) /2]
Note from Eq. (6.98) that
k2
X[k] =X(Q)'Q=k27r/N=X(T)
we obtain
. K - Q N
sin (— o 3

X[k] = e/l@m/Nk=Ql(N=-172)

| —

sin[ -—k QQ 2]

6.52. Show that if x[n] is real, then its DFT X[k] satisfies the relation

6.53.

X[N—k] =X*[k]

where * denotes the complex conjugate.
From Eq. (6.92)

Now

N-1 N-1
XIN=K]= T aln]Wi == & xln]e-ser/vun-sr
n=0 n=0

e‘}(Z'rr/N)(N*k)n = e—j2‘rrn ej(er/N)kn — ej(Z‘rr/N)kn

Hence, if x[n] is real, then x*[n] =x[n] and

Show that

X[N__ k] — Nilx[n]ej(ZW/N)kn — Nilx[n]e—j(Z-rr/N)kn * =X*[k]
n=0 n=0
1
x[n] = IDFT{X[k]} = — [DFT(X*[&])]*

where * denotes the complex conjugate and

X|[k] = DFT{x|n]}

We can write Eq. (6.94) as

*

N-1
x[n]=— Z X[k]ej(Zﬂ'/N)kn] = %[ Z X*[k]e~j(21-r/N)nk
n=0

[CHAP. 6

(6.204)

(6.205)
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6.54.

Noting that the term in brackets in the last term is the DFT of X*[k], we get

) = IDFT{ X[k)) = [DFT{X"[£])]*

349

which shows that the same algorithm used to evaluate the DFT can be used to evaluate the

IDFT.

The DFT definition in Eq. (6.92) can be expressed in a matrix operation form as

X=W,x (6.206)
where
x{0] X([]
x[1] X[1]
X= . = .
Lx[N—l] X[N—l]
1 1 1 1 ]
1 Wy Wi wy!
w, =1 w2 W Wb (6.207)
_1 WAI/V—I WN2(N~1) Wf\(/N—l)(N—l)d

The N X N matrix W, is known as the DFT matrix. Note that W, is symmetric; that is,

Wy =W, where W) is the transpose of W,,.
(a) Show that

1
Wil= —Wg (6.208)

N

where Wy ! is the inverse of W, and Wy is the complex conjugate of W,,.
(b) Find W, and W, ! explicitly.

(a) If we assume that the inverse of W, exists, then multiplying both sides of Eq. (6.206) by

Wy !, we obtain

x=Wy'X (6.209)

which is just an expression for the IDFT. The IDFT as given by Eq. (6.94) can be

expressed in matrix form as

1
x= —WEX (6.210)

N
Comparing Eq. (6.210) with Eq. (6.209), we conclude that

1
W,;‘ = NWJ



350

6.55.

6.56.

FOURIER ANALYSIS OF DISCRETE-TIME SIGNALS AND SYSTEMS [CHAP. 6

(b) Let W,, .., denote the entry in the (n + 1)st row and (k + 1)st column of the W,

matrix. Then, from Eq. (6.207)
W kel = u/4nk = o JQm/Mnk _ p—i(m /Dnk ( _j)nk

n

and we have

1 1 1 1 1 1
1 —j -1 j IR j
We=1 -1 1 -1 W 4] 1 -1
1 J -1 —Jj 1 -Jj

(a) Find the DFT X[k] of x[n]={0,1,2,3}.
(b) Find the IDFT x[n] from X[k] obtained in part (a).
(a) Using Eqs. (6.206) and (6.212), the DFT X[k] of x{n]is given by

X[0] 1 1 1 1][o 6

x| | 1 —j -1 iff1] | -2+52
X[2) 1 -1 1 —-11]2 -2

X(3) 1 j -1 -ill3

(b) Using Eqgs. (6.209) and (6.212), the IDFT x[n] of X[k] is given by

x[0] 1 1 1 1 6
(1] 1] 1 j -1 —ill —2+j2] 1
2] 4| 1 -1 1 -1 -2 |74
x[3] 1 —J -1 J{l —2-j2

Let x[n] be a sequence of finite length N such that
x[n]=0 n<0,n=N

Let the N-point DFT X[k] of x[n] be given by [Eq. (6.92)]
N-1

X[k] = ¥ x[n]Wy" Wy =e /em/™ k=0,1,...,N

n=0
Suppose N is even and let
fn] =x[2n]
g[n] =x[2n +1]

(6.211)

1 1
1 -1
-1 J

(6.212)

W N - O

(6.213)

-1 (6.214)

(6.215a)
(6.215b)

The sequences f[n] and g[n] represent the even-numbered and odd-numbered

samples of x[n], respectively.
(a) Show that

N
fln] =g[n] =0 outsideOSns?—l

(6.216)
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(b) Show that the N-point DFT X[k] of x[n] can be expressed as

N
X[k] =F[k] + W§G[k] k=0,1,..., > —1 (6.217a)
N N
X\k+— =F[k] - WkG[k] k=0,1,...,> =1 (6.217)
(N/2)-1 N
where Flk]= Y f[n)W&), k=0,1,...,—>~1 (6.218a)
n=0
(N/2)-1 N
Glk]= X g[n|Wi k=0,1,...,— -1 (6.218b)
n=0

(c) Draw a flow graph to illustrate the evaluation of X[k] from Egs. (6.217a) and
(6.217b) with N = 8.

(d) Assume that x[n] is complex and W,** have been precomputed. Determine the
numbers of complex multiplications required to evaluate X[k] from Eq. (6.214)
and from Egs. (6.217a) and (6.217b) and compare the results for N = 2'° = 1024,

(a) From Eq. (6.213)

fln]=x[2n]=0,n<0  and f[—N—] =x[N]=0

2
N
Thus fln]=0 n<0,nz?
Similarly
N
g[n]=x[2n+1]=0,n<0 and g[?] =x[N+1]=0
N
Thus, gln]=0 n<O,n27
(b) We rewrite Eq. (6.214) as
X[k]= X x[n]Wi"+ ¥ x[n]wir
neven nodd
(N/2-1 (N/2)-1
= Y x[2mwimk+ Y x[2m+ 1w @Em Dk (6.219)
m=0 m=0
But W2 = (e—f(Z'rr/N))z = e THT/N) = miT/N/D = (6.220)
With this substitution Eq. (6.219) can be expressed as
(N/2)-1 (N/2)-1
X[kl= ¥ flmwah+wi X glmlwih
m=0 m=0

= F[k]+ WkG[k] k=0,1,...,N-1 (6.221)
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(N/2)—1 N
where Flkl= ¥ flnlwir, k=0,l,...,—2—~l
n=0
(N/2)— 1 N
G[k]= Z g[n]wl\ll(;lz k=0119--~95—1
n=0

Note that F[k] and G[k] are the (N /2)-point DFTs of f[n] and g[n], respectively. Now
WEsN/Z= WhWN/2 = — Wk (6.222)
since W/ = (eiem/N)N/D _gmim o (6.223)

Hence, Eq. (6.22]) can be expressed as

N
X[k]=F[k]+ WEG[k] k=0,1,...,5—1

N N
Xk+—2— =Flk] - WkG[k] k=0,1,...,5—1

The flow graph illustrating the steps involved in determining X[k ] by Eqs. (6.2/7a) and
(6.217b) is shown in Fig. 6-37.

To evaluate a value of X[k]} from Eq. (6.214) requires N complex multiplications. Thus,
the total number of complex multiplications based on Eq. (6.214) is N?. The number of
complex multiplications in evaluating F[k] or G[k] is (N/2)%. In addition there are N
multiplications involved in the evaluation of W,{,‘ Gl k). Thus, the total number of complex
multiplications based on Egs. (6.217a) and (6.217b) is 2(N/2)*+ N=N?/2+ N. For
N =21"=1024 the total number of complex multiplications based on Eq. (6.214) is
220 = 10° and is 10%/2 + 1024 = 10%/2 based on Egs. (6.217a) and (6.217b). So we see
that the number of multiplications is reduced approximately by a factor of 2 based on
Eqs. (6.217a) and (6.217b).

The method of evaluating X[k] based on Eqgs. (6.217a) and (6.217b) is known as the
decimation-in-time fast Fourier transform (FFT) algorithm. Note that since N/2 is even,
using the same procedure, F[k] and G[k] can be found by first determining the
(N /4)-point DFTs of appropriately chosen sequences and combining them.

F10)

0] ‘ > X[0}
a— . \ — X[
P — DFT F2) \VZ .
x(6] X[3]
| ——] X[4]
B— X1
DFT
X{5]=————] X[6]
(7 X7

Fig. 6-37 Flow graph for an 8-point decimation-in-time FFT algorithm.
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6.57. Consider a sequence
x[n]={1,1,-1,-1,-1,1,1,— 1)
Determine the DFT X[k] of x[n] using the decimation-in-time FFT algorithm.
From Figs. 6-38(a) and (b), the phase factors W} and Wy are easily found as follows:

wl=1 Wil=—j W= -1 Wi=j
d wo=1 A L W ] wg L
an = = e—— ] — = — = — —— ] —_—
¥ TV o TV Ve
1 1 1 1
Wg=~1 We=-—=+j—= W W =—=+j—
8 s T 8= L AN

Next, from Eqs. (6.215a) and (6.215b)
fln]=x[2n]={x[0], x[2], x[4], x[6]} = {1,- 1,— 1,1}
gln)=x[2n+ 1) = {x[1], x[3], x[5]), x[7]} = {1,- 1,1,—- 1}
Then, using Egs. (6.206) and (6.212), we have

F[o]T] [ 1 1 1 t][ 17 [ o
Fl11| | 1 -j -1 iff -1 _|2+i2
F[2]{ | 1 -1 1 -1{l-1|"] o
F[3]] | 1 j -1 ~j 1 2-j2
Gloyl [ 1 1 1 ][ 1] o
G| | 1 —j -1 iff-11_|o
G[2)| | 1 -1 1 -1 1| |4
G[31| | 1 j -1 -i || -1 0
Im(z) Im(z)

Re(z)

(@ )
Fig. 6-38 Phase factors W," and Wy
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and by Eqs. (6.217a) and (6.217b) we obtain

X[0] = F[0] + WgG[0] =0 X[4] = F[0] - W2G[0] =0
X[1)=F[1] + W{G[1] =2 +,2 X[5)=F[1] - W{G[1] =2 +j2
X[2] = F[2] + W2G[2] = —ja X[6] = F[2) - W2G[2] = ja
X[3]=F[3] + WiG[3]=2-2 X[7)=F[3] - W2G[3] =2-j2

Noting that since x[n] is real and using Eq. (6.204),. X{7], X[6], and X[5] can be easily
obtained by taking the conjugates of X[1], X[2], and X[3], respectively.

6.58. Let x[n] be a sequence of finite length N such that

x[n] =0 n<0,n>N
Let the N-point DFT X[k] of x[n] be given by [Eq. (6.92)]
N-1
X[k]= X x[n]|Wg" Wy =e 7@m/N) k=0,1,...,N—-1 (6.224)
n=0
Suppose N is even and let
N N
p[n] =x[n] +x n+ = 05n<-§- (6.225a)
N N
q[n] =|x[n] —x n+ = 44 05n<3 (6.225b)

(a) Show that the N-point DFT X[k] of x[n] can be expressed as

N
X[2k] =P[k] k=01,...,5 —1 (6.226a)
N
X[2k +1] =Q[k] k=0,1,...,——1 (6.226b)
(N/2)-1 N
where Plk]= X pln]Wir, k=0,l,...,—2——1 (6.227a)
n=0
(N/2)-1 N
Qlkl= X aq[n]Wy7, k=0,1,...,— —1 (6.227p)
n=0

(b) Draw a flow graph to illustrate the evaluation of X[k] from Egs. (6.226a) and
(6.226b) with N = 8.

(a) We rewrite Eq. (6.224) as

(N/D-1 N-1
X[kl= X x[n]W{+ X x[n]w{” (6.228)
n=0 n=N,2

Changing the variable n = m + N/2 in the second term of Eq. (6.228), we have

(N/2)-1 (N/2)-1
X[k]= ¥ x[n]wy"+ WM 3 x

n=0 m=0

m+ — |Wkm (6.229)

2
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Noting that [Eq. (6.223)]

W2k = (- 1)
Eq. (6.229) can be expressed as
(N/2)-1 N
X[k]= ¥ {x[n]+(—1)"x nt > }W,(,‘" (6.230)
n=0

For k even, setting k = 2r in Eq. (6.230), we have

(N/2)-1 (N/2)—-1 N
X[2rl= X oplnlwim= L plnlWy, r=0,1,...,—2——1 (6.231)
m=0 n=0

where the relation in Eq. (6.220) has been used. Similarly, for k odd, setting k =2r + 1
in Eq. (6.230), we get

(N/2)-1 (N/2)-1 N
X[2r+1]= ¥ q[alwd"= ¥ qlnlWy, r=0,1,...,> —1 (6.232)
m=0 n=0

Equations (6.231) and (6.232) represent the (N /2)-point DFT of p[n] and g[n], respec-
tively. Thus, Egs. (6.231) and (6.232) can be rewritten as

N
X[2k]="P[k] k=0,1,...,5 -1
N
X[2k +1) = Q[ k] k=0,1,..., 5 1
(N/2)-1 N
where Plk]l= ¥ plnlwe, k=0,1,...,?—1
n=0
(N/2)-1 N
Q[k]= Z q[nlwli‘(;.Z k=091""y?_1
n=0

The flow graph illustrating the steps involved in determining X[k] by Egs. (6.227a) and
(6.227b) is shown in Fig. 6-39.

The method of evaluating X[k] based on Egs. (6.227a) and (6.227b) is known as the
decimation-in-frequency fast Fourier transform (FFT) algorithm.

x[0] \ 7 XI[0]
1] A . X(2)
4-poini
x[2] orT X[4)
03] X161
(4] Xt1]
1[5] 4-point XB]
6] Prt X15]
A7) _— > X17)

Fig. 6-39 Flow graph for an 8-point decimation-in-frequency FFT algorithm.
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6.59. Using the decimation-in-frequency FFT technique, redo Prob. 6.57.
From Prob. 6.57
x[n]={1,1,-1,-1,-1,1,1,- 1}
By Egs. (6.225a) and (6.225b) and using the values of W' obtained in Prob. 6.57, we have

N
+__
T3

pln]=x[n] +x

={(1-1),(1+1),(-1+1),(-1-1)} ={0,2,0,2}

N
q[n]=(x[n]—x[n+? )WB"
={(1+ D)W, (1 - HWE, (-1 - w2, (=1 + )W)
={2,0, 2,0}
Then using Eqs. (6.206) and (6.212), we have
[P[0]] [ 1 1 1 11[ o 0
Py | 1 —J -1 J 21 _ -4
P[2]| | 1 -1 1 -1 of [ o
P[3]] | 1 J -1 —Jj 2 J4
[o[o]] [ 1 1 1 1] 2 2+j2
oy | 1 —j -1 iffo] [2-i2
o2 | 1 -1 1 -1{{2] {2+72
o;Bl) | 1 i -1 -ijlo] [2-)2
and by Eqs. (6.226a) and (6.226b) we get
X[0]=P[0]=0 X[4]=P[2] =0
X[1]=0[0] =2+,2 X[5]=0Q[2]=2+j2
X[2]=P[1] = -j4 X[6] = P[3] =j4
X[3]=0[1]=2-j2 X[7]1=0[3]=2-j2

which are the same results obtained in Prob. 6.57.

6.60. Consider a causal continuous-time band-limited signal x(¢) with the Fourier transform

X(w). Let

x[n] = T,x(nT,) (6.233)
where T, is the sampling interval in the time domain. Let

X[k] =X(kAw) (6.234)

where Aw is the sampling interval in the frequency domain known as the frequency

resolution. Let T, be the record length of x(¢) and let w,, be the highest frequency of

x(t). Show that x[n] and X[k] form an N-point DFT pair if
T, 2w, wyT,
—=——=N d

T Aw an N= T

S

(6.235)
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Since x(¢) =0 for ¢ < 0, the Fourier transform X(w) of x(¢) is given by [Eq. (5.31)]
X(w)= [ x(eyetdi=["x(1) e dr (6.236)
— U

Let T, be the total recording time of x(¢) required to evaluate X(w). Then the above integral
can be approximated by a finite series as
N-1 .
X(w)=At Y x(1,)e /e
n=0
where ¢, =n At and T, = NAt. Setting w = w, in the above expression, we have
N-1 _
X(w,)=At Y x(t,)e o (6.237)
n=0
Next, since the highest frequency of x(¢) is w,,, the inverse Fourier transform of X(w) is given
by [Eq. (5.32)]

= X(w) e do = = [ X(w) e d 6.238
x(t) = 277[_05 (w)e w= 2‘”[_%’ (w)e w (6. )
Dividing the frequency range —w, < < w,, into N (even) intervals of length Aw, the above
integral can be approximated by
Aw (N/D-1
(== L X(w)e™
2m -N/2
where 2w, = NAw. Setting ¢t =¢, in the above expression, we have
(N/2)-1
x(t))==— Y  X(w,)e' " (6.239)
27 4o -N/2
Since the highest frequency in x(¢) is w,,, then from the sampling theorem (Prob. 5.59) we
should sample x(¢) so that
2m
— 22wy
where T, is the sampling interval. Since T, = A¢, selecting the largest value of At (the Nyquist
interval), we have

m
At=—
Wy
d m_TN 6.240
an =—=— .
Wy At T, ( )
Thus, N is a suitable even integer for which
T, 2wy, wy T,
— == N .
T Ao N and > - (6.241)

Aw=—T - - (6.242)
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Let t,=n At and w;, =k Aw. Then

T, 27w 2w
(nAt)(kAw)—nk—ﬁT—Wnk (6.243)
Substituting Eq. (6.243) into Eqs. (6.237) and (6.239), we get

N-1
X(kAw)= Y Atx(nAt)e/Cm/Nink (6.244)

n=0

(N/D-1

and x(nAt) = ﬁk=;N/2X(k Aw) eCm/Nmk (6.245)

Rewrite Eq. (6.245) as
w [V/D-1 | .
x(nAt)=— Z X(k Aw)e/(ZV/N)nk+ Z X(kAw)ej(Zw/N)nk
2m | k=0 k=-N/2

Then from Eq. (6.244) we note that X(k Aw) is periodic in k with period N. Thus, changing
the variable kK = m — N in the second sum in the above expression, we get

w [(N/2-1 N=1
x(nAt) = — Z X(kAw)e@m/Nrk T X(m Aw) e/ /Ninm
2m m=N/2
Aw N-1
S ): X(k Aw) CT/NIk (6.246)

Multiplying both sides of Eq. (6.246) by At and noting that Aw At = 27 /N, we have

1 N-1 _
x(nAt)yAt=— Y X(kAw)e/@m/Nik (6.247)
N o
Now if we define
x[n]=Awx(nAt) =T,x(nT,) (6.248)
X[k]=X(kAw) (6.249)
then Eqs. (6.244) and (6.247) reduce to the DFT pair, that is,
N-1
X[k]= X x[n]wi" k=0,1,...,N—1
n=_0
] N1
x[n]———ﬁ Z X[kwgkn n=0,1,...,N—1

(@) Using the DFT, estimate the Fourier spectrum X(w) of the continuous-time
signal

x(t)=e"‘u(t)

Assume that the total recording time of x(¢) is 7, =10 s and the highest
frequency of x(t) is w,, = 100 rad/s.

(b) Let X[k] be the DFT of the sampled sequence of x(¢). Compare the values of
X[0], X[1], and X[10] with the values of X(0), X(Aw), and X(10 Aw).
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(a) From Eq. (6.241)
wy T,  100(10)

™ m

N> 318.3

Thus, choosing N = 320, we obtain

Aw =3 = 3 =0.625 rad
At =% =15=0031s
and WN = W32(] — e—j(er/23())

Then from Egs. (6.244), (6.249), and (1.92), we have

N-1
X[k]l= Y Atx(nAt)e i@m/Nimk
n=0
- _320(0.031)
= i ): g ~n(0.031) , = )2 /320mk _ i 1-e
32120 32 1 — ¢~ 0031 ,—j2m /320)k
0.031

= 6.250
[1- 0.969 cos(kr/160)] +0.969 sin( kr/ 160) (6.230)

which is the estimate of X(k Aw).
(b) Setting k=0, k=1, and k =10 in Eq. (6.250), we have

1o 0.031 1
[01 = 1-0.969
0.031
X[1]= —————— = 0.855¢ /9547
(=302 +0.019 ¢
0.031 _
X[10] = —————— =0.159¢7/!3"

0.0496 —j0.189

From Table 5-2

x(t)y=e'u(t) > X(w) = wtl

and X(0)=1

1 .
X(Aw) = X(0.625) = 1770625 = (.848¢ /0559

1 .
X(1080) =X(6.25) = T—c=5 = 0.158¢ /1412

Even though x(¢) is not band-limited, we see that X[k] offers a quite good approxima-
tion to X(w) for the frequency range we specified.
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Supplementary Problems

6.62. Find the discrete Fourier series for each of the following periodic sequences:

(a) x[n]=cos(0,17n)
(b) x[n]=sin(0.17rn)
(¢) x[n]=2cos(1.6mn) + sin(2.4mn)

Ans. (@) x[n]= 3/ + Le/19%m () =0.17
1 1
(b) x[n]= 2—je’““" - 2—je“°n°”,00 =0.1m
(c) x[n]=(1-j0.5)e/ %" + (1 +0.5)e*M" Q, =047

6.63. Find the discrete Fourier series for the sequence x[n] shown in Fig. 6-40.

8 . 2

Ans. x[nl= Y c, ek Q= —

k=0 9
'2'2wk2'4wk3'67k

= —j—|sin| =— |k + — |k + —
Cy ]9 sm( 5 ) sm( 9 ) sm( 5 )
x[n]
Ik

11 B! all,

s 11:0 ; 511

Fig. 6-40

=y

6.64. Find the trigonometric form of the discrete Fourier series for the periodic sequence x[n]
shown in Fig. 6-7 in Prob. 6.3.
T 1

o
Ans. x[n]= 3" cos—z—n - sinEn - Ecos mn

6.65. Find the Fourier transform of each of the following sequences:
(@) x[n]=a"lal< 1
(b) x[n]=sin(Qyn), 1Q,l <7
(¢) xln)=ul-n-1]
1-a’
1-2acos Q +a’
() X(Q)=—jm[8(Q - Qy) - 8(Q - Q)1 1Ql <7

Ans. (a) X(Q)=

1
() X(Q)=78Q)— —1:—_1-—0,|Q| <mw
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6.66.

6.67.

6.68.

6.69.

6.70.

Find the Fourier transform of the sequence x[n] shown in Fig. 6-41.

Ans. X(Q) =j2(sin Q + 2sin 2 + 3sin32)

x{n]

Ommm—
[ s Y
[ o 5
-~
B

Fig. 6-41

Find the inverse Fourier transform of each of the following Fourier transforms:
(a) X(Q)=cos(2Q)

b)) X(Q)=jQ
Ans. (a) x[n]=38[n—2]+ 38[n+2]
®) xln]= (=1)"/n n+0
0 n=9_0

Consider the sequence y[n] given by

_ [x[n] neven
vin] {0 no0dd
Express y({) in terms of X(().
Ans. Y(Q)=3X(Q) + 1 X(Q —m)
Let
1 ln|<2
x[n]= {0 In > 2

(a) Find y[n]=x[n]* x[n].
(b) Find the Fourier transform Y(Q) of y[n].

_ 51 =1nl/5) nl<5

Ans. (a) y[n]—{O nl> 5
(b) Y(Q)= sin(250) '
a (sin(O.SQ) )

Verify Parseval’s theorem [Eq. (6.66)] for the discrete-time Fourier transform, that is,

f lx[n]l2=‘2l;j; IX(Q)1?dQ

n=—o

Hint: Proceed in a manner similar to that for solving Prob. 5.38.

361
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6.71.

6.72.

6.73.

6.74.

FOURIER ANALYSIS OF DISCRETE-TIME SIGNALS AND SYSTEMS

A causal discrete-time LTI system is described by
yln]=3yln=1]+ zy[n - 2] =x[n]

where x[n] and y[n] are the input and output of the system, respectively.
(a) Determine the frequency response H({)) of the system.
(b) Find the impulse response A[n] of the system.
(¢) Find y[nlif x[n]=()"ulnl.

1
—2e7/0 4 Lem 20
(b) h[n]=[2(3)" — ()" luln]
(c) ylnl=[D"+n(H)" "uln]

Ans. (a) H(Q)=1

Consider a causal discrete-time LTI system with frequency response

H(Q) =Re{H(M)} +/ Im{ H()} = A(Q) +B(£)

[CHAP. 6

(a) Show that the impulse response h[n] of the system can be obtained in terms of A({)) or

B() alone.
(b) Find H() and h[n] if

Re{H(Q)} =A(Q) =1+ cos Q

(a) Hint: Process in a manner similar to that for Prob. 5.49.
(b) Ans. H(Q)=1+e 7 h[n)=8[n]+68[n-1]

Find the impulse response h[n] of the ideal discrete-time HPF with cutoff frequency 2,

(0 < Q, <) shown in Fig. 6-42.

sin Q. n
Ans. hln]=8[n}-

H(Q)

Fig. 6-42

Show that if H pe(z) is the system function of a discrete-time low-pass filter, then the
discrete-time system whose system function H(z) is given by H(z) = H, pe(—2) is a high-pass

filter.
Hint: Use Eq. (6.156) in Prob. 6.37.
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6.75.

6.76.

6.77.

6.78.

Consider a continuous-time LTI system with the system function

H(s) = (—s—+1—)3

Determine the frequency response H,(Q) of the discrete-time system designed from this
system based on the impulse invariance method.
e—jﬂ
Ans. H(Q)=T,e”s———————, where T, is the sampling interval of A (1).
(1-—e Te /)
Consider a continuous-time LTI system with the system function

1
Bl =557

Determine the frequency response H,(Q1) of the discrete-time system designed from this
system based on the step response invariance, that is,

sa[n] =s.(nT,)
where s.(t) and s,[n] are the step response of the continuous-time and the discrete-time
systems, respectively.
Hint:  h [n]=s,n]—s,n—1].

(1-e T)e®
T e/

Ans. H,(Q)=
ns. d() 1—e¢

Let H,(z) be the system function of a discrete-time prototype low-pass filter. Consider a new
discrete-time low-pass filter whose system function H(z) is obtained by replacing z in H,(z)
with (z —a)/(1 — az), where «a is real.

(a) Show that
H,(2)l:-14j, = H(Z)l:214),
Hp(z)|z=—l+j0=H(Z)|z=—l+j0

(b) Let Q,, and Q, be the specified frequencies (< ) of the prototype low-pass filter and
the new low-pass filter, respectively. Then show that

_sinf(Q, - 9,)/2]
sin (£, + Q) /2]

e/t — g
Hint:  Set e/ = ——— and solve for a.
1—ae

Consider a discrete-time prototype low-pass filter with system function
H/(z)=05(1+z"")
(a) Find the 3-dB bandwidth of the prototype filter.

(b) Design a discrete-time low-pass filter from this prototype filter so that the 3-dB bandwidth
of the new filter is 27 /3.
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6.79.

6.80.

6.81.

6.82.

FOURIER ANALYSIS OF DISCRETE-TIME SIGNALS AND SYSTEMS

Hint:  Use the result from Prob. 6.77.

ar

+z7!

b) H(z)=0634——
(6) H(z) 1+0.2682""

Determine the DFT of the sequence
x[n]=a" O0<n<N-1
_aN ‘

Ans. X[k]=m k=0.1,...,N—]

Evaluate the circular convolution
y[n]=x[n]®h[n]
where x[n]=u[n] —u[n-4]
h[n]=u[n] —u[n - 3]
(a) Assuming N =4.
(b) Assuming N = 8.

Ans. (a) yln]={3,3,3,3}
(b) y[n)=1{1,2,3,3,2,1,0,0}

Consider the sequences x[n] and h[n] in Prob. 6.80.

(a) Find the 4-point DFT of x[n], hln], and y[n].
(b) Find y[n] by taking the IDFT of Y[k].
Ans. (@) [X[0], X[1], X[2], X[3]] =[4,0,0,0]
[H[0], H[1], H[2], H[3]1 =[3,-/, 1, /]
[Y[o], Y[1],Y([2], Y[3]] = [12,0,0,0]
(b) yln]=13,3,3,3}

[CHAP. 6

Consider a continuous-time signal x{(¢) that has been prefiltered by a low-pass filter with a
cutoff frequency of 10 kHz. The spectrum of x(¢) is estimated by use of the N-point DFT. The
desired frequency resolution is 0.1 Hz. Determine the required value of N (assuming a power

of 2) and the necessary data length 7.
Ans. N=2"and T, =13.1072's



Chapter 7

State Space Analysis

7.1 INTRODUCTION

So far we have studied linear time-invariant systems based on their input-output
relationships, which are known as the external descriptions of the systems. In this chapter
we discuss the method of state space representations of systems, which are known as the
internal descriptions of the systems. The representation of systems in this form has many
advantages:

1. It provides an insight into the behavior of the system.
2. It allows us to handle systems with multiple inputs and outputs in a unified way.
3. It can be extended to nonlinear and time-varying systems.

Since the state space representation is given in terms of matrix equations, the reader
should have some familiarity with matrix or linear algebra. A brief review is given in App.
A.

7.2 THE CONCEPT OF STATE
A. Definition:

The state of a system at time ¢, (or n,) is defined as the minimal information that is
sufficient to determine the state and the output of the system for all times ¢ >¢, (or
n > n,) when the input to the system is also known for all times ¢ >, (or n >n,). The
variables that contain this information are called the state variables. Note that this
definition of the state of the system applies only to causal systems.

Consider a single-input single-output LTI electric network whose structure is known.
Then the complete knowledge of the input x(¢) over the time interval — to ¢ is sufficient
to determine the output y(z) over the same time interval. However, if the input x(¢) is
known over only the time interval ¢, to ¢, then the current through the inductors and the
voltage across the capacitors at some time ¢, must be known in order to determine the
output y(t) over the time interval ¢, to ¢. These currents and voltages constitute
the “state” of the network at time ¢,. In this sense, the state of the network is related to
the memory of the network.

B. Selection of State Variables:

Since the state variables of a system can be interpreted as the ‘“memory elements” of
the system, for discrete-time systems which are formed by unit-delay elements, amplifiers,
and adders, we choose the outputs of the unit-delay elements as the state variables of the
system (Prob. 7.1). For continuous-time systems which are formed by integrators, ampli-
fiers, and adders, we choose the outputs of the integrators as the state variables of the
system (Prob. 7.3). For a continuous-time system containing physical energy-storing ele-

365
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ments, the outputs of these memory elements can be chosen to be the state variables of the
system (Probs. 7.4 and 7.5). If the system is described by the difference or differential
equation, the state variables can be chosen as shown in the following sections.

Note that the choice of state variables of a system is not unique. There are infinitely
many choices for any given system.

7.3 STATE SPACE REPRESENTATION OF DISCRETE-TIME LTI SYSTEMS
A. Systems Described by Difference Equations:

Suppose that a single-input single-output discrete-time LTI system is described by an
Nth-order difference equation

y[n] +a,y[n=1]+ -+ +ayy[n —N] =x[n] (7.1)

We know from previous discussion that if x[n] is given for n > 0, Eq. (7.1) requires N

initial conditions y[—1], y[—2],..., y[—N] to uniquely determine the complete solution

for n > 0. That is, N values are required to specify the state of the system at any time.
Let us define N state variables q,[n), q,[n],...,qy[n] as

a,[n] =y[n—N]
@[] =y[n—(N-1)] =y[n - N+1]

an[n] =y[n - 1] (7.2)
Then from Egs. (7.2) and (7.1) we have
qi[n +1] =gq,[n)
a;[n +1] =q5[n]

gy[n +1] = —ayq,[n] —ay_1q,[n] — -+ —ajqn[n] +x[n] (7.3a)

and y[n] = —aya,[n] —ay_,a:(n] — -+ —a,qn[n] +x[n] (7.3b)
In matrix form Eqgs. (7.3a) and (7.3b) can be expressed as
q,[n +1] 0 1 0 o0 1 alnl 0
Sl B A N R B MR e
awln+1] “ay —ay ey - axln] 1
a,[n]
y[n] = [ —ay —ay_, —a,] qZ[:n] + [1]x[n] (7.4b)

qu”]

Now we define an N X 1 matrix (or N-dimensional vector) gq[n) which we call the state
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vector:
a,[n]
a,[n]
q[n] = : (7.5)
an[n]
Then Egs. (7.4a) and (7.4b) can be rewritten compactly as
q[n + 1] = Aq[n] + bx[n] (7.6a)
y[n] = cq[n] + dx[n] (7.6b)
where
0 1 0 0 0
0 0 1 0 0
A= . b=
—ay —Aay_, —Aay-, T T4 1
C=[_aN ANy —‘11] d=1

Equations (7.6a) and (7.6b) are called an N-dimensional state space representation (or
state equations) of the system, and the N X N matrix A is termed the system matrix. The
solution of Egs. (7.6a) and (7.6b) for a given initial state is discussed in Sec. 7.5.

B. Similarity Transformation:

As mentioned before, the choice of state variables is not unique and there are infinitely
many choices of the state variables for any given system. Let T be any N X N nonsingular
matrix (App. A) and define a new state vector

v[n] = Tq[n] (7.7)

where ¢[n] is the old state vector which satisfies Eqs. (7.6a) and (7.6b). Since T is
nonsingular, that is, T~ ' exists, and we have

aln] =T~'v[n] (7.8)
Now
v[n + 1] =Tq[n + 1] = T(Aq[n] + bx[n])
= TAq[n] + Tbx[n] = TAT 'v[n] + Tbx|n] (7.9a)
y[n] = cq[n] + dx[n] = T~ 'v[n] + dx[n] (7.9b)
Thus, if we let
A =TAT"! (7.10a)
b=Tb &=cT™! d=d (7.10b)
then Egs. (7.9a4) and (7.9b) become
v[n +1] = Av[n] + bx[n] (7.11a)

y[n] = &v[n] +dx[n] (7.11b)



368 STATE SPACE ANALYSIS [CHAP. 7

Equations (7.11a) and (7.11b) yield the same output y[n] for a given input x[n] with
different state equations. In matrix algebra Eq. (7.10a) is known as the similarity transfor-
mation and matrices A and A are called similar matrices (App. A).

C. Multiple-Input Multiple-Output Systems:

If a discrete-time LTI system has m inputs and p outputs and N state variables, then a
state space representation of the system can be expressed as

q[n + 1] = Aq[n] + Bx[n] (7.12a)
y[n] = Cq[n] + Dx|n] (7.12b)
where
q,[n] xl[”]— yi[n]
qz[”] xz[”] A Ld
q[n] = x[n] =] . ylaj =1 .
qN[n] xm n] ] yp[”]
and
Fan a an b, by, bim
a axp arn by by bom
ay, Aapn ann NXN _le bn, brm Noim
—cll 12 Cin d, dy d
€y Cxp Con dy dy dyp
C = . . D = ' . :
hcpl 4, “ Cpn e d,,] dy, o dy o

7.4 STATE SPACE REPRESENTATION OF CONTINUOUS-TIME LTI SYSTEMS

A. Systems Described by Differential Equations:
Suppose that a single-input single-output continuous-time LTI system is described by
an Nth-order differential equation

Gt (O BNt 10 SR (7.13)

dt™ dtN!
One possible set of initial conditions is y(0), y'X0),..., y'¥"1%0), where y*X¢)=
d*y(t)/dt*. Thus, let us define N state variables g,(1), qz(t) ..,qN(t) as

q,(t)=y(1)

a:(1) =y (7.14)

an(t) =y (1)
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Then from Egs. (7.14) and (7.13) we have
4,() = a5(¢)

dy(1) = gs(1)

dn(t) = —ayqy(t) —ay_1g,(t) — -+ —aygn(t) +x(1) (7.15a)
and y(t) =4q,(t) (7.15b)

where q,(t) = dq,(t)/dt.
In matrix form Egs. (7.15a) and (7.15b) can be expressed as

4,(1) 0 1 0 0 ay(0) 0
‘“f” = (.) (.) 1 . (.) qut) + (.)x(t) (7.16a)
(| e —awy —av o —alann)] |
q,(t)
y(t)y=[1 0 - 0] "4’) (7.16b)
QN.(t)

Now we define an N X 1 matrix (or N-dimensional vector) q(t) which we call the state
vector:

a,(t)
q(t) = qZ(:t) (7.17)
qN'(t)

The derivative of a matrix is obtained by taking the derivative of each element of the
matrix. Thus

ay(t)
d‘:i(tt) =q(t) = %?” (7.18)
an(t)

Then Eqs. (7.16a) and (7.16b) can be rewritten compactly as
q(t)=Aq(?) +bx(2) (7.19a)
y(1) = eq(t) (7.19)
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where
0 1 0 0 0
0 0 1 0 0

A=] . ; : " : b=1. c=[1 0 - 0]
—ay —A4y_, —ay, T4 1

As in the discrete-time case, Eqgs. (7.19a) and (7.19b) are called an N-dimensional state
space representation (or state equations) of the system, and the N X N matrix A is termed
the system matrix. In general, state equations of a single-input single-output continuous-
time LTI system are given by

q(t) = Aq(t) +bx(t) (7.20a)
y(t) =cq(t) +dx(t) (7.20b)
As in the discrete-time case, there are infinitely many choices of state variables for any

given system. The solution of Eqs. (7.20a) and (7.20b) for a given initial state are discussed
in Sec. 7.6.

B. Multiple-Input Multiple-Output Systems:

If a continuous-time LTI system has m inputs, p outputs, and N state variables, then a
state space representation of the system can be expressed as

a(t) = Aq(r) + Bx(¢) (7.21a)
y(¢) = Cq(r) + Dx(t) (7.21b)
q,(t) x(t) »i(1)
where q(t) = qzﬁt) x(t) = xzft) y(1) = yzgt)
ax(t) x(t) ypft)
and
a,, ap; an b, b, b, |
A= a; ap ‘12.N B— by by bzlm
Avi Gnv2 o T AN Ny byi by by JNxm
‘n €2 Cin dy, dp dyn |
c- | m T po | f2 T
c;l a,.,2 c,;N e d, d;;z dF;"‘JpXm
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7.5 SOLUTIONS OF STATE EQUATIONS FOR DISCRETE-TIME LTI SYSTEMS
A. Solution in the Time Domain:
Consider an N-dimensional state representation
q[n + 1] = Aq[n] + bx[n] (7.22a)
y[n] = cq[n] + dx[n] (7.22b)
where A, b, ¢, and d are NXN, NX1, 1 XN, and 1 X 1 matrices, respectively. One
method of finding q[n], given the initial state q[0], is to solve Eq. (7.22a) iteratively. Thus,
q[1] = Aq[0] + bx[0]
q[2] = Aq[1] + bx[1] = A{Aq[0] + bx[0]} + bx[1]
= A’q[0] + Abx[0] + bx[1]
By continuing this process, we obtain
q[n] =A"q[0] + A" 'bx[0] + -+ +bx[n — 1]
n—1

=A"q[0] + Y A" !'"Kbx[k] n>0 (7.23)
k=0

If the initial state is g[n,] and x[n] is defined for n > n,, then, proceeding in a similar
manner, we obtain

n—1
q[n] =A"""q[n,] + Y A" '"*bx[n, + k] n>n, (7.24)
k=0

The matrix A” is the n-fold product

and is known as the state-transition matrix of the discrete-time system. Substituting
Eq. (7.23) into Eq. (7.22b), we obtain
n—1

y[n] = cA"q[0] + Y A" "' ¥bx[k] +dx[n] n>0 (7.25)
k=0

The first term cA”g[0] is the zero-input response, and the second and third terms together
form the zero-state response.

B. Determination of A™:
Method 1: Let A be an N X N matrix. The characteristic equation of A is defined to be (App. A)
c(A) =IA1-Al =0 (7.26)

where |AI — A] means the determinant of A1 — A and 1 is the identity matrix (or unit
matrix) of Nth order. The roots of ¢(A)=0,A, (k=1,2,...,N), are known as the
eigenvalues of A. By the Cayley-Hamilton theorem A" can be expressed as [App. A, Eq.
(A.57)]

A"=bol +bA+ -+ +by_,AV! (7.27)

When the eigenvalues A, are all distinct, the coefficients by, b,,...,b,y_, can be found
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Method 2:

Method 3:

Method 4:
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from the conditions
bo+b A+ - Aby_ AV =A% k=12,...,N (7.28)
For the case of repeated eigenvalues, see Prob. 7.25.

The second method of finding A" is based on the diagonalization of a matrix A. If
eigenvalues A, of A are all distinct, then A" can be expressed as [App. A, Eq. (A4.53)]

0 N 0
A'=Pl . | (7.29)
0 0 A%

where matrix P is known as the diagonalization matrix and is given by [App. A, Eq.
(A.36)]

P=[xl X, ¢ xN] (7.30)
and x, (k=1,2,..., N) are the eigenvectors of A defined by
Ax, = A, X, k=1,2,...,N (7.31)

The third method of finding A" is based on the spectral decomposition of a matrix A.
When all eigenvalues of A are distinct, then A can be expressed as

N
A=ME, +0E, + - +AyEy= Y AE, (7.32)
k=1

where A, (k=1,2,..., N) are the distinct eigenvalues of A and E, (k=1,2,...,N) are
called constituent matrices which can be evaluated as [App. A, Eq. (A4.67)]

N
[1(A-A0D
m=1
E,= 24— (7.33)
I_[ (/\k—Am)
m=1
m#k
Then we have
A"=XNE, +AM3E, + -+ +AVEy (7.34)

The fourth method of finding A” is based on the z-transform.
A" =37Y(z1-A) "2} (7.35)
which is derived in the following section [Eq. (7.41))].

C. The z-Transform Solution:

Taking the unilateral z-transform of Eqs. (7.22a) and (7.22b) and using Eq. (4.51), we

get

zQ(z) —zq(0) = AQ(z) + bX(2) (7.36a)
Y(z)=cQ(z)+dX(z) (7.36b)
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where X(z) =3,{x[n]}, Y(2) =3 ,{yln]}, and

Q(z)
0,(z
Q(Z)=81{Q[”]}= 2? ) where Qk(z)=8l{qk[n]}
On(2)
Rearranging Eq. (7.36a), we have
(zI—A)Q(z) =zq(0) + bX(z) (7.37)
Premultiplying both sides of Eq. (7.37) by (zI — A)~! yields
Q(z) = (z1-A) 'zq(0) + (z1 - A) " 'bX(2) (7.38)
Hence, taking the inverse unilateral z-transform of Eq. (7.38), we get
a[n] =37'{(z1-A)"'z}q(0) + 3; {(21 - A) 'bX(z2)} (7.39)

Substituting Eq. (7.39) into Eq. (7.22b), we get
y[n] =e87{(21-A)"'z}q(0) + 37 {(z1 - A)'bX(2)} +dx[n]  (7.40)
A comparison of Eq. (7.39) with Eq. (7.23) shows that
A"=37Y{(z1-A)" 'z} (7.41)

D. System Function H(z):

In Sec. 4.6 the system function H(z) of a discrete-time LTI system is defined by
H(z) =Y(z2)/X(z) with zero initial conditions. Thus, setting q[0] = 0 in Eq. (7.38), we have

Q(z) = (z1-A) " 'bX(2) (7.42)
The substitution of Eq. (7.42) into Eq. (7.36b) yields
Y(z) =[e(z1-A) b +d|X(2) (7.43)
Thus,
H(z)=[e(z1-A)"'b+d] (7.44)

E. Stability:

From Egs. (7.25) and (7.29) or (7.34) we see that if the magnitudes of all eigenvalues
A, of the system matrix A are less than unity, that is,

Al <1 all k (7.45)

then the system is said to be asymptotically stable; that is, if, undriven, its state tends to
zero from any finite initial state q,. It can be shown that if all eigenvalues of A are distinct
and satisfy the condition (7.45), then the system is also BIBO stable.
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7.6 SOLUTIONS OF STATE EQUATIONS FOR CONTINUOUS-TIME LTI SYSTEMS
A. Laplace Transform Method:
Consider an N-dimensional state space representation
q(t) =Aq(t) +bx(t) (7.46a)
y(1) = ca(t) +dx(1) (7.46b)

where A, b, ¢, and d are N XN, N X1, I XN, and 1 X 1 matrices, respectively. In the
following we solve Eqs. (7.46a) and (7.46b) with some initial state q(0) by using the
unilateral Laplace transform. Taking the unilateral Laplace transform of Egs. (7.46a) and
(7.46b) and using Eq. (3.44), we get

sQ(s) — q(0) = AQ(s) + bX(s) (7.47a)
Y(s)=cQ(s) +dX(s) (7.47b)
where X(s) =_Z{x(1)}, Y(s) = £{y(1)}, and
Q(s)
Q,(s)
Q(s) =Zfa()} = : where Q,(s) =-Z{a, (1)}
On(s)

Rearranging Eq. (7.47a), we have
(sI —A)Q(s)=q(0) + bX(s) (7.48)
Premultiplying both sides of Eq. (7.48) by (sI — A) ! yields
Q(s) = (sT—A) 'q(0) + (sT - A) " 'bX(s) (7.49)
Substituting Eq. (7.49) into Eq. (7.47b), we get
Y(s) = ¢(sI—A) 'q(0) + [e(sT = A) 'b + d| X(s) (7.50)

Taking the inverse Laplace transform of Eq. (7.50), we obtain the output y(¢). Note that
c(sI — A)"'q(0) corresponds to the zero-input response and that the second term corre-
sponds to the zero-state response.

B. System Function H(s):

As in the discrete-time case, the system function H(s) of a continuous-time LTI system
is defined by H(s)=Y(s)/X(s) with zero initial conditions. Thus, setting q(0) =0 in
Eq. (7.50), we have

Y(s) = [e(sT—A) 'b+d] X(s) (7.51)
Thus,
H(s)=c(s1-A) 'b+d (7.52)
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C. Solution in the Time Domain:

Following
a? a*
% = _ _ 4k
! 1+at+2't + - +k't + -
we define
A? A¥
—I+At+7t + - +Ft + - (7.53)
where k!=k(k —1)---2-1. If t =0, then Eq. (7.53) reduces to
e'=1 (7.54)

where 0 is an N X N zero matrix whose entries are all zeros. As in €%/~ =% 97 =
e %"e% we can show that

eAU=T) = pAlo—AT _ o—AT, Al (7.55)
Setting 7=t in Eq. (7.55), we have
eAle—Al = o~ AlpAl - o0 _ | (7,56)
Thus,
-Ar _ (eA')_] (7.57)

which indicates that e~4’ is the inverse of eA’
The differentiation of Eq. (7.53) with respect to ¢ yields

d A? A
S =0tAY 2 +Fkt + -
A2
=All+Ar+ E-!-t2+ .
A2
I+Ar+ -2—'t + - A
which implies
%e" =Aer =¢*A (7.58)
Now using the relationship [App. A, Eq. (A4.70)]
d dA dB
(AB) = ——B + A_(Yt_

and Eq. (7.58), we have
d —At d —At —Atg
Zlea(n] = | e la(e) + e Ma(r)

= —e~MAq(1) + e Mq(1) (7.59)
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A

Now premultiplying both sides of Eq. (7.46a) by e "*’, we obtain

e Aq(r)=e *Aq(t) +e *bx(t)

or e Mq(t) —e *Aq(r) =e *bx(r) (7.60)
From Eq. (7.59) Eq. (7.60) can be rewritten as

d

= e Mq(r)] =e *bx(t) (7.61)

Integrating both sides of Eq. (7.61) from 0 to ¢, we get

e"“‘q(t)l(l) = f'e""bx(r) dr
0
t
or e""q(t)—q(())=fe”"bx(‘r)d'r
0
Hence e Mq(r)=q(0) + f‘e"’“bx(f) dr (7.62)
0
Premultiplying both sides of Eq. (7.62) by e*’ and using Egs. (7.55) and (7.56), we obtain
a(1) =e*q(0) + ['X~bx(r) dr (7.63)
0
If the initial state is q(¢,) and we have x(t) for ¢ > ¢, then
q(1) =er'g(r,) + fleA('—”bx('r) dr (7.64)
1y

which is obtained easily by integrating both sides of Eq. (7.61) from ¢, to ¢. The matrix
function e’ is known as the state-transition matrix of the continuous-time system.
Substituting Eq. (7.63) into Eq. (7.46b), we obtain

y(1) = ce*q(0) + ['ee’~bx(r) dr + dx(1) (7.65)
0

D. Evaluation of e*":
Method I: As in the evaluation of A", by the Cayley-Hamilton theorem we have

eM=bJl+b A+ - +by_ AN7! (7.66)

When the eigenvalues A, of A are all distinct, the coefficients b, b,,...,by_, can be
found from the conditions

by+b A+ - by AN =M k=1,2,...,N (7.67)

For the case of repeated eigenvalues see Prob. 7.45.
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Method 2: Again, as in the evaluation of A” we can also evaluate e’ based on the diagonalization of
A. If all eigenvalues A, of A are distinct, we have

e 0 0
0 At 0

e=p| . S0 T T (7.68)
(.J 0 ' e"-"”

where P is given by Eq. (7.30).

Method 3: We could also evaluate e’ using the spectral decomposition of A, that is, find constituent
matrices E, (k=1,2,..., N) for which

A=MNE, +\,E, + - +AE, (7.69)
where A, (k=1,2,..., N) are the distinct eigenvalues of A. Then, when eigenvalues A, of
A are all distinct, we have

er =eME, +e*E,+ - +e'Ey (7.70)

Method 4: Using the Laplace transform, we can calculate e*’. Comparing Egs. (7.63) and (7.49), we
see that

er =27 (s1-A)"") (7.71)

E. Stability:

From Egs. (7.63) and (7.68) or (7.70), we see that if all eigenvalues A, of the system
matrix A have negative real parts, that is,

Re{A,} <0 all k (7.72)

then the system is said to be asymptotically stable. As in the discrete-time case, if all
eigenvalues of A are distinct and satisfy the condition (7.72), then the system is also BIBO
stable.

Solved Problems

STATE SPACE REPRESENTATION

7.1. Consider the discrete-time LTI system shown in Fig. 7-1. Find the state space
representation of the system by choosing the outputs of unit-delay elements 1 and 2 as
state variables g,[n] and g,[n], respectively.

From Fig. 7-1 we have
a,[n+1] =q,[n]
a;[n +1] =2q,[n] + 3g,[n] +x[n]
y[n]=2q,[n] +3q,[n] +x[n]
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x[n] yin]
b

| 2 |- ¢

q,(n) qln+ 1] 9y In} qyln+1]

Fig. 7-1

In matrix form

aln+1]1 10 1]|aln] 0
[qz[n+l] —[2 3][q2[n]]+[1]x[n]
y[n]=1[2 3][::%2} +x[n] (7.73a)
or a[n + 1] =Aq[n] + bx[n]
y[n]=ca[n] +dx[n] (7.73b)
where
_{ailn] o 1 _[o _ -
“[”]‘[qzlnl S EE I Y I L L

Redo Prob. 7.1 by choosing the outputs of unit-delay elements 2 and 1 as state
variables v,[n] and v,[n], respectively, and verify the relationships in Eqgs. (7./0a) and
(7.10b).

We redraw Fig. 7-1 with the new state variables as shown in Fig. 7-2. From Fig. 7-2 we have
vi[n+1]=3v,[n] + 20,[n] +x[n]
vy[n+ 1) =v,[n]

y[n)=3v,[n] +20,[n] +x[n]

x{n] yin]
3

vy ln] vyln+1} vy [n] SRLE)]

Fig. 7-2
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In matrix form

vyln +1] 3 2] uil
lvz[n+1] ” 1) * ot
y[n]=1[3 2][ viln] +x[n] (7.74a)
or vn +1] = Av[n] + bx[n]
y[n] = e&v[n] +dx[n] (7.74b)
where
L | IS R L (Y RS (R

Note that v,[n] = g,[n] and v,[n] = g,[n]. Thus, we have

n)= (9§ Jatn1 - Taln)

Now using the results from Prob. 7.1, we have
-1
1[0 1ff0o 1{0 1 _f[0 1fj0o 1jf0 1f{_|3 2]|_
TAT "[1 o][z 3“1 0] “[1 0”2 3“1 0] [1 0]
|10 Lfjof_|1]|_s
-3 o)[0]- 1) -b

T =2 3][‘1) (1)]=[3 2]=¢  d=1=d

»>>

which are the relationships in Eqs. (7.10a) and (7.10b).

7.3. Consider the continuous-time LTI system shown in Fig. 7-3. Find a state space
representation of the system.

x(r) 'RG) ERG) 50 450 W)
gl rrg lln s llm mal D—
EX0) a0

Fig. 7-3
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We choose the outputs of integrators as the state variables g,(¢), g,(¢), and g,(¢) as shown
in Fig. 7-3. Then from Fig. 7-3 we obtain

4,(1) =2q,(t) —3q,5(1) +q5(t) +x(1)
G,(1) =q,(1)

ds(1) = q,(1)

y(1) = —q,(1) +2q5(¢)

2 -3 1 1
q(t) = {1 0 O]q(t) + lO}x(z)
0 1 0 0
y()y=[-1 0 2]a(1)

In matrix form

(7.75)

Consider the mechanical system shown in Fig. 7-4. It consists of a block with mass m
connected to a wall by a spring. Let k, be the spring constant and k, be the viscous
friction coefficient. Let the output y(¢) be the displacement of the block and the input
x(t) be the applied force. Find a state space representation of the system.

By Newton’s law we have
my(t)=—k,y(t) —k,y(t) +x(t)
or my(t) +kyy(t) +kyy(t) =x(1)

The potential energy and kinetic energy of a mass are stored in its position and velocity. Thus,
we select the state variables ¢,(t) and g,(¢) as

q,(t) =y(1)
a,(t) =y(t)

Then we have

Gi(1) =q,(1)

k, k, 1
g,(t) = - ;n‘fll(t) - ;‘12(’) + ;n—x(t)

y(1) =q\(t)
k, x(1)
.11 M | ——
ﬁ kz

¥

Fig. 7-4 Mechanical system.



CHAP. 7] STATE SPACE ANALYSIS 381

In matrix form

0 1 0
a(n)=| ko kalqe)+| 1 |x(t)
= = - (7.76)

y(1)=[1 0]a(?)

7.5. Consider the RLC circuit shown in Fig. 7-5. Let the output y(¢) be the loop current.
Find a state space representation of the circuit.

We choose the state variables g,(#) =i,(¢) and g,(¢) = v (¢). Then by Kirchhoff’s law we

get
Lq,(t) + Rqy(t) +a,(t) =x(1)
ijz(t) =‘I|(t)
y(t) =q\(t)
Rearranging and writing in matrix form, we get
R 1
- = 1
L

a(t) +| L [x(1)
0 0

a() = (7.77)

1
C
() =[1 ola(r)

R L

A —

i)

+

x(1) () C :J: v.(1)

Fig. 7-5 RLC circuit.

7.6. Find a state space representation of the circuit shown in Fig. 7-6, assuming that the
outputs are the currents flowing in R, and R,.

We choose the state variables q,(t) =i,(¢) and g,(¢) = v(¢). There are two voltage sources
and let x,(¢+) = v,(¢) and x,(¢t) = v,(¢). Let y,(¢+) =i(¢) and y,(¢) =i,(¢). Applying Kirchhoff’s
law to each loop, we obtain

Lg\(t) + Riq(1) + ay(1) =xy(1)
ay(1) — [ai(t) — Car(1)] R, =x,(1)
yi(1) =aq,(1)

1
yo(1) = R_Z[qz(’) —x,(1)]
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i\(n i (0 l i0)
+ + +
vi(t) C> C v.() <> VD)

Fig. 7-6

Rearranging and writing in matrix form, we get

[ R, 1 1 .
_ L L L
q(t) = 1 1 |a(e) + L)
- - 0
(10 0 0
y(={o a0+, _L K0
R2 R2
q,(t) x,(1) yi(t)
h t) = t)= t) =
Where ) [qz(r) x0) [xz(r) YO =y
STATE EQUATIONS OF DISCRETE-TIME LTI SYSTEMS DESCRIBED
BY DIFFERENCE EQUATIONS
7.7. Find state equations of a discrete-time system described by
y[n] = 3yln = 1]+ gy[n - 2] =x[n] (7.79)
Choose the state variables g,[n] and gq,{n] as
qln]=yln-2
[n]=y[n-2] (7.80)
a,[n]=y[n-1]
Then from Eqgs.(7.79) and (7.80) we have
q[n+ 1] =42["]
ay[n+1]= —5q,[n] + 3g,[n] + x[n]
y[n] = _%‘11[”] + %‘12[”] +x[n]
In matrix form
0 1
atn )= | 3 ot st)
B 4 (7.81)

yinl=[-% %]aln] +x[n]
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7.8. Find state equations of a discrete-time system described by
y[n] —3y[n—1] + zy[n — 2] =x[n] + 3x[n — 1] (7.82)

Because of the existence of the term 3x[n — 1] on the right-hand side of Eq. (7.82), the
selection of y[n — 2] and y[n — 1] as state variables will not yield the desired state equations of
the system. Thus, in order to find suitable state variables we construct a simulation diagram of
Eq. (7.82) using unit-delay elements, amplifiers, and adders. Taking the z-transforms of both
sides of Eq. (7.82) and rearranging, we obtain

Y(z)=3z"'Y(z) - 327%Y(z) + X(z) + 327 'X(2)
from which (noting that z~* corresponds to k unit time delays) the simulation diagram in
Fig. 7-7 can be drawn. Choosing the outputs of unit-delay elements as state variables as shown
in Fig. 7-7, we get

y[n])=q,[n] +x[n]
a\[n + 1] =q,[n] + 3y[n] + 3x[n]
= 2a,[n] + qa[n] + $x[n]
galn +1] = —gy[n] = —3q,[n] - 3x[n]

In matrix form

2 ;
q[n+1]=l_l 0lq[n]+ .y |x[n]
8 8
y[nl=[1 o0]a[n]+x[n] (7.83)
x[n]
+
+ ylni
b | 2! z"! >
aln+1] az 1l a(n+1] q, [n]

+

AN

Fig. 7-7

7.9. Find state equations of a discrete-time LTI system with system function

H(z) = (7.84)



384

STATE SPACE ANALYSIS [CHAP. 7

From the definition of the system function [Eq. (4.41)]

H(z) = Y(z) _ by+bz7 ' +byz72
X(z) 1+a,z7'+a,z7?

we have
(1+az7 " +a,z7?)Y(2) = (bo+ bz +b,277) X(2)
Rearranging the above equation, we get
Y(z)=—a,;z7'Y(z) —ay,z7?Y(z) + by X(z) +b,z7'X(2) + b, 272X (2)

from which the simulation diagram in Fig. 7-8 can be drawn. Choosing the outputs of unit-delay
elements as state variables as shown in Fig. 7-8, we get

y[nl=a\[n] +box[n]
ailn +1]= —a,y[n] +a,[n] +b,x[n]
= —aq,[n] +q,[n] + (b, —a,by) x[n]
g,[n+1)= —a,y[n] +b,x[n]
= —a,q,[n] + (b, —a,by)x[n]
In matrix form
b, —ab,

2 b, —ayb,

]x[n]

—a; 1
q[n+1]=[_a 0]q[n]+ (7.85)

Y["] = [1 0]‘1["] +b(,x[n]

Note that in the simulation diagram in Fig. 7-8 the number of unit-delay elements is 2 (the
order of the system) and is the minimum number required. Thus, Fig. 7-8 is known as the
canonical simulation of the first form and Eq. (7.85) is known as the canonical state representa-
tion of the first form.

x[n]

Ny

+

e ‘Jz[’l*ll

AN

+ yln]
b

&~

Fig. 7-8 Canonical simulation of the first form.
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7.10. Redo Prob. 7.9 by expressing H(z) as
H(z) =H\(z)Hy(z)

where H(z)= 5 Hy(z)=by+b,z7 "' +b,z7?

1+a,z7"'+a,z"

Let
H(z) = W) 11 — (7.86)
X(z) l1+a,z7" +a,z
Hy(z) = z) =by+bz ' +byz? (7.87)
W(z)
Then we have
W(z)+a,z7'W(z) +a,27'W(z) =X(z) (7.88)
Y(z) =bW(z) +b,z7'W(z) +byz2W(z) (7.89)
Rearranging Eq. (7.88), we get
W(z)=—a,z”'W(z) —a,27W(z) + X(z) (7.90)

From Egs. (7.89) and (7.90) the simulation diagram in Fig. 7-9 can be drawn. Choosing the
outputs of unit-delay elements as state variables as shown in Fig. 7-9, we have

vifn+1]=1v,[n]
vy[n+ 1] = —ayv,[n] ~ aw,[n] +x[n]
y[n]=bu,[n]+bw,[n] +by,[n+1]

= (b, = boay)v,[n] + (b, —bya,)r,[n] + byx[n]

win] win-1)

b3 —-1 7" —p] 7!
+ vyln+1] vy [}

x[n)

v, [n)

4,

Fig. 7-9 Canonical simulation of the second form.
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In matrix form

v[n+1]=[_0a2 _1a1]v[n]+[(1)]x[n]

yln]=[by=boar b, —boa,|v[n]+byx[n]

(7.91)

The simulation in Fig. 7-9 is known as the canonical simulation of the second form, and
Eq. (7.91) is known as the canonical state representation of the second form.

Consider a discrete-time LTI system with system function

H(z)= 553,77 (7.92)
Find a state representation of the system.
Rewriting H(z) as
H(z)= 227 (1- 5T+ 127 ey P (7.93)
Comparing Eq. (7.93) with Eq. (7.84) in Prob. 7.9, we see that
a,=-3 a,=3 by=0 b,=1% b,=0
Substituting these values into Eq. (7.85) in Prob. 7.9, we get
21 1
aln+1]- [ _ O]q[n] qHED
yin]=[1 ola[n] (7.94)
Consider a discrete-time LTI system with system function
z z
) = s 1 3= (7.95)

Find a state representation of the system such that its system matrix A is diagonal.

First we expand H(z) in partial fractions as

z z z

== =1 -1

1 1
=1 1= 1z =H\(z) + Hy(2)
-1
where H(z)= — Hz(z)='1-_F
a Y. (z

Le () = T = (79
Then (1-pez” Y (2) =, X(2)
or Y(2) =pez Y (2) + a, X(2)

from which the simulation diagram in Fig. 7-10 can be drawn. Thus, H(z) = H,(z) + H)(z) can
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x{n] »& ’T i
+
+

Fig. 7-10

+
x[n] 1 z-! H— yln]
_* q (n] qIn+1]

;
q; In] g ln+1]

Fig. 7-11

be simulated by the diagram in Fig. 7-11 obtained by parallel connection of two systems.
Choosing the outputs of unit-delay elements as state variables as shown in Fig. 7-11, we have

a[n+1]=q,[n] +x[n]
ax[n + 1] = 3a,[n] - x[n]
yln]=q[n+ 1]+ q,[n +1] =q,[n] + 3q.[n]
In matrix form

atns 1= g fatnl [} Jstn)

yinl=[1 1]aln] (7.97)

Note that the system matrix A is a diagonal matrix whose diagonal elements consist of the poles
of H(z).

7.13. Sketch a block diagram of a discrete-time system with the state representation
1
0)xtn

% q[n] +
y[n] =[3 -2]q[n] (7.98)

q[n+1]=[g
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We rewrite Eq. (7.98) as
q,[n+1])=q,[n]
g,[n+ 1] =3q,[n] + 3q,[n] + x[n]
y[n]=3aq,[n] -2q,[n] (7.99)

from which we can draw the block diagram in Fig. 7-12.

q Ini -
- 27! l 3 b3 }[nlp-
qy(n+1] +

:mv—:

Fig. 7-12

STATE EQUATIONS OF CONTINUOUS-TIME LTI SYSTEMS DESCRIBED
BY DIFFERENTIAL EQUATIONS

7.14. Find state equations of a continuous-time LTI system described by
V(t)+3y(e)+2y(t)=x(¢) (7.100)

Choose the state variables as

ai(1) =y(1)
ax(1) =3(1) (7.101)
Then from Egs. (7.100) and (7.101) we have
4,(1) = ay(t)
dx(1) = —2q,(1) = 3q,(t) +x(1)
y(1) =q(1)

In matrix form
an=[_3 Sao+[0]xo
y(r)y=[1 0]a(t) (7.102)
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7.15. Find state equations of a continuous-time LTI system described by
V() +3y(t) + 2y(t) =4x(t) + x(1) (7.103)
Because of the existence of the term 4x(¢) on the right-hand side of Eq. (7.103), the
selection of y(r) and y(t) as state variables will not yield the desired state equations of the
system. Thus, in order to find suitable state variables we construct a simulation diagram of
Eq. (7.103) using integrators, amplifiers, and adders. Taking the Laplace transforms of both

sides of Eq. (7.103), we obtain
s2Y(s) +3sY(s) +2Y(s) = 4sX(s) + X(s)
Dividing both sides of the above expression by s and rearranging, we get
Y(s) = —3s7'Y(s) —2s7°Y(s) + 457 ' X(s) + 572 X(5)

from which (noting that s~* corresponds to integration of k times) the simulation diagram in
Fig. 7-13 can be drawn. Choosing the outputs of integrators as state variables as shown in
Fig. 7-13, we get

Gi(t) = —3q,(1) +a,(1) +4x(1)
G2(1) = =2q,(t) +x(1)

y(tr) =ay(1)
In matrix form
an-[23 o]+ [4]xo
y(1)=[1 0]a(r) (7.104)

x(1)

D (1)
G, f q,

7.16. Find state equations of a continuous-time LTI system with system function

i bos® +b,s*+b,s + b, 5 105
(s)= s’+a;s*+a,s +a, (7.105)
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From the definition of the system function [Eq. (3.37)]
Y(s) bys®+b,s*+b,ys+b,

H = =
() X(s) s’+a;s?+a,s+a,

we have
(s’ +a;s% +a,s +a3)Y(s) = (bos® + b5 + bys + b3) X(s)
Dividing both sides of the above expression by s> and rearranging, we get
Y(s) = —a,s7'Y(s) —a,s72Y(s) —a,s %Y (s)
+boX(s) +b;s7'X(s) +b,s72X(s5) +bysT3X(5)

from which (noting that s~* corresponds to integration of k times) the simulation diagram in
Fig. 7-14 can be drawn. Choosing the outputs of integrators as state variables as shown in
Fig. 7-14, we get

y(1) =q(1) +box(t)

4,(t) = —a,y(1) +q,(t) + b x(t)

—a,q (1) +ay(t) + (b, —abg) x(1)
dx(t) = —ayy(t) +q5(t) +b,yx(t)

—a,q,(t) +q3(t) + (b —azby) x(1)

(]

dy(t) = —azy(t) +bsx(t)
= —a3q,(t) + (b3 —aszbo) x(t)
In matrix form
-a;, 1 0 b, —a;b,
a(t)=|-a; 0 1|q(s)+ |by—aszby [x(t)
-a; 0 O by —asb,
y(£)=[1 0 0]a(t)+byx(t) (7.106)

As in the discrete-time case, the simulation of H(s) shown in Fig. 7-14 is known as the
canonical simulation of the first form, and Eq. (7.106) is known as the canonical state
representation of the first form.

x(8)

+

Fig. 7-14 Canonical simulation of the first form.
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7.17. Redo Prob. 7.16 by expressing H(s) as

H(s) =H,(s)H,(s)
1

s3+a;s?+a,s+a,

where H(s)=

Hy(s) =bys®+b,s* + b,s + b,

Let
W(s) 1
Hi(s) = X(s) T S tasitags +a,
(7.107)
Hy(s) = (( )) =bys®+b,s*+b,s + b,

Then we have
(s*+a;s2 +ays +a,)W(s) =X(s)
Y(s) = (bos® + b;s* +bys + b )W(s)
Rearranging the above equations, we get
SW(s) = —a;s*W(s) —a,sW(s) —asW(s) + X(s)
Y(s) =bys’W(s) +bs’W(s) + b,sW(s) + bW(s)

from which, noting the relation shown in Fig. 7-15, the simulation diagram in Fig. 7-16 can be

SW(SL»D W(s)
w(r) W(l)

Fig. 7-15

e >(}y(">

v2 ) v. ® v, ()
v a;

Fig. 7-16 Canonical simulation of the second form.
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drawn. Choosing the outputs of integrators as state variables as shown in Fig. 7-16, we have
0y(1) = vy(1)
0(t) =vy(1)
03(1) = —azv (1) —awy(t) —aws(r) +x(t)
y(1) =byv (1) +bywy(t) +bws(t) +bovs(t)
= (by—asby)vy(t) + (b —ayby)vy(1)
+(b, —aby)vs(t) +byx(t) (7.108)

In matrix form

0 1 0 0
v(t) = 0 0 1 v(l)+[0]x(t)

4, -a, -a ] (7.109)

y(t) = [b3—a3b0 b, —ayb, b, _albo]V(t) + box(t)

As in the discrete-time case, the simulation of H(s) shown in Fig. 7-16 is known as the
canonical simulation of the second form, and Eq. (7.109) is known as the canonical state
representation of the second form.

7.18. Consider a continuous-time LTI system with system function
3s+7
(s+1)(s+2)(s+5)

H(s)= (7.110)

Find a state representation of the system.
Rewrite H(s) as

3s+7 3s+7

H(s) = =
() = DG 2545 7 +82 4155410

(7.111)

Comparing Eq. (7.111) with Eq. (7.105) in Prob. 7.16, we see that
a,=8 a,=17 a, =10 by=b,=0 b,=3 b,

]
2

Substituting these values into Eq. (7.7106) in Prob. 7.16, we get

-8 1 0 0
q(z)=[—17 0 1]q(z)+[3}x(1)

-10 0 0 7
y(t)=[1 0 0]a(s)

(7.112)

7.19. Consider a continuous-time LTI system with system function

3s+7
(s+D(s+2)(s+5)

H(s)= (7.113)

Find a state representation of the system such that its system matrix A is diagonal.
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First we expand H(s) in partial fractions as

3s+7 1 1 z
H(s) = = - -
(s+1)(s+2)(s+5) s+1 s+2 s+5
= H,(s) + Hy(s) + Hy(s)
h H ! H : H :
where = HRO=Ts ()= =535
ay Y, ()
Let H ((s)= = —" 7.114
()= = (7.114)
Then (s —p)Y(s) =a, X(s)
or Y (s) =pps 'Yi(s) +aps7'X(s)

from which the simulation diagram in Fig. 7-17 can be drawn. Thus, H(s) = H|(s) + H,(s) +
H-(s) can be simulated by the diagram in Fig. 7-18 obtained by parallel connection of three
systems. Choosing the outputs of integrators as state variables as shown in Fig. 7-18, we get

ai(t) = —aq\(1) +x(1)
dy(t) = —2q,(1) — 5x(t)
ds(1) = —5g3(1) — 3x(1)

y(8) =q,(1) +a,(t) +a;5(¢)

In matrix form

-1 0 0 I
q(t) = 0 -2 0fa(t) +| 7 |x(¢)
0 0 -5 - (7.115)

y(y=[1 1 1]a(r)

Note that the system matrix A is a diagonal matrix whose diagonal elements consist of the poles
of H(s).

( +
- )49 3 | | 20y

+

Gl
<

Fig. 7-17
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+
1 3

’D ? ‘i'“”‘ / @
+

x(1) - + (1)
*B b )‘ J‘ bé 2 -

Gtn) g
- +

2 ->(s
.D ? @0 f a0

Fig. 7-18

SOLUTIONS OF STATE EQUATIONS FOR DISCRETE-TIME LTI SYSTEMS

7.20. Find A" for

Bl =
—

by the Cayley-Hamilton theorem method.
First, we find the characteristic polynomial c(A) of A.

-1

c(A)y=Al-A|l = A=3
4

®[— >

=N-A+5=(A-3)(r-3%)
Thus, the eigenvalues of A are A, =3 and A, = ;. Hence, by Eqs. (7.27) and (7.28) we have

b b,

0
A"=b, 1 +b A=
0 : _§b1 b()+%b|

and b, and b, are the solutions of
bo +by(3) = (3)

bo+by(3)=(3)"
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from which we get

bo==(3)"+2()"  bi=4(3)" - 4(3)
Hence,

|~ 2 4(%)"—4(%)"}
3R 2D -G

(T

7.21. Repeat Prob. 7.20 using the diagonalization method.

Let x be an eigenvector of A associated with A. Then

[AI-A]x=0

H MR

The solutions of this system are given by x, = 2x,. Thus, the eigenvectors associated with A,
are those vectors of the form

For A = A, = 3 we have

s HEE

The solutions of this system are given by x, = 4x,. Thus, the eigenvectors associated with A,
are those vectors of the form

For A = A, = ; we have

M=Bﬁ] B0

Let @« =B =1 in the above expressions and let

P=[x, x2] =[% 4]

1
Ir 1 -4y_|-

-l=—-— =

Then P 2[_1 2] [

N|—= =

N
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and by Eq. (7.29) we obtain
NU=EVP"=P[G) OH}P"z[Z 4}[1

0 (3)
[ -(3)"+2(3)" 4(%)"—4(%)”]
-3 )" 20" - ()
1
4

o~
o @
Ve
=
S— O
=
S —
| ——|
|
o= tol—
|
— 3
he———

(
4
5]t

7.22. Repeat Prob. 7.20 using the spectral decomposition method.

Since all eigenvalues of A are distinct, by Eq. (7.33) we have

Then, by Eq. (7.34) we obtain

n n

1
M=(E)&+

1

4

E*(l)n -1 4
T\2) |- 2

" 4(—;)"—4(:)"}

n

{ -(3)"+2(4)
EECREEORE

4

o) —

7.23. Repeat Prob. 7.20 using the z-transform method.
First, we must find (z1 - A)~ "

S EVE RN I —
R ERC ) BN CERVEEET I I
[ z—13 1
| EHED EOED

_é z
|GG ENE-D)

I 1 1 1 1
- T+ 2 : 4 - —4 :
Z—i Z—3 Z—f Z—;

B 11 11 ) 1 1
—Ez—% 2271 z—%—z—%
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Then by Eq. (7.35) we obtain

A =37 (z1-A)""2)

z 5 z s z s z
— + —
1 1 1 1
. z-3 ) z-3 Z73
=37 1 =z 1 z 5 z z
5 1 T 1
2z-53 2z-3 z—3 z-73

o

_(1)" -1 4] 1)" 2 -4
“\2) -2 2]\ -1

From the above results we note that when the eigenvalues of A are all distinct, the spectral
decomposition method is computationally the most efficient method of evaluating A".

[

The characteristic polynomial c(A) of A is

7.24. Find A" for

wi- O

Wh
[

-1

c(A)=R1-Al=|]
3

i >

=Rt = (- D(A- )

Thus, the eigenvalues of A are A, =1 and A, = 3, and by Eq. (7.33) we have

-4 1] _[-
-4 1T

A1 3 1
(A-D=-31-1 1

E =

1
A-r0) = A-i)=—
/\l—/\z( 2) 1_%( 3) 2

Nlw Nl
—d

E,= (A-ryD =

A=Ay 1-1

Thus, by Eq. (7.34) we obtain

An=(1)"El+(§)nE2=[:§ §]+(§)E :i]
=[—%+%<%>” %—%(%)"}
RARONEE O}
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7.25.

7.26.
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Find A" for
2 1
A=
o 2
The characteristic polynomial c(A) of A is
A=2 1
c(A) = Al - A =‘ 0 A_2’=(A—2)2

Thus, the eigenvalues of A are A, = A, =2. We use the Cayley-Hamilton theorem to evaluate
A". By Eq. (7.27) we have
by +2b, b,

A =b0[+b‘A= 0 b0+2bl

where b, and b, are determined by setting A =2 in the following equations [App. A,
Eqgs. (A.59) and (A4.60)]:

by +bA=A"
by=nA"""!
Thus,
by +2b, =2"
b,=n2""1
from which we get
by=(1-n)2" by=n2""1
n n-1
and A" = [20 n22n ]

Consider the matrix A in Prob. 7.25. Let A be decomposed as

S HE A R

12 0 {0 1
where D_[O 2] and N—[O 0]

(a) Show that N?>=0.
(b) Show that D and N commute, that is, DN = ND.
(¢) Using the results from parts (a) and (b), find A"

(@) By simple multiplication we see that
2_ (0 1j[0 1}]_10 Of_
N [O 0]l0 O 0 0 0
(b) Since the diagonal matrix D can be expressed as 21, we have

DN = 2IN = 2N = 2NI = N(2I) = ND

that is, D and N commute.
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(¢) Using the binomial expansion and the result from part (&), we can write

n n(n— 1)
+ =D"+n + —
(D+N)"=D"+nD""'N 5 D""2N%+ -+ +N"
Since N2 =0, then N¥ = 0 for k > 2, and we have
A"=(D+N)"=D"+nD""'N

Thus [see App. A, Eq. (A4.43)),

"_-2 On 2 On—IO 1

A=1o 2] +”[0 2] {0 0}

_[2r o], 2t 0 Qo 1

| 0 27 0 27-1110 0

27 0], fo 2n-1]_[2r n2n
0 0 0 2"

“lo 2"] T
which is the same result obtained in Prob..7.25.
Note that a square matrix N is called nilpotent of index r if N"~! # 0 and N = 0.

7.27. The minimal polynomial m(A) of A is the polynomial of lowest order having 1 as its
leading coefficient such that m(A) = 0. Consider the matrix

2 0 0
A=10 -2 1
0 4 1

(a) Find the minimal polynomial m(A) of A.
(b) Using the result from part (a), find A"

(a) The characteristic polynomial c(A) of A is

A—2 0 0
0 A+2 -1
0 -4 2aA-1

Thus, the eigenvalues of A are A\, = —3 and A, =, =2. Consider
m(A)=(A+3)(A=2)=A*+A-6

2 0 of [2 o0 o0 1 0 0
m(A)=A>+A—-61={0 -2 1| +[0 -2 1|-6/0 1 O

0 4 1 0 4 1

4 0 0 2 0 0 6 0 0 0 0 0
=10 8 —-1|+{0 -2 1[{-f0 6 0Of(=]0 0 0|=0
0 -4 5 0 4 1 0 0 6 0 0 0

Thus, the minimal polynomial of A is

m(A)=(A+3)(A=2)=A+A—6

c(A)=IAI-Al= =(A+3)(A-2)°

Now

(b) From the result from part (a) we see that A” can be expressed as a linear combination of
I and A only, even though the order of A is 3. Thus, similar to the result from the
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Cayley-Hamilton theorem, we have

b b,

A'=bl+bA=| %Obl byt 25,
where b, and b, are determined by setting A = —3 and A = 2 in the equation
bo+bA=A"
Thus,
by—3b,=(-3)"
by+2b,=2"

from which we get

bo=3(-3)"+3(2)" by==35(=3)"+3(2)"

2)" 0 0
and A= 0 3(=3)"+32D)" (=) + 1Y)
0 —5(-3N"+3D)" H(-HN"+HV)"

0o 0 0 10 0

=(=3»"0  F -5|+@"0 5 s

0 -3 3 0 3 3

7.28. Using the spectral decomposition method, evaluate A" for matrix A in Prob. 7.27.
Since the minimal polynomial of A is
m(A) =(A+3)(A=2) =(A=A)(A=1y)

which contains only simple factors, we can apply the spectral decomposition method to
evaluate A". Thus, by Eq. (7.33) we have

E, = A-A )= A-12I
ey W CREE  puy {C S
ifo o o] |© O 0
- 10 4 1
=3 0 -4 1= 5 5
0 4 ~-1 0 -3 3
E,= A-\I) = A+3l
2 /\2_/\1( l) 2_(_3)( )
1 0 0
115 0 0 0 L 1
=3 01 1]|= 5 5
0 4 4 0 % 2
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Thus, by Eq. (7.34) we get

A"=(-3)"E, + (2)"E,

o 0 0 1 0 0
—(-3"0 3 =5+ @"0 5 s
0 -3 3 0 % 3
)" 0 0
=] 0 H=3)"+3" —3(=3)"+3(2)
0 =5=3)"+3(2)" «-3)"+52)"

which is the same result obtained in Prob. 7.27(5).

7.29. Consider the discrete-time system in Prob. 7.7. Assume that the system is initially
relaxed.

(a) Using the state space representation, find the unit step response of the system.
(b) Find the system function H(z).

(a) From the result from Prob. 7.7 we have
q[n + 1] =Aq[n] + bx[n]
y[n]=cq[n] +dx[n]
0 1
where A=[_ 3] b=[0] c=[—% }] d=1
3

- 1

Setting q[0] = 0 and x[n] = u[n] in Eq. (7.25), the unit step response s[n] is given by

n—1
s[n]= Y A" '"*bu[k] + du[n] (7.116)
k=0

Now, from Prob. 7.20 we have
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Thus,

8 5 1\" 1/1\" 0
3 ( 2 ) 3 ( 4 ) "=
which is the same result obtained in Prob. 4.32(¢).

(b) By Eq. (7.44) the system function H(z) is given by
H(z)=c(z1-A) " 'b+d

o [z 17! 1 z-2 1
Now (zI-A) =1, ,_ | =——n7—1D
8 a 3 i)

Thus,

+1

which is the same result obtained in Prob. 4.32(a).

7.30. Consider the discrete-time LTI system described by
q[n + 1] = Aq[n] + bx[n]
y[n] = ca[n] +dx[n]

(a) Show that the unit impulse response A[n] of the system is given by

d n=0
hin] ={cA""'b n>0
0 n<0

(CHAP. 7

(7.117)

(b) Using Eq. (7.117), find the unit impulse response A[n] of the system in Prob.

7.29.
(a) By setting q[0] =0, x[k]=06[k], and x[n]=6[n] in Eq. (7.25), we obtain

h[n] = nich"“"‘bé[k] +dd[n]
k=0

(7.118)
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Note that the sum in Eq. (7.118) has no terms for n = 0 and that the first term is cA” " 'b
for n > 0. The second term on the right-hand side of Eq. (7.118) is equal to d for n =0
and zero otherwise. Thus, we conclude that

d =0
h[n]=<{cA""'b n>0
0 n<0

(b) From the result from Prob. 7.29 we have

A=[_(3 1] I G IR

8
and cA"“b=(%)"_l—}(%)" n>1
Thus, by Eq. (7.117) hlnl is

1 n=0
h[n] = (%)"‘l —(%)" n>1
0 n<o0

which is the same result obtained in Prob. 4.32(b).

7.31. Use the state space method to solve the difference equation [Prob. 4.38(b)]
3y[n] —4y[n—1] +y[n =2] =x[n] (7.119)
with x[n] =(3)"u[n]l and y[-1]=1, y[-2]=2.
Rewriting Eq. (7.119), we have
y[n]=3yln = 1]+ 3y[n = 2] = 3x[n]
Let g,[n]=y[n — 2] and g,[n]=y[n — 1]. Then
a,[n+ 1] =q,[n]
g,[n+1] = —3q,[n] + 3q,[n] + 3x[n]
y[n] = —3a,[n] + 3q,[n] + 5x[n]
In matrix form
g[n+1]=Aq[n] +bx[n]
y[n] = cq[n] +dx[n]

where A=[_§ ;_1] b=[8} c=[-1 3] d=%
_ 0,[0] _ y[-2] _ 12
and alo) = [qz[O]] - [y[— 1]] - [ 1]
Then, by Eq. (7.25)
y[n]=cA"q[O]+”ich""”"bx[k]+dx[n] n>0

k=0
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Now from the result from Prob. 7.24 we have

and cA"q[O]:[_% %]{[:i §]+(%)"E :i]}[%]
=4+4(3)
et sl

Thus,
TR O A o B I T B Bl 2 B IV A
=—+—=|=| + -—=|= = +=l=
Anl=3+%13 ,Eoz 2(3) ](2) 3(2)

which is the same result obtained in Prob. 4.38(b).

Consider the discrete-time LTI system shown in Fig. 7-19.

(a) Is the system asymptotically stable?
(b) Find the system function H(z).
(¢) Is the system BIBO stable?

(a) From Fig. 7-19 and choosing the state variables g,[n] and g,[n] as shown, we obtain
q,[n+ 1) =3q,[n] +x[n]
ar[n+ 1] = —3q,[n] + 2g,[n]
ylnl=q,[n] ~a,[n]
In matrix form
q[n + 1] = Aq[n] + bx[n]
y[n] = cqln]
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x{n] + -
q in+1) z
+
.
y[n]
z'l
g, [nl gyln+1)
Fig. 7-19
h A 0 3 b=|! 1 -1
where = __% 2 —[0] C—[ ]
N A)=I—al =] : AA =2 (/\ 1)(/\ 3)
= —_— = = -— +_= [ —_——
ow - ed) 1oy TRy 2 2

Thus, the eigenvalues of A are A, =3 and A,=3. Since |A,| > 1, the system is not
asymptotically stable.
(b) By Eq. (7.44) the system function H(z) is given by

H(z)=c(z1-A) 'b=]1 —1]{2 2__32} [(])}

(c) Note that there is pole-zero cancellation in H(z) at z = 3. Thus, the only pole of H(z) is
1 which lies inside the unit circle of the z-plane. Hence, the system is BIBO stable.
Note that even though the system is BIBO stable, it is essentially unstable if it is not

initially relaxed.

7.33. Consider an Nth-order discrete-time LTI system with the state equation
q[n + 1] = Aq[n] + bx[n]

The system is said to be controllable if it is possible to find a sequence of N input
samples x[ng), x[n,+ 1),..., x[ny+ N — 1] such that it will drive the system from
qaln,]=q, to qln,+ N]1=q, and q, and q, are any finite states. Show that the system



406

7.34.

STATE SPACE ANALYSIS [CHAP. 7

is controllable if the controllability matrix defined by

M.=[b Ab --- AV~ p] (7.120)
has rank N.
We assume that 7, =0 and q[0] = 0. Then, by Eq. (7.23) we have
N=1
g[N]= Y AV '“kbx[k] (7.121)
k=0
which can be rewritten as
x[N -1}
x[N-2]
g[N]=[b Ab --- AN"'p] : (7.122)
x[0]

Thus, if gf V] is to be an arbitrary N-dimensional vector and also to have a nonzero input
sequence, as required for controllability, the coefficient matrix in Eq. (7.122) must be nonsingu-
lar, that is, the matrix

M. =[b Ab --- AV~ !p]

must have rank N.

Consider an Nth-order discrete-time LTI system with state space representation
q[n + 1] = Agq[n] + bx[n]
y[n] = ca[n]

The system is said to be observable if, starting at an arbitrary time index n,, it is
possible to determine the state q[n,]=q, from the output sequence y{n,], yln,+
1},...,ylny+ N —1]. Show that the system is observable if the observability matrix
defined by

C

cA
M = : (7.123)

CA[;I—I
has rank N.

We assume that n,=0 and x[n]=0. Then, by Eq. (7.25) the output y[n] for n=
0,1,...,N— 1, with x[n] =0, is given by

y[n] = cAq[0] n=01,...,N-1 (7.124)
or y[0] = cq[0]
y[1] = cAq[0] (7.125)

y[N—1]=cA""q[0]
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Rewriting Eq. (7.125) as a matrix equation, we get

)’[0] c

Y [:1] A lao] (7.126)

y[N—ll cAN—l

Thus, to find a unique solution for 0], the coefficient matrix of Eq. (7.126) must be
nonsingular; that is, the matrix

must have rank N.

7.35. Consider the system in Prob. 7.7.

(a) Is the system controllable?
(b) Is the system observable?
(¢) Find the system function H(z).

(a) From the result from Prob. 7.7 we have

A=

ool 48[

and by Eq. (7.120) the controllability matrix is

o= O

M, =[b Ab]=[(1) %1]

and [M_ | = —1 # 0. Thus, its rank is 2 and hence the system is controllable.
(b) Similarly,

a=(-4 3]}

EN RN
—
I
—

l
®lw
=
—

and by Eq. (7.123) the observability matrix is

-1
el [
cA [ =

and [M,| = — & # 0. Thus, its rank is 2 and hence the system is observable.
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(c¢) By Eq. (7.44) the system function H(z) is given by

SeEe NI A

7.36. Consider the system in Prob. 7.7. Assume that

wi-[)

Find x[0] and x[1] such that g[2] = 0.
From Eq. (7.23) we have

a[2] = A%q[0] + Abx[0] + bx[1] = A’q[0] + [b Ab] i{(l)}
Thus,
0 0 1170 0 1]{x[1]
-1t el
7 x[0]
BEARRENERNO
from which we obtain x[0] = — 3 and x[1]= 3.

7.37.
Find the initial state g[0].

Using Eq. (7.125), we have

|- [

% ‘11[0]
lb 42[0]
Solving for ¢,[0] and g,[0], we obtain

a1 3 () (2)

Thus,

—
O
—
1
—
I
",G'Iw o) —

[CHAP. 7

Consider the system in Prob. 7.7. We observe y[(0] =1 and y[1] = 0 with x[0] =x[1]=0.
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7.38. Consider the system in Prob. 7.32.

(a) Is the system controllable?
(b) Is the system observable?

(a) From the result from Prob. 7.32 we have

Now Ab = [
and by Eq. (7.120) the controllability matrix is
1 0
M =[b Ab]= [0 _1]
2

and IM_| = — 3 # 0. Thus, its rank is 2 and hence the system is controllable.

(b) Similarly,

o

| S — |
I
—_—
Nf—
|
)=
—

N NIw

cA=[1 —1][_

T

and by Eq. (7.123) the observability matrix is
1 -1
= C -
M=) l —%]
and |[M_| = 0. Thus, its rank is less than 2 and hence the system is not observable.

Note from the result from Prob. 7.32(b) that the system function H(z) has pole-zero
cancellation, If H(z) has pole-zero cancellation, then the system cannot be both control-

lable and observable.
SOLUTIONS OF STATE EQUATIONS FOR CONTINUOUS-TIME LTI SYSTEMS

7.39. Find e?’ for
0 1
A=
[
using the Cayley-Hamilton theorem method.
First, we find the characteristic polynomial ¢(A) of A.

_ _Al_|A -1
c(A) = A1 - Al ’6 A+5’
=A% +5A0+6=(A+2)(A+3)

Thus, the eigenvalues of A are A, = —2 and A, = —3. Hence, by Eqgs. (7.66) and (7.67) we have

b
At _ - 0 i
e =bol+5,A —6b, b0~5b1J
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and b, and b, are the solutions of

by~ 2b, = e~
by—3b,=e"*
from which we get
by=3e ¥ ~2e by=e -
Hence,
e"'—[ 32 —2e7 ¥ e 2 —e ]
—6e 2 +6e7 3 —2e+3e

=2 3 1 3 =2 =1
¢ [—6 —2]” [6 3]

7.40. Repeat Prob. 7.39 using the diagonalization method.

Let x be an eigenvector of A associated with A. Then
[AI-Alx=0

-2 —1[*)_10
6 3] x, 0
The solutions of this system are given by x, = —2x,. Thus, the eigenvectors associated with A,
are those vectors of the form

For A = A, = —2 we have

x1=a[_;] with a # 0

[ -3 —1{{*t|_[0

6 21 x, 0
The solutions of this system are given by x, = —3x,. Thus, the eigenvectors associated with A,
are those vectors of the form

For A =X, = -3 we have

x2=B[_;] with B # 0

et A2

and by Eq. (7.68) we obtain
e | 1 1]|e 2 0 3 1]= 3e~% —2e % e M —e M
-2 -3 0 e>|[-2 -1 —6e 2 +6e™ —2e2+3e

— ,—2t 3 1 -3t -2 -1
¢ [—6 —2]“” [ 6 3]
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7.41. Repeat Prob. 7.39 using the spectral decomposition method.
Since all eigenvalues of A are distinct, by Eq. (7.33) we have

E-— (A-aq)=As+3=| 3 1

S 2 -6 -2
o -2 -1

By= 5 (A=A = (A+21)—[ : 3]

Then by Eq. (7.70) we obtain

- - - 3 1 —u| -2 -1
Al _ 2t 3t = 2t 3t
e e "'E +te""E,=¢ [—6 _2]+e [ 6 3]
36—21_2e—3l e—ZI_e—3l

—6e X +6e Y 207 437

7.42. Repeat Prob. 7.39 using the Laplace transform method.
First, we must find (sI —A)~ .

r 1
A =S —1] [s+5 ]
(sT=4) "=|¢g 545 (s+2)(s+3)
[ s+5 1
(s+2)(s+3) (s+2)(s+3)
- 6 s
T (s+2)(s+3)  (s+2)(s+3)
[ 3 2 1 1
| s+2 s+3 s+2 s+3
- 6 6 2 3
- + - +
L s+2 s+3 s+2 s+3

Then, by Eq. (7.71) we obtain

-2t __ -3 -2t _ ,-3¢
3e 2e e e

-1
et =2 {(s1-A) ]=[—6e'2’+6e'3‘ —2e ¥ +3e7¥

Again we note that when the eigenvalues of A are all distinct, the spectral decomposition
method is computationally the most efficient method of evaluating e’

7.43. Find e’ for

-2 1
A =
-
The characteristic polynomial c(A) of A is
A+2 -1
c(A) = IAL- ' -1 ,\+2‘

=A+4A+3=(A+1)(A+3)

Thus, the eigenvalues of A are A; = —1 and A, = —3. Since all eigenvalues of A are distinct, by
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Eq. (7.33) we have

= 8=

El=%(A+31)=%“ i]=[

!
N B
[ ——

1 171 1 3

E,= ——(A+1)= — =t
2 2l 1 -1 _1

2

Then, by Eq. (7.70) we obtain

%e—r+%e—3t %e—t_%e—:h
= %e—l_ %e—:h %e—t+ %6—31
7.44. Given matrix
0 -2 1
A=|0 0 3
0 0 0

(@) Show that A is nilpotent of index 3.
(b) Using the result from part (a) find e?".

(a) By direct multiplication we have

0 -2 1[0 -2 1 0 0 -6
A’=AA=|0 0 3({o 0 3[=|0 0 0
0 0 ojflo 0 0 0 0 0
0 0o -6]f0 -2 1 0 0 O
A3=A2A=[0 0 0 [0 0 3}=[0 0 0]
0 0 0]lo 0 0 0 0 0

Thus, A is nilpotent of index 3.
(b) By definition (7.53) and the result from part (a)

t? I t?
eA=T+tA+ —A2+ —A+ - =1+1A+ —A?
2! 3! 2
1 0 0 0 -2 1 210 0 -6 1 =2t t-3¢1?
=10 1 0)+¢]0 0 3 +? 0 0 0of=10 1 3t
0 0 1 0 0 0 0 0 0 0 0 1

7.45. Find e*' for matrix A in Prob. 7.44 using the Cayley-Hamilton theorem method.
First, we find the characteristic polynomial c(A) of A.
A2 -1

0 A -3
0 0 A

c(A)=A1-A| = =1
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Thus, A = 0 is the eigenvalues of A with multiplicity 3. By Eq. (7.66) we have
erM=b,l+b,A+b,A
where by, b,, and b, are determined by setting A = 0 in the following equations [App. A, Eqgs.
(A.59) and (A.60)):
by+bA +b,yAt=e*

by +2byA =1eM
2b,=1t%"
Thus,
e
by=1 b, =t b,=—
Hence,
t2

e"’=I+lA+7A2

which is the same result obtained in Prob. 7.44(b).

7.46. Show that

eA+B = oA, B

provided A and B commute, that is, AB = BA.
By Eq. (7.53)

= 1 = 1
A,B _ Ak — RM
ele —(Zk!A)(Z m!B )
m—
1 2 1 2
=(I+A+5A +"')(]+B+EB + -

1 1
- 2 24 ...
-I+A+B+2!A +AB+2!B +

1
e"“’=l+(A+B)+§(A+B)2+

1 1 1 1
=I+A+B+—A’+ —AB+ —BA+ —B?+ -+
2! 2 2 2!
and ehe® —eA*B=L(AB—BA) + -

Thus, if AB = BA, then
A+B _ _A_B

7.47. Consider the matrix

2 1
A=(0 2
0 0
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Now we decompose A as
A=A+N
2 0 0 0 1 0
where A=|0 2 0 and N=|0 0 1
0 0 2 0 0 O
(@) Show that the matrix N is nilpotent of index 3.
(b) Show that A and N commute, that is, AN = NA.
(c¢) Using the results from parts (a) and (b), find e’
(a) By direct multiplication we have
0l]l0 1 0 0 0 1
N?=NN = 1{1j0 0 1]=10 0 O
0jf0 0 0 0 0 O
0 0 110 1 0 0 0 0
N*=N2N=|0 0 oflo 0 1 0 0 0
0 0 00 0 0 0 0 O
Thus, N is nilpotent of index 3.
(b) Since the diagonal matrix A can be expressed as 2I, we have
AN = 2IN = 2N = 2NI = N(2I) = NA
that is, A and N commute.
(¢) Since A and N commute, then, by the result from Prob. 7.46

Al _ e(A+N)1 — eAleNr

Now [see App. A, Eq. (A.49)]

and using similar justification as in Prob. 7.44(b), we have

2

t
_ _ N2
l+tN+2'N
(2 (2
1 0 0 0 ¢t O 0 0 — 1 ¢+ —
=10 1 o|+]0 0 «|+ 2 )= 2
0 0 1 0 0 0 0 0 O 0 1 t
0 0 O 0 1
Thus,
(2
1 t+ —
eAl = gAleNt = G2 ENI _ (2 Nt _ 2 2
0 1 ¢
0 1

[CHAP. 7
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7.48.

7.49.

Using the state variables method, solve the second-order linear differential equation
y'(t)+ Sy (t)+6y(t)=x(t) (7.127)
with the initial conditions y(0) =2, y’(0) =1, and x(¢) = e ~‘u(¢) (Prob. 3.38).
Let the state variables g,(¢) and g,(¢) be
a,(t) =y(1) q:(1) =y'(1)
Then the state space representation of Eq. (7.127) is given by [Eq. (7.19)]
q(1) = Aq(¢) +bx(1)

y(t) =cq(r)

. 0 1 0 4,(0) [2}
h A= b= -1 o 0] = =
wit s 3] HEEESUCIRU lqz(O) 1

Thus, by Eq. (7.65)
y(t) = ce*'q(0) + f‘ce"‘"”bx(-r) dr
0
with d = 0. Now, from the result from Prob. 7.39
At _ ,—2t 3 1 _y| =2 -1
erM=e [—6 _2]+e [ p 3]
0y — o 30 1) -2 —1]\[2
and ce*'q(0) =1 O]{e [—6 _2]+e [ p 3]}[1]

=Te % —5¢¥

et oo 3 g3 )

= A=) _ o=3t-1)

Thus,

y(t) =Te 2 —5e~% + f'(e‘z““”—e‘“’””)e"d-r
0

_ _ t _ t
=Te #-Se M4 Z’Ie’d-r—e 3’erTd‘r
0 0

=je ' +6e -3 ¥ t>0

which is the same result obtained in Prob. 3.38.

Consider the network shown in Fig. 7-20. The initial voltages across the capacitors C,
and C, are 3 V and 1V, respectively. Using the state variable method, find the
voltages across these capacitors for ¢>0. Assume that R,=R,=R,=1 Q1 and

C,=C,=1F.
Let the state variables g,(t) and g,(¢) be

a,(t) =vc (1) ax(t) =veft)
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+
ve (D) :F ¢ %R. R, % G, :F ve ()

Fig. 7-20

Applying Kirchhoff’s current law at nodes 1 and 2, we get
q,(t) + a,(t) —q,(t) _

Cig,(t) + R R 0
1 2
CLan(1) + ‘Izlgz) N %(’)R“ZQ)([) —0

Substituting the values of R,, R,, R;, C,, and C, and rearranging, we obtain
4\(1) = —2q,(t) +q5(¢t)
4,(t) =q,(1) —2q,(¢)

In matrix form

a(r) = Aq(?)

with A=[_§ _;] and q(0)=[5;]

Then, by Eq. (7.63) with x(¢) =0 and using the result from Prob. 7.43, we get

1 L 1 1
q(r)=e“q(0)={e-'[? ]+[ : —]}H
7 3 -2 2 1
[%e"—%e‘m}
| Zer 4 te
Thus,
ve(t) = de ' —te ¥ and veft) = e+ e

7.50. Consider the continuous-time LTI system shown in Fig. 7-21.

(a) Is the system asymptotically stable?
(b) Find the system function H(s).
(c) 1Is the system BIBO stable?

(@) From Fig. 7-21 and choosing the state variables q,(¢) and g,(¢) as shown, we obtain
4,(1) =q,(t) +x(t)
dx(1) =2q,(t) +a,(t) —x(t)
y(1) =aqy(t) —q,(¢)
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/

w0
>/} 3 -
450 230} -

7.51.

x(1)
+ 2 (0 E ()

In matrix form

a(1) = Aq(1) +bx(1)

y(1) = cq(t)
_10 1 _ 1 _ _
where A—[z 1] b—[_l] c=1 1]
A -1 2
Now c(A) =[AI-A| = 2o oa—1 =A=-A-2=(A+1)(A-2)
Thus, the eigenvalues of A are A, = —1 and A, = 2. Since Re{A,} > 0, the system is not

asymptotically stable.
(b) By Eq. (7.52) the system function H(s) is given by

S C N

1 s—1 1]] 1
=(s+1)(s—2)[1 _1][2 s“—l]
_ 2As-2) 2
T s+ D(s=2) s+1

(¢) Note that there is pole-zero cancellation in H(s) at s = 2. Thus, the only pole of H(s)
is —1 which is located in the left-hand side of the s-plane. Hence, the system is BIBO
stable.

Again it is noted that the system is essentially unstable if the system is not initially
relaxed.

Consider an Nth-order continuous-time LTI system with state equation
(1) = Aq(1) + bx(¢)

The system is said to be controllable if it is possible to find an input x(¢) which will
drive the system from q(¢,) = q, to q(¢,) = q, in a specified finite time and q, and q,
are any finite state vectors. Show that the system is controllable if the controllability
matrix defined by

M.=[b Ab --- AN Tp] (7.128)
has rank N.
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We assume that t, =0 and g[0] = 0. Then, by Eq. (7.63) we have

q,=q(t,) =e“"ft'e_“"bx(f) dr (7.129)
0
Now, by the Cayley-Hamilton theorem we can express e~ as
N-1
e A=Y a,(r)A* (7.130)
k=0

Substituting Eq. (7.130) into Eq. (7.129) and rearranging, we get

N-1
a,=er| T A*b Ve (1) x(7) dr (7.131)
k=0 0
t
Let [fai(r)x(1) d7 =B,
0
Then Eq. (7.131) can be rewritten as
N-1
e Mg, = Y A“bB,
k=0
Bo
— At N-1 By
or e g, =[b Ab - AVT'B]| . (7.132)
Bn-i

For any given state q, we can determine from Eq. (7.132) unique B8,’s (k=0,1,..., N — 1), and
hence x(¢), if the coefficients matrix of Eq. (7.132) is nonsingular, that is, the matrix

M.=[b Ab --- AV '
has rank N.

Consider an Nth-order continuous-time LTI system with state space representation
q(t) =Aq(t) +bx(?)
y(t) =cq(t)

The system is said to be observable if any initial state q(zy,) can be determined by
examining the system output y(¢) over some finite period of time from ¢, to ¢,. Show
that the system is observable if the observability matrix defined by

c
cA

M = : (7.133)
cA’;"l
has rank N.

We prove this by contradiction. Suppose that the rank of M, is less than N. Then there
exists an-initial state g[0] = q, # 0 such that

Mqu =
or cqy=cAgy= ‘- = cA¥" g, =0 (7.134)
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7.53.

Now from Egq. (7.65), for x(¢t) =0 and ¢, =0,

y(t) =cerq, (7.135)
However, by the Cayley-Hamilton theorem e’ can be expressed as
N-1
er =Y a,(1)A* (7.136)
k=0
Substituting Eq. (7.136) into Eq. (7.135), we get
N-1
y(1) = L a,(1)cA*qy=0 (7.137)
k=0

in view of Eq. (7.134). Thus, q, is indistinguishable from the zero state and hence the system is
not observable. Therefore, if the system is to be observable, then M, must have rank N.

Consider the system in Prob. 7.50.

(a) Is the system controllable?
(b) Is the system observable?

(a) From the result from Prob. 7.50 we have

|0 1 | 1 - _

A_[Z 1] b [_1] c=[1 1]
o 1] 11 _[-1

Now w=3 3] -]71)

and by Eq. (7.128) the controllability matrix is

M, =[b Ab]=[_} ‘}]

and |IM_| = 0. Thus, it has a rank less than 2 and hence the system is not controllable.
(b) Similarly,

A=l —1]:(2) }]=[—2 0]

and by Eq. (7.133) the observability matrix is

el [ 1 -1
M, = [cAA [—2 0]
and IM_| = —2 # 0. Thus, its rank is 2 and hence the system is observable.
Note from the result from Prob. 7.50(b) that the system function H(s) has pole-zero

cancellation. As in the discrete-time case, if H(s) has pole-zero cancellation, then the
system cannot be both controllable and observable.

7.54. Consider the system shown in Fig. 7-22.

(a) Is the system controllable?
(b) Is the system observable?
(¢) Find the system function H(s).
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Fig. 7-22
(a) From Fig. 7-22 and choosing the state variables g,(¢) and g,(¢) as shown, we have
G,(£) =qi(t) +2q,5(¢) +x(1)
d,(t) =3aq,(t) +x(1)
y(t) =a(t) —qx(¢)
In matrix form
a,(¢) = Aq(t) +bx(r)
y(1) =cq(?)
where A=[(l) g] b=[}] c=[1 -1]
_{1r 2ifr{_13
Now av= g 3][14 [3]
and by Eq. (7.128) the controllability matrix is
_ _[1 3
M.~ [b Ab)-|] 3]
and [M_| = 0. Thus, its rank is less than 2 and hence the system is not controllable.
(b) Similarly,
aa=01 -1} 2l-p1 -1
0 3]
and by Eq. (7.133) the observability matrix is
e |1 =1
M
and IM_| = 0. Thus, its rank is less than 2 and hence the system is not observable.
(¢) By Eq. (7.52) the system function H(s) is given by

+
+
: ‘in‘:ﬁqlf') ]

+ +

(1) Q‘ 1)
+
- q'z(l;»E )
+
Qt

H(s)=c(s1—A)"'b

o -0t A
rErTr= G PR | BT

Note that the system is both uncontrollable and unobservable.
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Supplementary Problems

7.55. Consider the discrete-time LTI system shown in Fig. 7-23. Find the state space representation
of the system with the state variables g,[n] and g,[n] as shown.

Ans.
gln+1]= [ ~ 0 %]q["] + [?]x[n]

O\ —

y[n]=[-1 2]q[n]
P>
- :»? > qln] Bl gyin) _

Fig. 7-23

¥in]

7.56. Consider the discrete-time LTI system shown in Fig. 7-24. Find the state space representation
of the system with the state variables g,[n] and g,[n] as shown.

w(n]
>

3 z
q,n)

x[n} :1 ’

3
anl

+

¥ln]

Fig. 7-24
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Ans.

O]q[n1+ [t

|
2

[N [

q[n+1]={

vinl=[4 Jatn)

7.87. Consider the discrete-time LTI system shown in Fig. 7-25.
(a) Find the state space representation of the system with the state variables g,[n] and g,[n]
as shown.
(b) Find the system function H(z).
(¢) Find the difference equation relating x[n] and y(n].

Ans. (a) qln+1]= [i —0% ]q[n] + [(1) x(n]

yinl=[3 ilaln]- gxln)
®) H=-- L2241
T e i+ L

(c) ylnl=yln— 11+ 3yln = 21= — gx[n]+ 3x[n — 1]+ gx{n - 2]

x|n]
’?; % yin)
+
' Y
z-l
qln]
+
<?¢
Y
Z'l
‘Iz["]

Fig. 7-25
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7.58.

7.59.

7.60.

7.61.

A discrete-time LTI system is specified by the difference equation
y[n]l+y[n—1]-6y[n—-2]=2x[n-1] +x[n-2]
Write the two canonical forms of state representation for the system.

Ans. (1) q[n+1=[_(l5 (l)]q[n]+[f]x[n]
yln]=[1 0lq[n]

@ v+ 1=[§ _{ || Ofstn
ylnl=[1 2Mn]

Find A" for

*l-

[= Y[V, -,
[ —

o[

(a) Using the Cayley-Hamilton theorem method.
(b) Using the diagonalization method.

e g | 23R 6" - 6 ):}

-+ ()" 32)"-203)

Find A" for

(a) Using the spectral decomposition method.
(b) Using the z-transform method.
3)" 0 0
Ans. A= 0 3(2"+35(-3)" ()" -35(-3)
0 32"-3(-3)" 2" -3(-3)"

Given a matrix
-1 2 2
A= 2 -1 2

(a) Find the minimal polynomial m(A) of A.
(b) Using the result from part (a), find A"

Ans. (@) m(A)=(QA =3XA+3)=A%2-9
3"+2(-3)" 3"—(-3)" 3"-(-3)
(b) A= 3 3"—(=3)" 3"+2(-3)" 3"-(-3)"
3—(=3)" 3"—(=-3)" 3"+2(-3)"
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7.62.

7.63.

7.64.
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Consider the discrete-time LTI system with the following state space representation:

0 1 0 1
q[n+1]=[0 0 1}q[n]+[0]x[n]
o -1 2 1

y[n]=[0 1 0]q[n]

(a) Find the system function H(z).
(b) Is the system controllable?
(¢) Is the system observable?

Ans. (a) H(z)= ———
(z-1)

(b) The system is controllable.
(¢) The system is not observable.

Consider the discrete-time LTI system in Prob. 7.55.

(a) Is the system asymptotically stable?

(b) Is the system BIBO stable?

(¢) Is the system controllable?

(d) Is the system observable?

Ans. (a) The system is asymptotically stable.
(b) The system is BIBO stable.
(c) The system is controllable.
(d) The system is not observable.

The controllability and observability of an LTI system may be investigated by diagonalizing the

system matrix A. A system with a state space representation
v[n+ 1] =Av[n] + bx[n]

y[n]=&v[n]

(where A is a diagonal matrix) is controllable if the vector b has no zero elements, and it is
observable if the vector ¢ has no zero elements. Consider the discrete-time LTI system in Prob.

7.55.

(a) Letvin]=Tq[n]. Find the matrix T such that the new state space representation will have

a diagonal system matrix.
(b) Write the new state space representation of the system.

(¢) Using the result from part (&), investigate the controllability and observability of the

system.

1 =2
Ans. (a) T—[_l 3]

[SIEd

3 0 -2
b) vin+1]= 0 v[n]+[ 3]x[n]

ylnl=[-1 OMn]

(c) The system is controllable but not observable.



CHAP, 7] STATE SPACE ANALYSIS 425

Consider the network shown in Fig. 7-26. Find a state space representation for the network
with the state variables q,(¢)=i,(t), q,(t)=v(t) and outputs y,(¢)=i(t), y,(¢)=v(t),
assuming R,=R,=1Q,L=1H,and C=1F.

Ans. q(r)=[:} —i]q('H[(l)]X(’)

7.65.

y(t) = lg ~}]q(t)Jr (1)]"(’)
RI
. A

i i\(r)

(1) C) C == v

Fig. 7-26

7.66. Consider the continuous-time LTI system shown in Fig. 7-27.

(a) Find the state space representation of the system with the state variables q,(¢) and q,(¢)

as shown.
(b) For what values of a will the system be asymptotically stable?

Ans. () ('](t)=[_3 1]q(t)+[0]x(t)
—a 1 1

y()=[1 0lq(s)
(b) a4

x(1) )
+ - %’hm +> > Df Q) >
+
+
S}Dﬁ 3
\4]4

Fig. 7-27
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7.67. A continuous-time LTI system is described by

s34+ 352 —5-2
Write the two canonical forms of state representation for the system.

{~3 1 0] { 3
Ans. (1) q(t)= 1 0 tg)+] 0x()
2 0 0] | -1

y(t)=[1 0 O0lg(t)

2 )=

r d
N OO

1 0] 0

0 1|v(e)+10 [x()
1 -3] | 1
y()=[-1 0 3ws)

7.68. Consider the continuous-time LTI system shown in Fig. 7-28.
(a) Find the state space representation of the system with the state variables ¢,(¢) and q,(¢)
as shown.
(b) Is the system asymptotically stable?
(¢) Find the system function H(s).
(d) Is the system BIBO stable?

-2 -3
0 1]q(1)+

y(£)=[1 1lq(t)
(b) The system is not asymptotically stable.

Ans. (a) 4(0) = [ ?]x(t)

(c) H(s)=
s+ 2
(d) The system is BIBO stable.

X0 ) s >D 3 > | 3 Yty
+ 45 - 4,0 +

Fig. 7-28

7.69. Find e*' for
-1 1
A‘[—l —1]

(a) Using the Cayley-Hamilton theorem method.
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(b) Using the spectral decomposition method.

Al _ _| cost sin ¢ |
| —sint cosf|
7.70. Consider the matrix A in Prob. 7.69. Find e~#' and show that e A" =[eA"]" .

[cost —sint]
| sint  cost |

7.71. Find e*’ for

(a) Using the diagonalization method.
(b) Using the Laplace transform method.

A eA'— ze—t__e—Zl e—r__e—Zr
ns. I I -2t _ -t —-21
2e7 "+ 2e e '+ 2e

7.72. Consider the network in Prob. 7.65 (Fig. 7.26). Find v(t) if x(¢) =u(¢) under an initially
relaxed condition.

Ans. v (t)=3(1+e 'sint—e 'cost), t>0

7.73. Using the state space method, solve the linear differential equation
y'(1) +3y'(1) +2y(1) =0
with the initial conditions y(0) =0, y’(0) = 1.
Ans. y(t)=e ' —e 2 t>0

7.74. As in the discrete-time case, controllability and observability of a continuous-time LTI system
may be investigated by diagonalizing the system matrix A. A system with state space representa-
tion

v(1) =Av(1) + bx(y)

y(1) =2&v(1)
where A is a diagonal matrix, is controllable if the vector b has no zero elements and is
observable if the vector ¢ has no zero elements. Consider the continuous-time system in Prob.
7.50.
(a) Find a new state space representation of the system by diagonalizing the system matrix A.
(b) Is the system controllable?
(¢) Is the system observable?

Ans. (a) o(t)=[‘(1) g]v(t)+

y()=[2 —1M1)
(b) The system is not controllable.
(c¢) The system is observable.

(l)]x(t)



Appendix A

Review of Matrix Theory

A.1 MATRIX NOTATION AND OPERATIONS

A. Definitions:

1.

An m X n matrix A is a rectangular array of elements having m rows and n columns
and is denoted as

a, 4ap a,
a a v a
21 2 2n
A=l : " = 90 (A7)
aml amZ amn

When m = n, A is called a square matrix of order n.
A 1 X n matrix is called an n-dimensional row vector:

la,, ap, - a,] (A4.2)

An m X 1 matrix is called an m-dimensional column vector:

(A.3)

A zero matrix 0 is a matrix having all its elements zero.

A diagonal matrix D is a square matrix in which all elements not on the main diagonal
are zero:

d, 0 0
0 d, -+ 0

p=|. * . . (A.4)
0 0 d

Sometimes the diagonal matrix D in Eq. ( 4.4) is expressed as

D = diag(d, d, -+ d,) (A.5)

428
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5. The identity (or unit) matrix I is a diagonal matrix with all of its diagonal elements

equal to 1.

B. Operations:

0 0
1 0
0 1

Let A= [al‘j]mxn’ B= [bij]mxm and C = [cij]mxn'

a. Equality of Two Matrices:

A=B=a;=b;

b. Addition:

C=A+B=>c;;=aqa,,+b,;

¢. Multiplication by a Scalar:

B=aA=b;=aa,;

4

If «a = —1, then B= —A is called the negative of A.

EXAMPLE A.1 Let

[ 1
A—{—l 0 4

1+2 2+0

Then “1+4 0+1

A+B=[

-2

—B=(—1)B=[_4

1-2 2-0

A—Bz[—1—4 0-1

Notes:

A=Band B=C=A=C
A+B=B+A
(A+B)+C=A+B+0)
A+0=0+A=A
A-A=A+(-A)=0
(a+ B)A =aA +aB
a(A+B) =aA+aB
a(BA) = (aB)A = B(aA)

© N U AW

2 ﬂ B=P 0 ~q

4 1 -2

3-1]_[3 2 2
4-2/7{3 1 2

0 1
-1 2

3+1]_[-1 2
4+2

(A.6)

(A.7)

(A.8)

(A.9)

(A.10)
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d. Multiplication:

Let A= [aij]m xns B= [bij]nXp’ and C = [Cij]mxp'

n
C=AB=>c,;= ) a,b,;
k=1

REVIEW OF MATRIX THEORY

[APP. A

(A.11)

The matrix product AB is defined only when the number of columns of A is equal to the number of
rows of B. In this case A and B are said to be conformable.

EXAMPLE A.2 Let

Then

S HIE

but BA is not defined.

[0 -1
1 2 B=[1
2 -3

1(1) + 2(3)

[0(1) + (=1)3  0(2) + (—1)(—=1)
1(2) +2(-1)
[ 2(1) +(=3)3 2(2)+(=3)(-1)

Furthermore, even if both AB and BA are defined, in general

EXAMPLE A.3 Let

_fo

A"_l

Then AB = (1)
[1

BA—_3

An example of the case where AB

EXAMPLE A.4 Let

A

Then
Notes:

1. A0O=0A=0

2. AlI=IA=A

3. (A+B)C=AC+BC

4. AB+C)=AB+AC

5. (AB)C = A(BC) = ABC

6. a(AB)=(aA)B =A(aB)

AB # BA

Rt
i H
Al AL
JH IR
AB:BA:[(Z) 1(2)]

(A.12)

(A.13)
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It is important to note that AB = 0 does not necessarily imply A=0or B=0.
21 1 1

[2 1] “‘[—2 —2]
2 1) 1 1 =[0 0
2 1{|-2 -2 00

A.2 TRANSPOSE AND INVERSE

A. Transpose:

EXAMPLE A.5 Let

A

It
=4

Then AB

Let A be an n X m matrix. The transpose of A, denoted by A7, is an m X n matrix
formed by interchanging the rows and columns of A.

EXAMPLE A.6

1 -1

1 2 3 1 2 31
S S EH
1 0 4 -1 0 4 3 4

If AT = A, then A is said to be symmetric, and if AT = — A, then A is said to be skew-symmetric.

1 2 3 0 1 -2
A=12 4 -1 B=) -1 0 3

3 -1 5 2 -3 0

EXAMPLE A.7 Let

Then A is a symmetric matrix and B is a skew-symmetric matrix.
Note that if a matrix is skew-symmetric, then its diagonal elements are all zero.

Notes:

AT =A

(A+B)=A"+B’ (A.15)
(aA)T = aAT

(AB)T = BTAT

el s

B. Inverses:
A matrix A is said to be invertible if there exists a matrix B such that
BA=AB=1 (A.16a)
The matrix B is called the inverse of A and is denoted by A~!. Thus,
ATA=AAT=1 (A.16b)
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EXAMPLE A.8
[21][1—1]=1—121_10
1 1| -1 2 -1 2]l1 1] o 1
Thus,
2 1]“‘=[ 1 -1
11 -1 2
Notes:

1. (A7) '=A
2. (ATH' =N (A.17)
1
3. (@A) '=—A""
a
4. (AB)"'=BA"!
Note that if A is invertible, then AB = 0 implies that B = 0 since

AT'AB=IB=B=A"'0=0

A.3 LINEAR INDEPENDENCE AND RANK
A. Linear independence:

Let A=[a, a, --- a,], where a, denotes the ith column vector of A. A set of
column vectors a; (i = 1,2,...,n) is said to be linearly dependent if there exist numbers «;
(i=1,2,...,n) not all zero such that

a,a, +ta,a,+ - +a,a,=0 (A.18)

If Eq. (A.18) holds only for all a; =0, then the set is said to be linearly independent.

A 1

Since 2a, +(—3)a, +a;=0, a,, a,, and a, are linearly dependent. Let

A Al H

a, 0
Then ad, +a,d, tazd;=|a, =10
0

EXAMPLE A9 Let

a;

implies that a, = a, = a; = 0. Thus, d,, d,, and d, are linearly independent.
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B. Rank of a Matrix:

The number of linearly independent column vectors in a matrix A is called the column
rank of A, and the number of linearly independent row vectors in a matrix A is called the
row rank of A. It can be shown that

Rank of A = column rank of A = row rank of A (A.19)

Note:
If the rank of an N X N matrix A is N, then A is invertible and A~ ! exists.

A4 DETERMINANTS
A. Definitions:

Let A =[a,»j] be a square matrix of order N. We associate with A a certain number
called its determinant, denoted by detA or |A|l. Let M,; be the square matrix of order
(N — 1) obtained from A by deleting the ith row and jth column. The number A,; defined
by

A;=(-1)"M,] (A.20)

is called the cofactor of a,;. Then detA is obtained by
N
detA=Al= Y a,A4, i=12,...,N (A.21a)
k=1

N
or detA=[Al= ) a,;4,, Jj=12,...,N (A.21b)
k=1

Equation (A4.21a) is known as the Laplace expansion of |A| along the ith row, and Eq.
(A.21b) the Laplace expansion of |A| along the jth column.

EXAMPLE A.10 For a 1 X 1 matrix,

A=[a,] — Al =a,, (A.22)
For a 2 X 2 matrix,
a, 4ap ap 4ap
A= — Al = =4a,a, —a,,a (A.23)
a,, azzJ 4y ay 11922 12921
For a 3 X 3 matrix,
a,, 4 4ap

A=|ay a, apn

as a4z as
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Using Egs. (A.21a) and (A.23), we obtain

a, 4 ap

a a a a a a
B 22 23 21 23 21 22
|Al =|ay a5 axnl=ay, —ap ta;
32 Q33 as asx s a4
Az 43 an
=Q))8y033 % 130383, T 01385835 ~ 0185385, ~ A1,0,033 ~ Q382,05 (A.24)

B. Determinant Rank of a Matrix:

The determinant rank of a matrix A is defined as the order of the largest square
submatrix M of A such that detM # 0. It can be shown that the rank of A is equal to the
determinant rank of A.

EXAMPLE A.11 Let

1 2 4
-1 1 5

0 -1 -3
Note that |A| = 0. One of the largest submatrices whose determinant is not equal to zero is
1 2
-1 1
Hence the rank of the matrix A is 2. (See Example A.9.)

C. Inverse of a Matrix:
Using determinants, the inverse of an N X N matrix A can be computed as

A= deltA adjA (A.25)
Ay Ay o Ay

and adjA=[4,] = S (A.26)
A.lN Alzzv AJ:VN

where A,; is the cofactor of a;; defined in Eq. (A.20) and “adj” stands for the adjugate (or
adjoint). Formula ( 4.25) is used mainly for N=2 and N =3.

EXAMPLE A.12 Let



APP. A] REVIEW OF MATRIX THEORY 435

I R (1 N S D
Then |A|—1’_1 _2‘ 3‘3 _1’ 4-3(-7)=17
12 of | o -3 0 —3'"
-1 =2 -1 -2 2 0 s 6
—4
. 1 0 1 -3 1 -3
adjA=| — _’ _‘ - ’ = 2 7 -3
3 -2 3 -2 10 21 S
1 2 1t o 1 0‘
3 -1 3 -1 1o2]
Thus,
1| —4 3 6
All=—=| 2 7 -3
Tl 1 2

For a 2 X 2 matrix,

a, ap a1Gy — a0, | —ay a

a, 4ap o 1 a, —ap
o et H] e

From Eq. (A4.25) we see that if detA = 0, then A~! does not exist. The matrix A is called
singular if detA =0, and nonsingular if detA # 0. Thus, if a matrix is nonsingular, then it is
invertible and A~ exists.

A.5 EIGENVALUES AND EIGENVECTORS
A. Definitions:
Let A be an N X N matrix. If
AXx = Ax (A.28)
for some scalar A and nonzero column vector x, then A is called an eigenvalue (or
characteristic value) of A and x is called an eigenvector associated with A.
B. Characteristic Equation:
Equation (A4.28) can be rewritten as
(AI-A)x=0 (A4.29)

where I is the identity matrix of Nth order. Equation (A4.29) will have a nonzero
eigenvector x only if AI — A is singular, that is,

AL—A]l=0 (A.30)
which is called the characteristic equation of A. The polynomial ¢(A) defined by
c(A)=AI=Al=AN+cy_ AV T+ -+ 4l +¢ (A.31)

is called the characteristic polynomial of A. Now if A, A,,..., A; are distinct eigenvalues of
A, then we have

c(A)=(A=2)"A=21,)" - (A=A)" (A.32)

where m; + m,+ - -+ +m;= N and m, is called the algebraic multiplicity of A,.
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THEOREM A.1:
Let A, (k=1,2,...,i) be the distinct eigenvalues of A and let x, be the eigenvectors
associated with the eigenvalues A,. Then the set of eigenvectors x,,x,,...,x, are linearly
independent.
Proof. The proof is by contradiction. Suppose that x;,x,,...,x; are linearly dependent.
Then there exists a,, a,, ..., a; not all zero such that
i
X, FaX, + o tax, = Y, a,x, =0 (A.33)
K=1

Assuming a, # 0, then by Eq. (A4.33) we have

i
k=1
Now by Eq. (A4.28)
Then Eq. (A.34) can be written as
(A=A )(Ay—A) (A =A% =0 (A.35)
Since A, (k =1,2,...,i) are distinct, Eq. (A.35) implies that «, = 0, which is a contradic-
tion. Thus, the set of eigenvectors x,,X,,...,X; are linearly independent.

A.6 DIAGONALIZATION AND SIMILARITY TRANSFORMATION

A. Diagonalization:

Suppose that all eigenvalues of an N X N matrix A are distinct. Let x,,x,,...,x, be
eigenvectors associated with the eigenvalues A, A,,...,Ay. Let
P=[x, x, -~ xu] (A.36)
Then AP=A[x, x, - xy]
= [Ax; Ax, -+ Ax,]
=[Axy Apxy o Agxy]
A, O R 0
0 A, - 0
=[x, x; o xy]| . . . [=PA (A.37)
0 O Ay
0 A, - 0
where A=} . . . . (A.38)
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By Theorem A.1, P has N linearly independent column vectors. Thus, P is nonsingular
and P! exists, and hence

A, O 0
0 /\2 PR 0

P AP=A=|. . . ) (A.39)
0 0 Ay

We call P the diagonalization matrix or eigenvector matrix, and A the eigenvalue matrix.

Notes:

1. A sufficient (but not necessary) condition that an N X N matrix A be diagonalizable is
that A has N distinct eigenvalues.

2. If A does not have N independent eigenvectors, then A is not diagonalizable.

3. The diagonalization matrix P is not unique. Reordering the columns of P or multiply-
ing them by nonzero scalars will produce a new diagonalization matrix.

B. Similarity Transformation:

Let A and B be two square matrices of the same order. If there exists a nonsingular
matrix Q such that

B=Q 'AQ (A.40)

then we say that B is similar to A and Eq. (A4.40) is called the similarity transformation.

Notes:
1. If B is similar to A, then A is similar to B.
2. If A is similar to B and B is similar to C, then A is similar to C.
3. If A and B are similar, then A and B have the same eigenvalues.
4. An N X N matrix A is similar to a diagonal matrix D if and only if there exist N

linearly independent eigenvectors of A,

A.7 FUNCTIONS OF A MATRIX
A. Powers of a Matrix:

We define powers of an N X N matrix A as

A’=1 (A.41)
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It can be easily verified by direct multiplication that if

d 0
o
0 O
A
0 d}
then D" = :
0 0
Notes:

1. If the eigenvalues of A are A, A,,...

(A.42)

(A.43)

n
N

2. Each eigenvector of A is still an eigenvector of A",

3. If P diagonalizes A, that is,

/\l
0
P AP=A=| .
0
then it also diagonalizes A", that is,
A
0
P IA"P=A"=
0

since

(P~ 'A2P)(P~'AP) = P~ 'A’P = A’

B. Function of a Matrix:

Consider a function of A defined by

(P~ 'AP)(P™'AP) = P 'A2P = A’

, A;, then the eigenvalues of A" are A7, A%, ..., A%
0 0
. . (A.44)
0 0
A 0
. . (A.45)
0 Ay
(A.46)
Y a Ak (A.47)
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With any such function we can associate a function of an N X N matrix A:

f(A)=ad+a,A+a,A*+ - =Y a A
k=0
If A is a diagonal matrix D in Eq. (A4.42), then using Eq. (A4.43), we have
f(D)=a,l+aD+a,D*+ -+ =3 a,DF
k=0
Y a,df 0 0
k=0 - f(dy) 0
0 E akdg T 0 0 f(4,)
= k=0 = . .
. 0 0
0 0 Y adf
| k=0 J
If P diagonalizes A, that is [Eq. (A4.44)],
P AP=A
then we have
A=PAP™!
and A= (PAP~')(PAP~!) = PA’P"!
A® = (PA’P~")(PAP~!) = PA’P"!
Thus, we obtain
f(A)=Pf(A)P"!
Replacing D by A in Eq. (A4.49), we get
f(y) 0 0
f(a)=p ) . P
0 0 o f(aw)

where A, are the eigenvalues of A.

C. The Cayley-Hamilton Theorem:

439

(A.48)

f(dy)

(A.49)

(A.50)

(A.51)

(A.52)

(A.53)

Let the characteristic polynomial c¢(A) of an N X N matrix A be given by [Eq. (A4.3])]

c(A)=NI—-Al=A"+cpy AV 7'+ - +cd 4,

The Cayley-Hamilton theorem states that the matrix A satisfies its own characteristic

equation; that is,
c(A)=AV4+cy AV T+ - o A+ l=0

(A.54)
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EXAMPLE A.13 Let

121
a=[5 3]
Then, its characteristic polynomial is
c(A) = AL - Al =|A 72 _1‘=(,\—2)(/\—3)=/\2—5,\+6
0 A=3
2 1) i 0
= 2 _ = —_—
and c(A) =A°-5A+ 6l [0 3] 5[0 3]+6[ 1]
_|4 S5|_f10 5 + 6 0
0 9 0 15 0 6
_{0 0f_
-[ ¢]-o
Rewriting Eq. (A4.54), we have
AV= —c)l—cA— -+ —cp_AV7! (A.55)

Multiplying through by A and then substituting the expression (A.55) for AY on the right and
rearranging, we get

AV =g l+a,A+ - +ay_,AV! (A.56)

By continuing this process, we can express any positive integral power of A as a linear combination of
LA, ...,AY ! Thus, f(A) defined by Eq. (A4.48) can be represented by

f(AY=byl+bA+ - +by_ AV '= }_“, b, A™ (A.57)

In a similar manner, if A is an eigenvalue of A, then f(A) can also be expressed as

N_
f(A)=by+biA+ - +bN—1'\N_l= Z b A™ (A.58)
m=0
Thus, if all eigenvalues of A are distinct, the coefficients b,, (m =0,1,..., N — 1) can be determined
by the following N equations:
f(A) =by+bA + -+ +by_ A} 7! k=1,2,...,N (A.59)

If all eigenvalues of A are not distinct, then Eq. (A.59) will not yield N equations. Assume that an
eigenvalue A, has multiplicity » and all other eigenvalues are distinct. In this case differentiating both
sides of Eq. (4.58) r times with respect to A and setting A = A;, we obtain r equations corresponding
to A;:

nl

n=12,...,r (A.60)

(£

Combining Egs. (A4.59) and (A.60), we can determine all coefficients b, in Eq. (A4.57).

p P e lf( )1 dxn~ Tan-1 Ar

D. Minimal Polynomial of A:

The minimal (or minimum) polynomial m(A) of an N X N matrix A is the polynomial
of lowest degree having 1 as its leading coeflicient such that m(A) = 0. Since A satisfies its
characteristic equation, the degree of m(A) is not greater than N.
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EXAMPLE A.14 Let

_Ja 0
a-[5 o)
The characteristic polynomial is
= _ =/\—a 0 — _ 2= 2 _ 2
c(A) =IAI-A| ‘ 0 A —a (A—a)' =AM -2ar+a
and the minimal polynomial is
m(A)y=A—-a
. cA_ar=]a Of_ |1 0|_]0 Of_
since m(A) =A-al [0 a] a[o 1] [0 0] 0

Notes:

1. Every eigenvalue of A is a zero of m(A).
If all the eigenvalues of A are distinct, then c(A) = m(A).
c(A) is divisible by m(A).

m(A) may be used in the same way as c(A) for the expression of higher powers of A in
terms of a limited number of powers of A.

Bl

It can be shown that m(A) can be determined by

c(4)

where d(A) is the greatest common divisor (gcd) of all elements of adj(AI — A).

EXAMPLE A.15 Let

5 -6 —6
A=|-1 4 2

3 -6 -4
A=5 6 6
Then c(A)=Al-Al= 1 A—4 =2
-3 6 A+4
=N =502+ 81 — 4= (A~ 1)(A-2)
[ |A-4 —2’ |6 6 6 6| |
6 A+4 6 A+4 A—4 =2
adifAl—A] = | -] ! —2‘ A=5 6 _|r-5 6
-3 A+4 -3 A+4 1 -2
1)\—4‘ |r=5 6 A-5 6
| 1-3 6 -3 6 1 A-4
[ (A +2)(A-2)  —6(A-2) —~6(A—2)
= —-(A-2) (A+1)(A=2) 2(A=2)
3(A-2) -6(A—2) (A=2)(A-17)
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Thus, d(A)=A — 2 and

(/\)—ﬂ— A-1)(A=2)=A?-31+2
m(A) = gy ~(A-D(A=2) =
4 -6 -6 3 -6 -6 0 0 0
and m(A)=(A—l)(A—21)=[—1 3 2”—1 2 2]=[0 0 0}
3 -6 -5 3 -6 -6 0 0 0

E. Spectral Decomposition:

It can be shown that if the minimal polynomial m(A) of an N X N matrix A has the
form

m(A)=(A=A)A=Ay) - (A=—4A) (A.62)

then A can be represented by

A=MNE +AE, + - +AE; (A.63)

where E, (j=1,2,...,i) are called constituent matrices and have the following properties:
I=E, +E,+ - +E,;

EE =0, m+#k (A.64)

1
2.

3. E2=E,
4. AE,=E,A=\E,

Any matrix B for which B> =B is called idempotent. Thus, the constituent matrices E; are
idempotent matrices. The set of eigenvalues of A is called the spectrum of A, and Eq. ( A.63)
is called the spectral decomposition of A. Using the properties of Eq. (A.64), we have

A’=ME, + XE, + - -+ +AJE;

A"=XNE, +NE, + -+ +NE; (A.65)
and fA)=f(ADE; +f(A)E, + -+ +f(A))E, (A.66)
The constituent matrices E; can be evaluated as follows. The partial-fraction expansion of

1 1
m(A)  (A=A)(A =) (A—A)
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leads to
1
k P —
1_.[ (AJ - Am)
m=]
m#j

1 klgl(A)"”kzgz(/\)"' +kigi(A)
Then =

m(A) (A=2)(A=23) (A=A
where g;(A) = I,—_I (A=4,)

Let e(A) = k;g;(A). Then the constituent matrices E; can be evaluated as

i
I—.[ (A _’\ml)
m=1
mf}

E = e;(A) = —

I1(%-4,)

m=1
m#j

EXAMPLE A.16 Consider the matrix A in Example A.15:
5 -6 -6
A=]| -1 4 2
3 -6 -4
From Example A.15 we have
m(A)=(A—=1)(A=2)
1 1 -1 1

Then m(A) (A-1)(A-2) A-1 r-2
and e(A)=-(r-2) e)(A)=r-1
-3 6 6
Then E,=e1(A)=—(A—2I)=[ 1 -2 —2}
-3 6 6

4 -6 -6
E,=e,(A)=A-I=|-1 3 2
3 -6 -5

A=\E,+1,E,=E, +2E,

-3 6 6 3 -6 -5

-3 6 6 4 -6 -6 5 -6 -6
= 1 -2 =2|+2| -1 3 2|=1-1 4

443

(A.67)
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A.8 DIFFERENTIATION AND INTEGRATION OF MATRICES

A. Definitions:
The derivative of an m X n matrix A(t) is defined to be the m X n matrix, each element
of which is the derivative of the corresponding element of A; that is,

Loy =] Ly
—A(t) = | —a,(t
dt Lde Y .
[ d d d i
'd_tan(t) Ealz(’) Ealn(t)
d d d
_| gt ran(t) e rag,(1) (A4.68)
4, () d (1) (1)
—a, () —a,,(t) -  —a,,lt
| dr ™ dr " dt |

Similarly, the integral of an m X n matrix A(¢) is defined to be

[A()di= [fa,.,.(z)dz]

mxn

[ 1
Jautyar  fap(eyar - Jau(t)di
a,(t)dt a,(t)dt a,,(t) dt
| Janyde fan(0) fa2 (4.69)
Lfaml(t)dt faMZ(t)dt famn(t)dt |
EXAMPLE A.17 Let
t 1?2
A:
H
[ d d
d b @l noa
Then ZA= i] 1,3 =_0 3t2]
| dt dt
f]tdt f‘,zdﬂ [
and [aa=|" ’ =[; f}
0 1dt 3 dt B
e feen
B. Differentiation of the Product of Two Matrices:
If the matrices A(f) and B(¢) can be differentiated with respect to ¢, then
d[A B(1)] dA(t)B A dB(t) 470
—[A()B(t)| = ——B(¢) + A(t)—— .
—[A(B()] = —B(1) + A() —, (4.70)
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Properties of Linear Time-Invariant Systems
and Various Transforms

B.1 CONTINUOUS-TIME LTI SYSTEMS

Unit impulse response: h(t)

Convolution: y(1) =x(t)* h(t) = fw x(T)h(t —1)dr

Causality: h(t)=0,1<0
Stability: [ “ ()] di < 0

B.2 THE LAPLACE TRANSFORM
The Bilateral (or Two-Sided) Laplace Transform
Definition:
P4
x(t) < X(s)

X(s) =f x(t)e " dt

— 0

x(t) fﬁij(s)e“ ds

1
T 27 e e
Properties of the Bilateral Laplace Transform:
Linearity: a,x (1) + a,x,(t) <> a,X(s) + a, X,(s), R DR, NR,

Time shifting: x(¢t —¢,) «> e *"X(s), R"'=R
Shifting in s: e*'x(¢) < X(s —so), R = R + Re(s,)

1
Time scaling: x(at) <« ﬁX(s), R =aR
a

Time reversal: x(—t) «> X(—s), R'= —R

) —sX(s), R DR

- dX(s)
Differentiation in s: —tx(t) <> at R =R
s

Differentiation in ¢: i

1
Integration: f’ x(7)dr ;X(s), R D RN {Re(s) > 0}

—

Convolution: x (1) * x,(1) > X,(s)X,(s), R DR, NR,

445
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Some Laplace Transforms Pairs:
8(t)—1,all s

1
u(t) & 3 Re(s) >0
1
—u(—t)e— T Re(s) <0

1
tu(t) — —, Re(s) >0
s

k!
tku(t)H—kTI,Re(s)>0
R)

1
e "u(t) &> ——, Re(s) > —Re(a)
s+a

—at

—e u(—t)— Re(s) < —Re(a)

s+a’

1
te”'u(t) 5, Re(s) > —Re(a)
s+ta

1
—te"u(—t) — 5, Re(s) < —Re(a)
(s +a)

s

cos wytu(t) <> ———, Re(s) >0
s+ wg

. Wo

sin wytu(t) «> ———, Re(s) > 0
$°+ wy

e " cos wytu(t) «> 75 Re(s) > —Re(a)

(s +a) + w?

wg

e “sin wytu(t) «— 5> Re(s) > —Re(a)

(s +a)’ + w?
The Unilateral (or One-Sided) Laplace Transform
Definition:

2
x(1) — X,(s)

X,(s)= [ x(t)e"di 0= lim (0 — ¢)
0" £

Some Special Properties:

Differentiation in the Time Domain:

dx(t) _

o sXi(s) —x(07)

d*x(t) 5 ~ o
T s Xi(s) —sx(07) —x'(07)
d"x(t)

T 5" X, (s)=s""x(07) —s""2x(07) = -+ =xTD(07)

[APP. B
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Integration in the Time Domain:
¢ 1
/ x(1)dr — —X,(s)
0~ M

/,wx(‘r)dTH %X,(s) + %["x(T) dr

- —

Initial value theorem: x(0*) = lim sX,(s)

]

Final value theorem: limx(¢) = lirr(l)sX,(s)

t—o

B.3 THE FOURIER TRANSFORM
Definition:
x(t) S X(0)

X(w)= [ x(t)e 7t

1 .
x(t) = 27[_ X(w)e’ do

Properties of the Fourier Transform:
Linearity: a;x,(t) + a,x,(1) > a, X|(0) + a,X,(w)
Time shifting: x(f —t,) e e 7" X(w)
Frequency shifting: e/“'x(¢) e X(w — w,)

1 W
Time scaling: x(at) «— ——X(—)
lal \a

Time reversal: x(—t) e X(—w)
Duality: X(t) — 27x(—w)

—joX(w)

Time differentiation:
dX(w)
dw

Frequency differentiation: (—jt)x(t) «—

1
Integration: fr x(7) dr > 7X(0) §(w) + }——X(w)
o w

Convolution: x () * x,(1) — X(w) X,(w)

1
Multiplication: x,(f)x,(t) 2—X1(w)* X,(w)
o
Real signal: x(¢) =x(f) +x (1) > X(0) = A(w) + jB(w)
X(—w)=X*(w)
Even component: x,(¢) < Re{X(w)} = A(w)
Odd component: x (¢) «>j Im{ X(w)} = jB(w)
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Parseval’s Relations:

e <} oc

f xl(,\)Xz(A)dA=f X,(A)x,(A) dA

— — o0

fe o}

| x()xy(0)di = éflxl(w)xz(—w)dw

hadlie

* 2 1= 2
[ lx@di=5—[ |X(w)] do

— 277 -

Common Fourier Transforms Pairs:
8(t) —1
(1 —t,) e o
1 > 276(w)
el — 21 d(w — wy)
cos wyt = 8w — w,) + 6(w + wy)]
sin wyt — — 7w — wy) — 8w + w,)]

1
u(t) > mé(w) + —
jw

u(=t)eo7dlw) — —
jJw

e “u(t) e - ,a>0
Jo +a
1
te u(t) e» ——,a>0
(jo +a)
i 2a
e — JERE a>0
l —ajw|
i ¢
X ™ ,
e—al-H e @ /4a’ a>0
V a
< sin wa
A1) = ! it <a —2a
0 It| >a wa
sin at 1 lw| <a
—plw)=
0 lw| >a
2
sgnt < —
jw
o o 2,”.
Y st —kT) > w, Y, 8w-—kay), o= T

k=—-x k=—=x
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B.4 DISCRETE-TIME LTI SYSTEMS

Unit sample response: h[n]

=<}

Convolution: y[n]=x[n]* h[n]= Y, x[klhln —k]

k=-o

Causality: A[n]=0, n <0
Stability: Z lhln]ldt < o

n=—w

B.S THE z-TRANSFORM
The Bilateral (or Two-Sided) z-Transform:

Definition:

x[n] <—8—)X(z)

X(z)= Y x[n]z™"

n=—o

1
x[n] = 2—ﬂ_j¢iX(z)z"’] dz

Properties of the z-Transform:
Linearity: a,x,[n] +a,x,[nl—a, X(z) +a,X,(z), R DR, NR,
Time shifting: x[n —nyle>2z7"X(z), R DRN{0 < |z]| < )
z
Multiplication by z{: z{,’x[n]e—»X(——), R’ = [z,IR
20
Multiplication by e/®V: ¢/ X[n} s X(e™z), R =R
Time reversal: x[—n]e—»X(—), R = —
2 R
dX(z)

Multiplication by n: nx[n] «— -z ,RR=R

Accumulation: Y, x[n]«> .

k= —o

_Z_IX(z), RORn{lzl > 1}

Convolution: x,[n]* x,[n] > X,(2)X,(2z), R DR, NR,
Some Common z-Transforms Pairs:

8lnje—1, all z

, lz) > 1

<

z
!
I

1—-z7' z-1

z
—ul-n-1]e T, z_l,[zl<1
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d[n—mlesz ™ all z except 0 if m >0, or © if m <0

a"uln] e 1 ~ = , 1z| > lal
—az —a
z
—atul=n =] T = ———, |z| <l
(] —22 2> lal
na"uln] «— = , 1zl > la
(1-az')’  (z-a)
-1
az
—na"ul-n—-1] = , |zl <lal
(1—az“)2 (z-a)’
1 z )2
(n+ 1Da"uln]— ( ])2=[Z a],|2|>lal
1-az™ -
(cos O nyuln] 22— (cos Q) z 2l > 1
, lzl >
o8 Spniunle 22— (2c0s )z + 1 ‘
sin {},)z
(sin Qynluln) — ( ) , 1zl >1

22— (2cos Q4)z + 1

22— (rcos Q)z

(" cos Qomluln] — z2—(2rcos Qy)z +r?’ lel > r
. (rsin )z

(" sin Qon)uln] 22— (2rcos Qg)z +r?’ 2l > r
n _ 1 —alNz=N

{a Osn;N 1, 12l >0
0 otherwise 1-az

The Unilateral (or One-Sided) z-Transform:

x[n] & X,(2)

n=0
Some Special Properties:
Time-Shifting Property:
x[p—m] >z X (z2)+z7" k[ -1] +z27" %[ =2) + - +x[—m]
x[p+m]—>z"X,(z) —z"x[0] —z" 'x[1] = -+ —2zx[m - 1]

Initial value theorem: x[0] = lim X(z)

Z9x

Final value theorem: lim x[N]= lim(1 -z ") X(z)

N-— o z—1

[APP. B
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B.6 THE DISCRETE-TIME FOURIER TRANSFORM
Definition:

x[n] S x(Q)

X(Q)= i x[n]e/on

1 .
x[n] = E;L”X(Q)e’“"dﬂ

Properties of the Discrete-Time Fourier Transform:
Periodicity: x[n] <> X(Q) =X(Q +27)
Linearity: a,x,[n] + a,x,[n]—a, X (Q) + a, X,(Q)
Time shifting: x[n —n,] <> e/ X(Q)
Frequency shifting: e/%"x[n] — X(Q — Q,)
Conjugation: x*[n]— X*(-Q)
Time Reversal: x[—n]«s X(-Q)

Time Scaling: x,,[n] = x[n/m] !f n = km — X(mQ)
0 if n#km
dx(Q)

Frequency differentiation: nx[n] < 20

First difference: x[n] —x[n — 1] —= (1 —e ) X(Q)

1
Accumulation: Y, x[k]>7X(0)8(Q) + ——5X(Q)

1-— e——j()

k= —c

Convolution: x,[n]* x,[n] < X,(Q) X,(Q)
1

Multiplication: x,[n]x,[n] < E—X,(Q) ® X,(Q)
o

Real sequence: x[n] =x [n] + x [n] — X(Q) = A(Q) +jB(Q)
X(-Q)=X*(Q)
Even component: x,[n]<— Re{X(Q)} =A4(Q)
Odd component: x [n] <« j Im{X(Q)} =jB(Q)

Parseval’s Relations:

¢

1
L xnlnln] = 5= [ X(2)X(-0)d0

n=—ox

e <]

2 1 2
L |xln)f = 5 [ 1X(@) an

n=-wx
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Some Common Fourier Transform Pairs:
§[n]e1
8ln — nyl e e /0
x[n]=1276(0),1Q0| <
e’ M 27 5(Q — Q) 10, 1Q,) < 7
cos Qyn — w[6(Q - Q) +6(Q + QYL QU Q] <7
sin Qon > —ja[6(Q - Q) — 6(Q + Qy)], |Q,1Q| <=

1
uln] - 7 8(Q) + 1= Q| <

1
—u[—n— 1]"—’ -7 8(Q) + T——e—_}n’ 'Q'S’TT

a"u[n]*—» Tr__ae—_jﬁ, lal < 1
—a"u[-n—-1]— r_—ﬁ, lal > 1
(n+ Da"u[n] — —, lal <1
__ae—}ﬂ)z
In| 1-a? la] < 1
n <
T T T 2acosQ+al
1 lnl <N,  sin[Q(N, + )]
x[n]= - —
0 Inl > N, sin(€}/2)
sin Wn 1 0<|Ql<W
O<W< X(Q) = - -
mn ( ™) X(Q) {O W<iQ|l<nm
Y 8ln—kNjJe>Q, Y 8(Q-kQp, Qy=—
k= —o k=—-m N()

B.7 DISCRETE FOURIER TRANSFORM
Definition:
x[n] =0 outside the range 0 <n <N —1

x[n] &5 x[k]

N-—-1
X[k]= Zx[n]W,f,‘" k=0,1,...,N—-1 WN=e_j(2"/N)
n=0
1N~1
x[n]=7v— Y X[k)wyk n=01,...,N—-1
n=0

Properties of the DFT:
Linearity: a,x,[n]+a,x,[n]«>a X [k]+a,X,[k]
Time shifting: x[n — ny), 4 v — Wi™X[k]
Frequency shifting: Wy *"vx[n]«s X[k — kyloa v

[APP. B
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Conjugation: x*[n] > X*[-k] 4n

Time reversal: x[—n]_ 4y <> X[—k] oan
Duality: X[n]«s Nx[—k] .an

Circular convolution: x,[n] ® x,[n] — X [k]X,[k]

1
Multiplication: x,[n]x,[n]— NXI[k] ® X,[k]

Real sequence: x[n] =x[n]+x [n] > X[k]=A[k]+ jBlk]
X[_k]modN =X*[k]
Even component: x,[n]«> Re{X[k]} = A[k]
Odd component: x [n] —jIm{X[k]} =jBlk]

Parseval’s Relation:
N-1 5 1 N-1 5
L |x[nlf = 5 X (4]
n=0 n=0

Note

N—-1

x,[n] ®x,[n] = 'g)xl[i]xz[" — i} mod n

B.8 FOURIER SERIES
x(t+Ty) =x(t)
Complex Exponential Fourier Series:
x(t)y= Y cpel wy=
k= —o T()
1 102

x(t)e ke dt

Ck=‘7T
0" —Ty/2

Trigonometric Fourier Series:
a, ® .
x(t)= 5 + Z (a, cos kwyt + by sinkw,t)

k=1
2

To/2
a, = — x(t)cos kw,tdt
. TO/_W (1) 0
2 1,2
b, = — x(t)sin kw,tdt
=7 ), F()sinka

Harmonic Form Fourier Series:

x(t)=Cy+ ZC,(COS(kat—Bk) wy= —
k=1 T,

453
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Relations among Various Fourier Coefficients:

ap .
7":(30 a,=cp+c_y by =j(c, —c_y)

¢, = 3(a, —iby) c_=3(a, +jb,)
a b
C0=70 C,=Vai+b; (9,(=tan“—li
a

Parseval’s Theorem for Fourier Series:

e o)

1 ) 5
ﬁgmmw=zwu

k= —o

B.9 DISCRETE FOURIER SERIES
x[n+ Ny] =x[n]

Np-1 o
dnj= E et a,= 2
k=0 NO
1 No—1
= 2 x[n]e
g NO n=0

Parseval’s Theorem for Discrete Fourier Series:
No—1 No—1

o il = E e

NO n=0
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Appendix C

Review of Complex Numbers

C.1 REPRESENTATION OF COMPLEX NUMBERS
The complex number z can be expressed in several ways.
Cartesian or rectangular form:
z=a+jb (C.1)

where j =V —1 and a and b are real numbers referred to the real part and the imaginary
part of z. a and b are often expressed as

a = Re{z} b =Im{z} (C.2)
where “Re” denotes the “real part of” and “Im” denotes the “‘imaginary part of.”
Polar form:
z=re' (C.3)

where r > 0 is the magnitude of z and 0 is the angle or phase of z. These quantities are
often written as

r=|z| 0=,z (C.4)
Figure C-1 is the graphical representation of z. Using Euler’s formula,
e’ =cos 0 +jsin @ (C.5)
or from Fig. C-1 the relationships between the cartesian and polar representations of z are
a=rcosé b=rsiné (C.6a)
b
r=va*+b? 6 =tan"' — (C.6b)
a
Im{z}
A
b e e oo Z
]
]
r !
|
}
1
0 1
1 —»  Re{:}
0 a
Fig. C-1
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C.2 ADDITION, MULTIPLICATION, AND DIVISION
If z,=a,+jb, and z, =a, +jb,, then
z,+z,=(a,+a,)+j(b,+b,)
z,z,=(a,a,—b\b,) +j(a,b, +b,a,)
4 +jb, _ (a, +jb,)(a,—jb,)
z, a,+jb, (a,+jb,)(a,—jb,)

_ (aa, +b\b,) +j(—a,b, +ba,)

al+b?

If z,=re’® and z,=r,e’", then

2,2, =(r ry)e’® %

4 r .
L. (_‘)e;w,—oz)

r%) Ty

C.3 THE COMPLEX CONJUGATE

The complex conjugate of z is denoted by z* and is given by
z¥=a—jb=re®

Useful relationships:

= = 20
z+2*=2Re{z)
z — 2% =j2Im{z}
(z,+z,)* =z +2%

(z,z,)* =zFz3

S W=

C.4 POWERS AND ROOTS OF COMPLEX NUMBERS

The nth power of the complex number z = re’® is
z"=r"e/® = r"(cos nf + jsin ng)
from which we have DeMoivre’s relation

(cos @ + jsin 8)" = cos n6 + j sin n@

[APP. C

(C.7)
(C.8)

(C.9)

(C.10)

(C.11)

(C.12)

(C.13)
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The nth root of a complex z is the number w such that
w' =z =rel (C.15)

Thus, to find the nth root of a complex number z we must solve
w'—re’® =0 (C.16)

which is an equation of degree n and hence has n roots. These roots are given by
w, = rl/nelf+Ak=Dml/n k=1,2,...,n (C.17)



Appendix D

Useful Mathematical Formulas

D.1 SUMMATION FORMULAS

N-1 1—a® L
Zan— l —«a “
n=0 N a=1
* 1
Y a"= lal < 1
n=0 Il —a
£ ak
Y o' = lal <1
n=k I —a
* a
Y ona"=———  al<1
n=_( (1—0)
b a’+a
Y n%a"= 3 lal < 1

D.2 EULER’S FORMULAS
e*% =cosf +jsinf
cos 0 = 3(e’ +e )
1

sin 6 = Z—j(ej" —e""’)

D.3 TRIGONOMETRIC IDENTITIES

sin®@ +cos?@ = 1

sin? 0 = (1 — cos 26)

cos? 0 = 1(1 + cos26)

sin260 = 2sin 8 cos 0

c0s260 = cos’ 0 —sin6 =1—2cos’ 0
sin(a + B) = sin a cos B + cos a sin B
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cos(a + B) = cos a cos B F cos a cos B
sin a sin B = 3[cos(a — B) — cos(a + B)]
cos a cos B = 3[cos(a — B) + cos(a + B)]

sin a cos B = 3[sin(a — B) +sin(a + B)]

a+p a—f3
i o+ sin B = 2si
sin a + sin 8 sin 5 cos >
a+p a—f
cos a + cos B = 2 cos > cos >

b
acos a + bsina = vVa*+ b? cos(a—tan“ —)

a

D.4 POWER SERIES EXPANSIONS

= ak 1 1

@ = el 24 3

e =3 — l+a+2!a T
k=0

n n(n_l) 2 n k

(1+a) =1+na+ TR (k) + +a”
1 1 -1 k+1
ln(l+a)=a—5a2+§a3——-'-+(~—£—ak+--- lal < 1

D.5 EXPONENTIAL AND LOGARITHMIC FUNCTIONS

In(aB)=Ina+Inp
1 a—l 1
nB—na ng

Ina?=BIna

log, N
log, b

log, N=log, Nlog,a=
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D.6 SOME DEFINITE INTEGRALS

an+1

a>0

a>0

a>0
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A
Absolute bandwidth, 230
Accumulation, 172
Additivity, 18
Adjoint (or adjugate) matrix, 434
Advance, unit, 171
Aliasing, 280
All-pass filter, 332
Amplitude distortion, 225
Andog signas, 2
Anaytic signal, 286
Anticausal sequence, 64
Anticausal signals, 59
Aperiodic sequences (see Nonperiodic sequences)
Aperiodic signas (see Nonperiodic signals)
Asymptotically stable systems, 373, 377
Auxiliary conditions
difference equations, 65
differential equations, 60
Average power, 5
normalized, 5

B
Band-limited signal, 231, 278
Bandpass signal, 231
Bandwidth
absolute, 230
energy containment, 277
equivaent, 275
filter (or system), 230
signa, 231
Bilatera (or two-sided) Laplace transform, 110
Bilatera (or two-sided) z-transform, 165
Bilinear transformation, 340
Bode plots, 265
Bounded-input / bounded-output (BIBO) stability, 19, 59, 64, 79, 99, 122, 145, 199

C
Canonica simulation
the first form, 384
the second form, 386
Canonical State representation
the first form, 384, 390
the second form, 386, 392
Causal signal, 59, 64
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Causality, 50, 58, 61, 64, 98, 122, 176
Cayley-Hamilton theorem, 371, 376, 439
Characteristic equation, 371
Characteristic function (see Eigenfunction)
Characteristic polynomid, 435
Characteristic values (see Eigenvalues)
Circular convolution, 307
Circular shift, 306
Cofactor, 433
Complex frequency, 218
Complex numbers, 455
Complex signals, 2
Compressor, 48
Connection between
the Fourier transform (continuous-time) and the Laplace transform, 217
the Fourier transform (discrete-time) and the z-transform, 293
Constituent matrix, 372, 377, 442
Continuous-time LTI systems, 56
causality, 122
described by differential equations, 60, 226
eigenfunctions, 59
frequency response, 223
impul se response, 56
properties, 58
response, 56
stability, 59
state space representation, 368
system (or transfer) function, 121
Continuous-time signals, 1
Continuous-time systems, 17
Controllability matrix, 406, 417
Controllable systems, 405, 417
Convolution
circular, 307
continuous-time, 57
discrete-time, 62
in frequency, 221
integra, 57
periodic, 75, 96
properties, 57, 62
sum, 62
Convolution property
discrete Fourier transform (DFT), 307
Fourier transform (continuous-time), 220, 225
Fourier transform (discrete-time), 297, 322
Laplace transform, 119
z-transform, 172, 187
Convolution theorem
frequency, 221, 257
time, 221, 255

D

Decimation-in-frequency, 355
Decimation-in-time, 352
Degenerative circuits, 159



Index

Delay, unit, 46
Determinants, 433
Laplace expansion, 433
Determinigtic signals, 3
DFS (see Discrete Fourier series)
DFT (see Discrete Fourier transform)
DFT matrix, 349
Diagona matrix, 428
Diagonalization matrix, 436
Difference equations, 65
recursive, 60
Differential equations, 60
homogeneous solution, 60
particular solution, 60
Digital signals, 2
Digital simulation of analog signas, 304
Dirac delta function (d-function) (see Unit impulse function)
Dirichlet conditions
for Fourier series, 213
for Fourier transforms, 217
Discrete Fourier series (DFS), 288
properties, 289
Discrete Fourier transform (DFT)
definition, 305
inverse, 305
N-point, 305
properties, 306
Discrete-time LTI systems
causality, 64
described by difference equations, 65
eigenfunctions, 64
finite impulse response (FIR), 66
impul se response, 61
infinite impulse response (IIR), 66
response, 61
stability, 64
state space representation, 366
system function, 175
Discrete-time signals, 1
Discrete-time systems, 17
Distortionless transmission, 225
Duality property
discrete Fourier series, 289
discrete Fourier transform, 307
Fourier transform (continuous-time), 220, 247
Fourier transform (discrete-time), 296
Duration-limited signal, 286

E
Eigenfunctions, 51
of continuous-time LTI systems, 59
of discrete-time LTI systems, 64
Eigenvalues (characteristic values), 51, 371
Eigenvectors, 372
Energy containment bandwidth, 277
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Energy content, 5
normalized, 5

Energy-density spectrum, 222

Energy signd, 5

Energy theorem, 222

Equivalence property, 38

Equivalent bandwidth, 275

Even signd, 3

Exponential sequences
complex, 13
rea, 16

Exponential signds
complex, 9
rea, 10

F

Fast Fourier transform (FFT)
decimation-in-frequency agorithm, 355
decimation-in-time algorithm, 352

Feedback systems, 19

FFT (see Fast Fourier transform)

Filter
bandwidth, 230
ideal band pass, 228
ideal band stop, 228
ideal low-pass, 227
ideal high-pass, 227

Filtering, 227, 273

Final-vaue theorem
unilateral Laplace transform, 150
unilateral z-transform, 205

Finite-duration signal, 113

Finite impulse response (FIR), 66

Finite sequence, 169

FIR (see Finite impulse response)

First difference, 297

Fourier series
coefficients, 212
complex exponential, 211
continuous-time, 211
convergence, 213
discrete (DFS), 288
harmonic form, 213
trigonometric, 212

Fourier spectra, 216, 293

Fourier transform (continuous-time), 216
convergence, 217
definition, 216
inverse, 216
properties, 219
tables, 222, 223

Fourier transform (discrete-time), 293
convergence, 293
definition, 293
inverse, 293
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Fourier transform (continued)
properties, 295
tables, 299, 300
Frequency
angular, 211
complex, 218
fundamental, 11, 211
radian, 11
Frequency response
continuous-time LTI systems, 223, 262
discrete-time LTI systems, 300, 326
Frequency selective filter, 227

G

Gain, 225

Gaussian pulse, 261
Generdlized derivatives, 8
Generalized functions, 7, 37

H

Harmonic component, 213
Hilbert transform, 271
Homogeneity. 18

I
Identity matrix, 371
IR (see Infinite impul se response)
Impulse-invariant method, 339
Impulse response
continuous-time LTI systems, 56
discrete-time LTI systems, 61
Impulse train, periodic, 238
Infinite impulse response (1IR), 66
Initial condition, 61
Initia rest, 61
Initial state, 418
Initial-value theorem
unilateral Laplace transform, 150
unilateral z-transform, 205
Initialy relaxed condition (see Initia rest)
Interconnection of systems, 80, 123
Inverse transform (see Fourier, Laplace, etc.)
Invertible system, 55

L
Laplace transform
bilateral (two-sided), 110
definition, 110
inverse, 119
properties, 114, 132
region of convergence (ROC), 111
tables, 115, 119
unilateral (one-sided), 110, 124, 151
Left-sided signal, 114
Linear-phase filter, 334
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Linear system, 18

Linear time-invariant (LTI) system, 18
continuous-time, 56
discrete-time, 61

Linearity, 60, 115

M
Magnitude response, 224, 301
Magnitude spectrum, 216, 293
Matrix (or matrices)
characteristic equation, 435
characteristic polynomial, 435
conformable, 430
constituent, 372, 377, 442
controllability, 406, 417
diagonal, 428
diagonalization, 436
differentiation, 444
eigenvalues, 435
eigenvectors, 435
function of, 437
idempotent, 442
identity (or unit), 429
integration, 444
inverse, 431, 434
minimal polynomials, 440
nilpotent, 399
nonsingular, 367, 435
observability, 406, 418
power, 437
rank, 433
smilar, 368
singular, 435
skew-symmetric, 431
spectral decomposition, 372, 377, 442
spectrum, 442
state-transition, 371
symmetric, 431
system, 367
transpose, 431

N

N-dimensiona state equations, 367
Nilpotent, 399

Noncausal system, 17

Nonideal frequency-selective filter, 229
Nonlinear system, 17

Nonperiodic (or aperiodic) signas, 5
Nonrecursive eguation, 66
Nonsingular matrix, 367
Normalized average power, 5, 32
Normalized energy content, 5
N-point DFT, 305

Nyquist interval, 281

Nyquist sampling rate, 281
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O

Observahility matrix, 406, 418
Observable system, 406, 418
Odd signal, 3

Orthogonal sequences, 308
Orthogonal signals, 231

P
Parseval's identity (see Parseval's theorem)
Parseval's relation
discrete Fourier series (DFS), 315
discrete Fourier transform (DFT), 307
Fourier series, 244
Fourier transform (continuous-time), 221, 258
Fourier transform (discrete-time), 298
Parseval's theorem
discrete Fourier series (DFS), 290, 315
discrete Fourier transform (DFT), 307
Fourier series, 214
Fourier transform (continuous-time), 222, 258
Fourier transform (discrete-time), 361
Partial fraction expansion, 120, 174
Pass band, 227
Period, 4
fundamental, 4
Periodic convolution
continuous-time, 75
discrete-time, 96
Periodic impulse train, 238
Periodic sequences, 288
Periodic signals, 4
Phase distortion, 225
Phase response, 224, 301
Phase shifter, 269
Poles, 112
Power, 5
average, 5
Power series expansion, 174, 188
Power signals, 5

R

Random signals, 3

Red signals, 2

Recursive equation, 65

Region of convergence (ROC)
Laplace transform, 111
z-transform, 166

Relationship between
the DFT and the DFS, 305
the DFT and the Fourier transform (discrete-time), 306

Response
frequency, 223, 262, 300, 326
impulse, 56, 61
magnitude, 224, 301
phase, 224, 301
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Response (continued)
step, 58, 63
system, 302
zero-input, 60
zero-state, 60

Right-sided signdl, 113

Rise time, 276

S
Sampled signal, idedl, 278
Samples, 2
Sampling, 1
interval, 2, 278
Nyquist, 281
rate, 281, 303
Nyquist, 281
Sampling theorem
in the frequency domain, 286
uniform, 281
Sequence, 1
complex exponential, 13
exponential, 16
finite, 169
nonperiodic, 5
periodic, 5
sinusoidal, 16
Sift-invariant, 18
Signal bandwidth, 231
Signds
analog, 2
analytical, 286
anticausal, 59
band-limited, 231, 278, 280
bandpass, 231
causal, 59, 64
complex, 2
complex exponentia, 9
continuous-time, 1
deterministic, 3
digital, 2
discrete-time, 1
duration-limited, 286
energy, 5
even, 3
finite-duration, 113
left-sided, 114
nonperiodic, 5
odd, 3
periodic, 4
power, 5
random, 3
real, 2
real exponential, 10
right-sided, 113
sinusoidal, 11, 27, 29
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Signals (continued)
time-limited, 113
two-sided, 114
Signum function, 254
Similar matrices, 368
Similarity transformation, 367, 436
Simulation, 303, 337
by bilinear transformation, 340
canonical, 384, 386
impulse-invariance method, 339
Singular matrix, 435
Sinusoidal sequences, 16
Sinusoidal signds, 11, 27, 29
Spectra coefficients, 289
Spectral decomposition, 372, 377, 442
Spectrum (or spectra), 216
amplitude, 214
discrete frequency, 214
energy-density, 222
Fourier, 216
line, 214
magnitude, 216
phase, 214, 216
s-plane, 111
Stahility
asymptotical, 373, 377
bounded-input / bounded-output (BIBO), 19, 59, 64, 79, 99, 122, 145, 176, 199
Stable systems, 19
State, 365
State equations
continuous-time, 374, 388, 409
discrete-time, 371, 382, 394
State space, 365
State space representation
continuous-time LTI systems, 368
discrete-time LTI systems, 366
canonical
the first form, 384, 390
the second form, 386, 392
State-transition matrix, 371, 376
State variables, 365
State vectors, 366, 369
Step response, 58, 63
Stop band, 227
Superposition property, 18
Systems
causal and noncausal, 17
continuous-time and discrete-time, 17
continuous-time LTI, 110
described by difference equations, 65, 100
described by differential equations, 60, 83
discrete-time LTI, 165
feedback, 19
invertible, 55
linear and nonlinear, 18
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Systems (continued)
linear time-invariant (LTI), 18, 56
memoryless, 17
stable, 19
time-invariant and time-varying, 18
with and without memory, 17, 58, 63
System function
continuous-time LTI systems, 121, 143, 374
discrete-time LTI systems, 175, 194, 373
System representation, 16
System response, 302

T
Testing function, 7

3-dB bandwidth, 230
Time convolution theorem, 221, 255
Time delay, 225
Time-invariance, 61
Time-invariant systems, 18
Timereversal, 117, 172, 220, 295, 307
Time scaling, 116, 219, 296
Time shifting, 116, 171, 219, 295, 306
Time-varying systems, 18
Transfer function, 121
Transform circuits, 125
Transforms (see Fourier, Laplace, etc.)
Two-sided signal, 114

U

Uniform sampling theorem, 281
Unilateral Laplace transform, 124, 148
Unilateral z-transform, 177, 202
Unit, advance, 171

Unit circle, 167, 176
Unit-delay, 171

Unit-delay element, 46

Unit impulse function, 6

Unit impulse sequence, 12

Unit ramp function, 45

Unit sample response, 61 (See also Impulse response)

Unit sample sequence (see Unit impul se sequence)
Unit step function, 6, 37
Unit step sequence, 12

Z
z-plane, 166
z-transform
bilatera (or two-sided), 165
definition, 165
inverse, 173
properties, 171, 184
region of convergence (ROC), 166
tables, 170, 173
unilateral (or one-sided), 177, 202
Zero-input response, 60

Index
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Zero padding, 305
Zero-state response, 60
Zeros, 112
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